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PREFAOR 

I HAVE here attempted to do for Determinants what has 
been already often enough done for various other branches 
of Mathematics, viz. to produce a text-book containing 
a full exposition of the theory in a form suitable for 
students, and having at intervals graduated collections of 
exercises to test the reader's progress and to prepare him 
for the succeeding stage of the subject. 

The First Chapter refers to determinants of the second, 
third, and fourth orders, but only by way of introduction 
to what follows, and is written in the simplest possible 
style. The reader who has already some acquaintance 
with general algebraical reasoning may pass it over. 

The Second Chapter treats of determinants in general 
and gives in one form or another all their important 
properties. At first, in the demonstrations recurrence is 
made to the definition oftener than is necessary for the 
purpose of mere proof, in order that thereby the reader 
may become thoroughly familiarized with the definition 
itself, which of course really contains the whole matter. 
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For a similar reason the properties given towards the 
commencement are somewhat spread out and dwelt upon. 
Afterwards, the style becomes gradually more condensed 
to suit the advancing stage of the reader's knowledge. 

The Third Chapter deals with those special forms of 
determinants which most commonly occur in Analysis- 
Continuants, Alternants, the various forms of Symmetric 
Determinants, Skew Determinants and Ffaffians, Com- 
pound Determinants, and the different kinds of Deter- 
minants whose elements are Differential Coefficients of a 
set of Functions. 

The Fourth Chapter contains a summary of the History 
of the subject, together with a short list of previously 
published writings likely to be of use to the student. 

I have only further to say that the book was begun 
to be printed in the spring of 1879, but was delayed in 
order that a list of all published writings on determin- 
ants might be appended. This list when completed was 
found to be much too lengthy to appear in such a con- 
nection, and has already been published elsewhere. 

T. M. 



Beechcroft, Bishopton, N.B. 
2Uh Dec. 1881. 
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CHAPTER I. 

INTRODUCTION. 

§ 1. If a particular form of algebraical expression be 
lengthy and of frequent occurrence, it becomes desirable 
to introduce a suggestive Tiame and symbol for it ; and if 
the form be one of a family, it is also desirable that the 
names and symbols of all of them should indicate this 
relationship. Such a nomenclature and notation are ad- 
vantageous, not merely from the convenience thereby 
\ afforded in speaking and writing, but as helps to the 
actual discovery of the properties of the forms in ques- 
tion. 

The following— with which the learner is probably already familiar — may be 
taken as an instance of this. Early in the histoiy of the science, it being a 
common requirement to make nse of the product resulting from the multipli- 
cation of a number by itself, this product was named the power of the number, 
and was symbolized in various ways; also the product resulting from the multi- 
plication of the * power ' (as thus understood) of a number by the number itself, 
was caUed the cube of the number, and was variously expressed by means of a 
symbol; and similarly with other such products. Then, in the latter half of the 
sixteenth century, the fact that these products were members of a family was 
recognized in the nomenclature by calling them all powers, and distinguishing 
them as secoitd power, third power, &c. ; and in the next century there came 
into use a like improvement in notation, the second power of a, third power of a, 
A ^» 
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&c., being denoted by a\ a*, , , . Thence arose the subsidiary terms exponent 
and hase^ and thus the known truths regarding powers became easily expressible 
either in words or symbols, and the way was opened to the generalization of 
these truths, and to the suggestion and discovery of others. 

§ 2. The »pra«lo. 

aeh + dhc + ghf - gee - dbk - ahf 

is an instance of a form which often occurs, and it is one of 
those with which the present text-book is especially con- 
cerned. It is seen to consist of six terms, and it involves, 
or is a function of, nine quantities — 

a, b, c, d, €, /, g, h, k, 

these letters being taken in threes, in accordance with some 
law, to form the terms. The expression 

is another of the same kind. It is formed from the quan- 
tities 

^v Vv ^v ^a> 2/2» ^2» 4 Vv ^3 

exactly as the other is formed from a, &, c, . . . , x^ occurring 
in it wherever a occurs in the other, and so of y^, 2?^, . . . . ; 
in other words, the second expression is the same function 
of x^y 2/j, 2;^, . . . as the first expression is of a, 6, c, ... . 

§ 3. Now it has been agreed to employ for expressilns of 
this kind a special notation. In accordance with this the 
first of the expressions above is denoted by 

a b c 
\d e f 
g h k\, 
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and consequently the second by 

^1 Vi ^1 

^2 y^ ^2 

^8 2/» ^8 

the nine letters being written in a certain order in three 
rows of three letters each, and bounded on the left by an 
upright line and on the right by another. Also it has been 
agreed that each expression when written in this form shall 
be called a determinant. 

The comparative shortness of this notation is at once 
evident; the appropriateness of it and its advantages will 
afterwards appear. The origin of the name will also be 
given in its proper place. 



§ 4. Comparing the form 






a b 


c 




d e 


f 


with the form 


9 h 


h 


aeh + dhc 


■^9hf- 


gee 



- dbh - ahf, 

we see that the first term aek is got by taking the letters 
which occupy the line from the left-hand top corner of the 
square to the right-hand bottom corner ; that the letters of 
the second term dhc are those in a lower line parallel to this 
diagonal, supplemented by the letter at the right-hand top 
comer; that the letters of the third term gbf are those in a 
higher line parallel to the same diagonal, supplemented by 
the letter at the left-hand bottom corner ; and that the next 
three terms, which are negative, are formed in a perfectly 
.similar way, beginning with the other diagonal of the square. 
If a line be drawn through each triad of letters forming a 
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term, we have the following diagrams, which may assist the 
learner's memory, viz.. for the positive terms :- 



1st term, 



2nd 



3rd term, ^ 'd, '^^e ^Nf 



\ 
\ 
I 

y 



and for the negative terms— 



3rd term, >- ji JS^ f 
2nd term, ^ ^'^ ^^ JT 

V y y 

1st term. 



/ 



Exercises. Set I. 



Write the following algebraical expressions in the usual notation : — 



1. 



4. 



7. 



c d t 
f 9 h 
k I m 

a h -c 

d -e f 

g h -k 

X y 

X y 

-X -y 



2. 



5. 



8. 



10. 



1 
2 
3 



2 
3 
4 



3 
4 
5 



11. 



X 


y 


z 




V 


w 


u 




t 


r 


$ 




a 


-2a 


b 


36 


- c 


U 


2c 


M 


-46 


X 


-22 


-y» 


-y 


-2x 


^ 


-z 


2y 


-«« 


hthe 


foflo 


iwing 


1 


i 


i 




h 


h 


i 




i 


i 


i 





3. 



6. 



9. 



Oi Os a, 

61 6a 6| 

Ci Cj Cb 

a b c 

e f 

-g h 

-a -6 -c 

-b -e -a 

-c -a -6 



Find the single numbers to which the following determinants are equiralent : — 



12. 



4 5 2 

-1 2 -3 

6-4 5 
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13. 



1-11 


14. 


4 -1 -2 


15. 


4-3 




3 




3 2-5 




3-7 4 





-1 -1 1 

-3 1 -4 
2 -3 -6 



Write the following expressions in determinant form : — 

16. hff + eid ■*■ hcg - hfd - «q/ - big, 

17. wiiWjfj — tfiinf^2 "*■ ♦WjHgrj - ntj^nir^ + mffliit^ — tn^n^i. 

Find the valaes of se in the following equations : — 



18.1 



a: -4 1 

-6 3 -2 

X 2 i 

20. 











19. 


1 


1 1 


-0. 






a 

b 


X c 
b X 


X 


a 


a 




6 6 


X 




a 


X 


a 


+ 


b X 


b 


-0. 


a 


a 


X 




X b 


b 





0. 



21. Find the expression in the ordinary notation which is the equivalent of 

2c a + b + c a + b + c 

a + b + e 2a a + b + c 

a + b + c a •*■ b + c 26 

§ 5. The expression 

dele + dhc + gbf - gee - dbk - aJif 

is an instance of only one of a family of forms to all of 
which the name determinant is applied, and for all of which 
the mode of notation which has been given above is 
employed. A simpler form is that in which the terms are 
products of two factors, e.g., 

ad - be, xj/^ - x^y^, .... 
which are denoted by 



a b 
c d 



X, X, 



Vi y^ 



. • • . 



The more complicated forms are those in which the terms 
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are products of four factors, products of five factors, and so 
on. The characteristics which the various forms possess in 
common will soon be fully referred to. 

§ 6. The quantities which in the determinant notation 
stand unconnected in lines, and which are taken as factors 
to form the terms of the determinant, are called the 
ELEMENTS of the determinant: thus the elements of the 
determinant 

2a + 36 6 4 

1-3 

-8 5 a-b 

are 2a + 36, 6, 4, 0, 1,-3,-8, 5, a- 6. The elements 
standing in any line from left to right constitute a ROW of 
the determinant; those standing in any line from top to 
bottom constitute a column of the determinant. The rows 
are numbered first, second, etc., beginning at the top, and 
similarly with the columns beginning on the left. Thus, 
in the determinant just given, the second row has the 
elements 0, 1,-3, and the third column has the elements 
4,-3, a - 6. In like manner the elements of a row ai*e 
numbered first, second, etc., beginning on the left, and 
similarly with the elements of a column beginning at the 
top. From the appearance which a determinant presents, 
we are also led to speak of it as having two DIA.GONALS, 
which are called jmTicipal and secondary, the elements 
standing in a line from the left-hand top comer to the 
right-hand bottom corner constituting the principal dia- 
gonal. 

When the determinant has four, that is 2x2, elements, 
it is said to be of the second order or degree ; when it has 
nine, that is 3x3, it is said to be of the third order or 
degree, and so on. 
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§ 7. In order to be able to derive the full benefit obtain- 
able from the introduction of the notation of determinants, 
it is necessary first of all to become acquainted with their 
properties, and to learn how to perform with them, when 
possible, the various operations that fall to be performed 
with algebraical expressions of every kind. 

§ 8. As an example of the properties of determinants, we 
may for the present take the following, and establish its 
truth for determinants of the second and thu-d orders. 

If each dement of a row of a determinant he multiplied 
by the aayne number, the determinant is thereby so mul- 
tiplied-. 

Taking the determinant 

a b 
c d 



and the determinant 



ma mb 
c d 



we know that the former equals 

ad - be, 



and the latter 



so that 



mad - mbCf 



ma 


mb 


= m 


a 


b 


c 


d 




c 


d 



Now, taking the determinant 



a, a. 



a. 



h \ K 
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and the determinant 



wia. 






wia. 



got from the former by multiplying each element of the first 
row by m, we know that the first determinant equals 

and the second 

i.e., m (rt,6,c, + 6^c,a, + c,a,6, - c,6j,a, - b^ajs^ - a,c,6J, 
so that 



ma. 



7na„ 



fna^ 



m 



a, a, a, 
6, 6, 6. 



And what has thus been shown to be true in the case of 
the multiplication of the elements of the first row can in the 
same way be shown to hold in the other cases. 

Another law which we may examine in like fashion is 
the following : — 

If a determinant be forrrved whose cohimna are in order 
the rows of another determinant, the two determinants will 
be equal. 

This is at once evident for determinants of the second 
order. 

For the case of the third order, consider the determinant 

a b c 

d e f 
g h k 
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which we know equals 

aek + dhc + gbf - gee - dbk - ahf. 

When the rows are changed in order into columns^ we have 

a d g 
b e h 

c f k 

and this in the ordinary notation is 

aek + bfg + cdh - ceg - bdk - afh, 
whence evidently 



a b c 




a d g 


d e f 


= 


b e h 


g h k 




c f k 



Exercises. Set II. 

1. Find what relation exists between the two algebraical expressions 



a b c 

d e f 

g K k 

2. Find how the expressions 



a 

9 
d 



h 
h 

e 



c 
k 

f 



a 


h 


c 




d 


e f 




d 


t 


f 




a 


h c 


( 


9 


h 


k 


f 


9 


h k 


> 



d 
9 



e 

h 

b 



f 
k 





are related to each other. 



3. State the probable theorem regarding determinants, to which the results of 
Ex. 1 and 2 point. 

4. Show that 



a h c 
a h c 
d e f 



0. 



10 



THEORY OF DETERMINANTS. 



CHAP. 1. 



5. Without ohanging from the detenninant notation, show that 

a h c\ 
d e / "0, 
a b c \ 

by using what has already been proved* 

6. Enunciate the probable theorem of which the identities of Ex. 4 and 5 are 
particular cases. 

7. Show that 
«i Vi 









2a 





Vt 


H 




^ 


H 




«s 


y% 


- Xi 






- Vi 






+ Zl 








Vt 


H 


aJ« 


z» 




^ 


Vz 




Va 


^ 




Vi 


2l 




Vi 


Zl 


- sci 






- «, 






+ «s 








V» 


H 




Vt 


2i 




Vi 


H 



8. Supply the elements in the following blank determinant-forms of the second 
order : — 



«8 y% 



9. Show that 



-x^ 



- 2» 



+ y^ 



+ H 



- 2i 



Ol 


6i 




«i 


y\ 




Ol 


6i 




a. 


^ 


+ 


Ol 


\ 




a5i 


yi 


a. 


6, 


• 


«s 


y% 




a;i 


yi 




«» 


3^2 




a5» 


ya 




a. 


6a 








^ 


61 




Ol 


yi 


•f 


yi 


61 




«i 


Oi 














«a 


6a 




0, 


yi 




ya 


6a 




«a 


aa 



10. Show that 



a + 05 
d + y 

^ + z 



6 



c 




a 


/ 


- 


d 


A; 




9 



h 

e 
h 



c 

f 
k 



11. Show that 

a + mc 



d + mf e 
g + mk h 



c 

f 
k 



a 
d 

9 



h 
e 

h 



c 

f 
k 





X b 


c 






y e 


f 






z h 


k 


• 


a - mh 


b 


c 


d - me 


e 


f 


9 


- mh 


h 


k 



12. Without changing the first determinant into the ordinary notation, show 

that 

a A + &B 

cA + dB 



aC + 6D 




a b 




A 


B 


cC + dD 




c d 




C 


D 
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13. Without passing from the determinant notation, show that 

I 1 a b + e 

\ 1 h c + a = 0. 

II c a + b 

Write the following expressions in determinant form : — 

14. app - myc + xnc - am + mbz - bxp. 

15. xiy^ - x^i + x^t - x^t + Xiffi - XjP^. 

16. dabc - a» - 6» - c». 

17. acf + 2bed - cd^ - IPf - a^. 

Find single detenninants of the third order equivalent to the expressions — 



18. 



19. 



- o 



20. 



X c 

C X 

a, a^ 

6i &4 

Ci Ci 

a b 
d t 



a b 
c X 



+ b 



a b 

X c 



y 2 



&4 

C 



+ 6« 



04 

Ci 



+ Ci 



a, 

6i 



+ aib^^. 



d € 
X y 



b c 

e f 



■f e. 



§ 9. As an instance of how determinants come into use in 
Algebra, there may be taken the case of the solution of a 
set of simultaneous equations of the first degree. 



If 



and 



a^x + b^y = c^ . . . , (1) 
a^x + bjf = c^ . . . . (2) 



then we have 



aPjc + Wy = \c^ ) 



Hence, by addition, 



(s^h - «2^) ^ = Vi - &A» 



12 



THEOKY OF DETKRMINANTa 



CHAP. I. 



X = 



a. 



a. 



— > 



&. 



and. similarly, y » 



Again, if 



a. 



a. 



a. 



a. 



then, using 







a^x 4 


■ ^y 


+ c^z = 


= ^x- 


. . . (1) 


ajB + \y + cji = d^ . 


... (2) 


a^ + 6,2/ + c/: = d, . 


... (3) 


6. c. 


ft 

> 




> 


6, c. 







as multipliers, we have 



^1 


&, 


Cj 


a: + 


6. 


h 


c> 


?/ 


+ 


c. 


i. 


c. 


1 


\ 


c, 




1 


h 


c, •' 




1 


6, 


c. 


- a= 






a; - 


&, 




^3 


y 


— 


c. 


b. 




». 


b. 




X + 


K 


6. 




y 


+ 


c, 




«1 



= d 



e = - d 



2? = cZ. 



Hence, by addition, we have (Exercises, Set II. 7) 



«1 


ft, 


"l 




\ 


h 


«» 


fc. 


''a 


a? + 


K 


ft. 


«a 


&3 


C. 




h 


ft, 



y + 



c, b, c, 
c, 6, Cj 
c, 6, c, 



a = 



^1 fti c, 
<^, ft, c, 
<^. ft, c, 
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Now, the second and third determinants in this equation 
are each equal to (Exercises, Set II. 6) ; 



X = 



d^ 6i c, 




«x h Ci 


d, &, c. 


• 
• 


a, 6, c. 


<^. \ c. 




a. ^ Ct 



In a similar way, or, more shortly, by using the result just 
obtained, we may show that 



y = 



»l <^1 "> 




«i ^ c, 


a, rf, c. 


• 
• 


a, 6, c. 


«» d* c. 




«» ^ c. 



and 



2? = 



«I &1 ^1 




«i ^ c. 


a, 6, d. 


• 


a, 6, c. 


i». ^ ^1 




a. K c. 



The learner should compare the values of x, y, z just 
found with those of x, y in the case of the preceding set of 
equations, noting that the denominator is always the deter- 
minant whose elements are in order the coefficients of the 
unknown quantities in the given equations, and that the 
numerator of the value of any of the unknown quantities 
differs from the denominator simply in having the right- 
hajid members of the equations occupying in order the 
places of the coefficients of the unknown quantity in 
question. 

§ 10. One advantage of these solutions lies in the fact 
that the results obtained are such as can be exceedingly 
easily remembered, so that we are thus enabled to derive 
the benefit usually attached to remembered results, viz., 
of being able to utilize them in the solution of similar 
problems. Thus, if the given set of equations be 



u 
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Sx + 2y - 4iZ = - o 
2x - Sy + = - 1 
4aj + y - 2z = 

and it be required to find the value of y, we have at once 



y = 



3 -5 -4 
2-1 1 

4 0-2 



3 2-4 
2-3 1 

4 1-2 



6 +0-20-16-20-0 



18 - 8 + 8 
-50 



- 48 + 8 - 3 



-25 



= 2. 



Exercises. Set III. 

Tell immediately the values of x and y which satisfy the following pairs of 
equations : — 



1. 


ix + 3y "2^) 
5a; + 2y - 23 j 


2. 


3a; + 5y - 17 1 






2a; + Sy ^lli 


3. 


6x - 4y = 6 ) 


4. 


4x - 5y = 15 ' 
- 3a; + 17y -= 2 




7a; - 3y - 12 [ 




5. 


- ax + by '^ a* 1 
bx - ay '=-1^ ) 


6. 


- 4a; + 7y - 10 - 






7a; - 4y + 1 « 



Find, by means of determinants, the values of x, y, and z which satisfy the 
fidlowing sets of equations : — 

7. 3a; - 4y + 22 =- 1 >) 8. 3a; + 4y - 5^ =- 2 



2a; + 3y - 3z =-• 1 
5a; - 5y + 42 « 7 

9. 4at - 7^ + 2 - 16 
3a; + 3/ - 22 =- 10 
5x - Qy - Sx ^ 10 



4a; + 5y - 32 = 11 



5a; + 3^^-42 

10. 6x + Sy + 3z 

5a; + 6^ - 9z 

7x - lOy - Sz 






3 
6 
1 

o) 



) 
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11. 


5aj - 42- 
32 + 5i/ - 
4y - 3a; =■ - 


10 J 


12 


•? - ? .1 . 4\ 
X y z 

2 . 6 _ 2 . J 


6 - 1 . ? - 61 ) 
X y z J 


13. Having given 


Oijc + 6iy + Ci - . . . . (1) 1 


a^+6ay + Ca-0....(2)>- 


o^+ftay+Cs-O.... (3) J 


show, by solving for x and y in (2) and (3) and subBtituting the results in (1), 


that 


tti hi Ci 


/ 




Oa 62 Cj, 


- 0. 


• 


Oa ht Ct 




§ 11. Knowing that by definition 




a b 
c d 


= ad - bcy 


and that 




LI h C 






d e f 


= aek + dhc + gbf - gee - dbk - ahfy 




9 


h k 









we are now naturally led to inquire what the general defi- 
nition of a determinant is, and what, in accordance with 
this definition, is the expression of the fourth degree de- 
noted by 



a 


b 


c 


d 


e 


f 


9 


h 


# 




k 


I 


m 


n 





P 



It is evident that the definition must inform us on two 
points, viz., first, how the terins are got from the elements of 
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the determinant ; and, second, how the signs of the terms 
are fixed. 

§ 12. The law of the composition of the terms of a deter- 
minant is that in every term there shall be present as a 
factor one, and only one, element from each row of the 
determinant, these being so chosen that there shall also be 
only one from each column ; and every product composed of 
elements dn accordance with this law is a term of the deter- 
minant. Thus, in the case of the above determinant of the 
fourth order, 

bipg 

must be a term, for there is in it from the first column i, 
from the second 6, from the third g, from the fourth p; and 
from the first row 6, from the second g, from the third i, 
from the fourth p; that is, one and only one from each row 
and column. Also, we have clearly an example in the 
elements of the principal diagonal, which constitute a term 
known as the principal diagonal term. 

§ 13. Having got one term of a given determinant, it is 
easy, as will now be seen, to find others by means of it, and 
in this way ultimately to arrive at them all Let us con- 
sider the determinant of the fourth degree 



a 


b 


c 


d 


e 


f 


9 


h 


• 


• 

3 


k 


I 


m 


n 





P 



and begin with the diagonal term 

afkp. 



(1) 
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Taking a/ to be part of another term, and seeking to find 
other two elements to complete it, we at once see that we 
cannot get them from the first or second row, nor from the 
first or second column ; that is to say, our choice is restricted 
as shown by the deletions in the diagram 

I I 

^ n o p 

Now, having already taken kp along with a/, it is clear 
that there only remains o! to be taken; thus we have 
the term 



afol, 



(2) 



and know likewise that there can be no other term with the 
elements a,f occurring in it. Proceeding in the same way, 
we now take ao to be part of another term which we wish 
to complete, and, looking back to the determinant, we see 
that a being in l;he first row and first column, and o in 
the fourth row and third colunm, these ro'ws and columns 
must be left out of our choice. Deleting as before, we 
therefore have 



i / i * 

-m — n--—^ — p- 



whence it is evident that, besides the term afol, only one 
other can contain the elements a, o, viz.. 



ajoh. 



(3) 
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Again^ retaining a, j, two of the elements of the term last 
found, our determinant^ with deletions, is 






g h 



^ ft 

and, as before, it is dear that, besides the tenn ajok, there 
is only one other containing the elements a, j, viz., the term 



cygp. 



(*) 



Similarly, retaining the elements a, g of this term, we 
obtain another term, 

angl^ (5) 

and, retaining the part an of this, we arrive at the other 
term containing this part, viz., 



ankh. 



(6) 



If now, in continuing our process, we still select a as one 
of the elements to be retained, we shall find that no new 
term is to be got from any of the above six, and that indeed 
no other term of the determinant contains a. But, retaining 
two elements other than a, say n, k, we find the new term 

enkd, 

and proceeding as before, we readily obtain all the other 
terms containing e. Then we should pass to the terms 
containing i, and from these to the terms containing -nt ; 
and this would complete the work, for by the definition 
every term must contain one of the four a, e, i, m. 
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Exercises. Set IV. 

In the above determinant of the fourth degree, mhkh is a term ; find— 

1. the other terms involving m ; 

2. the other terms involving b; 

3. the other terms involving k; 

4. the other terms involving h. 

5. From the term mJ)kh derive any term involving n, and thence all the 
other terms involving n, 

6. Similarly find all the terms involving o. 

7. Similarly find all the terms involving p. 

In the determinant 



Xi 


Vx 


2l 


t'l 


Wi 


Xi 


y-i 


z% 


«a 


W^ 


Xa 


Vz 


Zz 


Vz 


Wi 


x^ 


Vi 


2* 


V4 


Wi 


Xi 


Vi 


Z5 


v& 


w'a 



find— 



8. the terms containing x^Wi ; 

9. the terms containing PiW^; 
10. the terms containing x^Vi* 



§ 14. We come now to consider the fixing of the signs of 
the terms. Taking as an example the case of the term 

Upg, 

mentioned in § 12, we proceed as follows. Finding the 
numbers of the rows from which the elements b, i, p, g are 
taken, and also the numbers of the columns, we note them 
down in separate lines in the order in which the elements 
occur, the result being 

1, 3, 4, 2, ) 

2, 1, 4, 3. ) 

Now, looking at the first of these lines, and contrasting the 
order in which the numbers come with the natural order 
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1, 2, 3, 4, we observe that 3 precedes 2 instead of following 
it, and that there is only one other such inversion (as it is 
called) in the line, viz., that in which the 4 and 2 are con- 
cerned. Noting this, we proceed to the other set of numbers, 
and find that the number of inversions of order in it is also 
two. The total number of inversions in the two sets is 
therefore four, and it is this number which fixes whether 
the term bipg is positive or negative, the sign-factor being 
(-1)*. Had the number of inversions of order been Jive, the 
sign-factor would have been (-1)', and so on ; in other words, 
the sign is + or - according as the number of inversions of 
order is even or odd. 

The process necessary for fixing the sign of a term is thus 
seen to consist in writing down in order the numbers speci- 
fying the rows from which the elements in the term are 
taken, and in another line the numbers specifying the 
columns, and counting how many instances there are in 
each line of a number preceding another which it would 
follow if the numbers were in their natural order, the sign- 
factor of the term being (-1)** if n he the total number of 
such instances. 

This process may be shortened if we first arrange the 
elements of the term so that the element which comes from 
the first row is placed first, the element from the second row 
placed second, and so on ; because then the number of inver- 
sions of order in the first of the two series will be 0, and we 
shall have only to count the number of inversions in the 
second series. Thus, writing the term above considered in 

the form 

bgip, 

the numbers indicating the rows and columns are 



1, 2, 3, 4, 

2, 3, 



3, 4, 1 
1, 4,j 
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so that the number of inversions of order is 

+ 2, 
and we have the sign + as before. 

§ 15. If we now take the terms of the above determinant 
of the fourth degree in the order in which they are found 
in § 13, we see at once that afkp is positive — indeed it is 
evident that the sign of the principal diagonal term must in 
every case be positive — that the next term afol is negative, 
the next ajoh positive, the next ajgp negative, and so on. 
It would thus appear that, beginning with the principal 
diagonal term, we may with ease deduce from it all the 
other terms, each of them with its proper sign. The prin- 
cipal diagonal term is on this account also called the leading 
tevTYi of the determinant. 

Example. — Find the number of inversions of order in the series 

7, 8, 4, 1, 3, 2, 9, 6, 5. 

Taking 7 along with each of the numbers which follow it, we have the couplets 

(7, 8), (7. 4), (7, 1), (7, 3), (7, 2), (7, 9), (7, 6), (7, 5), 

and of these it is evident that six are instances of inversion of order ; taking 8 
along with each of the numbers which follow it, we obtain other six inversions ; 
and proceeding in like manner with 4 and the other numbers of the series, we 
find that the total number of inversions 

-6 + 6 + 3 + + 1 + 0+2 + 1, 
-19. 

Exercises. Set V. 

1. Count the number of inversions of order in 

3, 6, 4, 1, 5, 2; 

7, 1, 6, 5, 3, 4, 2; 

3. 2, 9, 4, 1, 6, 7; 

4, 8, 6, 7, 2, 5. 3; 

7, 8, 3, 2, 1, 4, 6, 6; 
3, 1, 9, 8, 2, 6, 5, 7, 4. 



22 



THEORY OF DETERMINANTS. 



CHAP. I. 



2. Tell the signs of the terms 

ingd, Igbm, gdjm, nkah 
of the determinant 



a 


e 


% 


m 


b 


f 


• 

J 


n 


c 


ff 


k 





d 


h 


I 


P 



3. Find the fall expression for the preceding determinant in the ordinary 
notation. 



4. Tell the signs of the terms 


















» 




ashiC^d^fii, a^<fi4dihs 


» b^Cffiid^t bffi^d^e^ 


of th6 determinant 








Oi Oj 


(h ^4 o>s 








bi 6a 


bi bi bs 






, 


Ci Ci 


Cg C4 Cfi 








di d^ 


di di d^ 








ei €2 


e& C4 eg 


• 




5. Show that the determinant of Ex. 2 and 3 above 






f j n 




b j n 




b f n 




b f j 


=■ a 


g k 


- e 


c k 


+ i 


ego 


-m 


c g k 




hip 




dip 




d h p 




d h I 




f j n 




e i m 




e i m 




e i m 


-= a 


g k 


- b 


g k 


+ c 


f j n 


-d 


f j n 




h I p 




h I p 




hip 




g k 


6. Show from the preceding that 








xa e i m 






a e i 


m 






xb f j n 
xc g k 


f 


= X 


h f j 
c g k 


n 







xd h I p 






d h I 


P 


• 


7. Prove that 








a + X e i m 




a 


e i m 




X e i m 






b + y f j n 
c + z g k 


b: 


b 
c 


f j n 
g k 


+ 


• 
y f J n 

z g k 






d + w 


h 


I 1 


t> 




( 


i 


h 




I p 




w 


h 


I p 


• 
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IJ 


Nl 


KU 


UU< 


UT 


lU 


JN. 


8. Prove that 




















a 


e 


• 


m 




a 


bed 




h 


f 


• 


n 




e 


f 9 h 




c 


9 


k 







• 

% 


1 


k I 




d 


h 


I 


P 




m 


nop 


9. Prove that 








a 


e 


• 


% 












b 
c 


9 


• 

k 


• 

k 


-0. 

1 










d 


h 


I 


I 




10. Prove that 




















a 


e 


• 


m 




a 


e 


m i 




b 


f 


• 


n 




b 


f 


n j 




c 


y 


k 







c 


9 


k 




d 


h 


I 


P 




9 


h 


P I 
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CHAPTER 11. 

DETERMINANTS IN GENERAL. 

§ 16. J. DETERMNANT consists of 8uch a number of quan- 
titles 80 situated that they may be viewed as arranged either 
in svjccessive lines (caUed rows) running fivm left to right 
and each containi/ng as many quantities as there are lineSy 
or in successive limes {called columDs) running perpen- 
dicvlar to the former; and it is used to denote the expression 
which conMsts of all the terms that can be form/ed by talcing 
the product of as many quantities as there are rows — one 
qua/ntity from each row and thereby one froTn each column, 
the sign preceding any term being determined by w^*itvng 
in succession the numhers of the rows from which the quan- 
tities composing it have come, and in a separate series the 
numbers of the columns, and taking + or - according as 
the total number of inversions of order in these two series is 
even or odd. 

The terms referred to are spoken of as the terms of the 
determinant, and the expression which consists of all the 
terms is called the eoapansion or ordinary eocpansion of the 
determinant. 

The rest of the subsidiaiy nomendatore has been already fully explained in § 6. 

§ 17. If all the elements of a row or column of a detev- 
minant be zero, so also is the determinant itself 
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§ 18. The full number of terms of a determinant of the 
unorder is 1.2.3. ...n. 

If in forming any term we be careful to take the elements 
which are to compose it from the rows in order, viz., the 
first element of the term from the first row, the second 
element from the second row, and so on, then the first 
element may be taken from any of the n columns, the 
second element from any of the n columns except the 
column from which the first element has been taken, the 
third element from any of the n columns except the columns 
which have already been drawn upon, and so on. Hence 
the numbers of the columns from which the elements 
necessary to form a term are taken constitute a permutation 
of the numbers 

I| ^, o, 7, • . • . , nf 

and every such permutation gives rise to a term. Therefore 
the number of terms is the same as the number of permuta- 
tions of the first n integers, ie., 1.2.3 n. 

§ 19. When the elements of a determinant are suffixed 
letters, only one letter being used in each row, and the set of 
suffix numbers for all the rows being the same and in order 
of magnitude, the finding of the expansion of the deter- 
minant is more readily accomplished, both as to the forma- 
tion of the terms and as to the fixing of the signs, than in 
cases where suffixed letters are not employed. For in the 
symbol denoting an element the letter will indicate the row 
to which the element belongs, and the suffix will indicate 
the column, so that to form a term we have only to write 
all the letters in succession and attach one of the sufiixes to 
each, and to fix the sign of the term we have only to count 
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the number of inversions of order in the suffixes as there 
written. Thus, in the ease of the determinant 



and taking each permutation along with the letters a, b, c, 
we have at once the expansion 



§ 20. It is also possible in the case of such determinants 
to use an abridged notation. One form of this consists in 
writing one of the terms, viz., the leading term, as a type of 
them all, prefixing to it the symbol ± to indicate the varia- 
bility of the signs, enclosing this in brackets, and before all 
placing the symbol of summation Z. Thus the determinant 



a, ttg ttj 

h h K 



is denoted by 



^1 ^2 ^S 



2(± tt^Cj). 





«i 


«. 


«. 






\ 


h 


h 




1 c, 


c. 


«• 




we write all the permutations of the suflixes, viz.. 


1 


2 


3 


1 


3 


2 


3 


1 


2 


3 


2 


1 


2 
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1 


« . ^ • « 


2 


1 


3 


i 
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Equally efficient notations are 



DCaiVj), \(ipf^ 



which do not, like the other, aim at a partial definition, but 
are meant merely as suggestive contractions for the longer 
form, or for (he determinant of which the first row conaistit 
of a'8, the second row of Vs, the third row of e's, and of 
which the elements in the first column have the suffix 1, 
those in the second column the suffix 2, and those in the 
third column the suffix 3. A fourth but less distinctive 
form than these is also in use when no ambiguity is likely 
to result, viz., for the case of the same determinant 



The learner should accustom himself to the use of these 
shorter forms, and especially to pass mentally from them 
with ease to the standard notation. Thus, to take another 
instance, 

should readily suggest 



x^ x^ X, 



X, 



'0 "^2 ~4 6 

y, 2/2 y, y. 



w^ w^ w^ w^ 



§ 21. Lemma on inversions of order. — If in a series 
of integers which are all different any adjacent pair be 
transposed, the number of inversions of order is thereby 
increased or diminished by one. 
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the number of inversions of ord' 
written. Thus, in the case of tb 



e write all the peirmutat' 



and taking each 
we have at onr 



§ 20. It 
to use ai 
writing 
them b' 
biiity 



f 
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b^ and p^, and the columns the df'^ and t^. To complete 
the term we have only four elements to choose from, viz., 

the element of the 6*** row and d^ column, \ 
the element of the 6**^ row and t^^ column, f 
the element of the jp*^ row and d*^ column, C 
and the element of the p^ row and P^ colimin. j 

It is therefore clear that we can have one complete term by 
taking 

the element of the 6*^ row and d^ column, | 
and the element of the jp*^ row and t^^ column ; ) 

and another by taking 

the element of the b^ row and P^ column, | 
and the element of the p^^ row and d^ column ; ) 

and that no other selection is possible. 

The sign of the former term is fixed by the number of 
inversions of order in the series 






b, p, 
d 



the sign of the latter is similarly dependent on the series 






6, Pf 
t 



the portions indicated by the dots being the same for both 
terms. This shows that there is one more inversion in the 
one case than in the other, and consequently the sign of the 
one term is + and of the other — . 
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§ 23. Of the full number of terma of a determinant^ 
exactly as nuany are positive as are negative. 

Suppose the positive terms of the determinant are taken 
and placed in a column, the elements in each term being 
arranged in the order of the rows from which they come, 
and that a line is drawn cutting off the last two elements in 
each term, thus : — 



bef 
cgh., 



,ak 



,dn 



Im 
pq 



Then we know that the portions to the left of the line are 
all different, because if two terms were alike in this portion, 
the one would be positive and the other negative (§ 22), 
which is not the case. Further, corresponding to each term 
in the column a negative term may be found differing from 
the positive term in the last two elements (§ 22), and all 
these negative terms would be different, for, as we have 
seen, they would all be different even if we looked only at 
the elements preceding the last two in each. There are 
thus at least as many negative terms as positive. In the 
same way we can show that there are as many positive 
teims as negative ; and thus the theorem is established. 

Exercises. Set VL 



Find directly from the definition the expansion of the determinants — 



1. 



Oi 

6i Os 

Ci &2 ^8 

di Ca &8 a^ 



2. 



Oi &i Ci 

Oj &3 C) 

(2a 

(it 



3. 



6, ftg 64 65 

Cg 

d^ di d^ 

f, Cfi 
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6. 



a* 





Cs 





X 


«8 





Ci 


X 


rfi 


«a 





ar 








Ox 


X 


6i 


62' 


&« 


X 















6. Write the terms of | x^vkw^ \ which contain y^iDz, 

7. What other term of i Vi^'^s/i 1 1 besides the secondary diagonal term, 
contains the elements f^fi^xt 

8. Find the number of inversions of order in 

n, »-l, w-2, . . . , , 3, 2, 1. 

9. What other term of | ambnC^^ I besides an&pCmC^? contains the elements 

hpCmfq ? 

10. What is the sign-factor of the secondary diagonal term in a determinant 
of the n*^ order ? 

11. Write the terms of \a^^\ which contain the element 65. 

12. If the integral numbers 

d* c, /, 9, h, t, y, k 
be 'cyclically' transposed so as to become 

*i d, e, /, gy h, t, j\ 
how many more or fewer inversions of order will there be ? 

13. Find how many terms of a determinant of the n^ order contain any 
particular element. 

14. If in a series of integers which are all different any pair be transposed, 
the number of inversions of order is thereby increased or diminished by an odd 
number. 

15. If the sign of a term be determined from one arrangement of the elements 
composing it, show that the same sign would be got from a different arrangement. 



§ 24. Two determinants, which differ only in that the rows 
of the one are in order the columns of the other, are equal. 

Every term of the first determinant must contain one and 
only one element from each row and each column of that 
detenninant ; therefore it must contain one and only one 
element from each column and each row of the second 
determinant, and therefore it must be a term of that deter- 
minant also. Similarly we can show that every term of 
the second determinant is a term of the first ; therefore the 
terms of the two determinants are alike in magnitude. 
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Now suppose that the first element in any term of the 
first determinant is from the a^ row and a^ column, the 
second element from the b^ row and ^ column, and so on ; 
then the sign of the term is fixed by the number of inver- 
sions in the two series 



a, 6, c, . . . ,| 
a» A y» • • • • ) 



But the element which is in the a^ row and a*^ column in 
the first determinant is in the a*^ row and a^ column in 
the second determinant, and so of the other elements. Hence 
the sign of the term in question in the second determinant 
is fixed by the number of inversions in the two series 



a> ^> y, . . . i) 

O/f Of Cy • . • • ^ 



And the number of inversions here being the same as before, 
the sign of the term is the same in both determinants. 

Thus the two determinants being shown to be alike both 
in magnitude and sign, the theorem is established. 



§ 25. From this it is evident that any theorem, in the 
statement of which the word row or the words row and 
column occur would also be true if the word column or the 
words column and row respectively were substituted. For 
in proving the former theorem in regard to the determinant 
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we are proving the latter theorem in regard to the deter- 
miDant 



«! 


6x 


"x • 


. . I, 


a. 


h 


c, . 


. . k 


«. 


\ 


c. • 


. . Z, 


a« 


• • 


c„ . . 


. . k 



§ 26. If all the elements of a row of a determinant be 
fnidtiplied by the same quantity, the resulting determinant 
«?uafe the product of the original detei^minant and the said 

quantity. 

Let m be the multiplier referred to. Then, if we form 
any term of the original determinant, and form at the same 
time the corresponding term of the new. determinant, no 
difference can possibly occur unless at the row mentioned, 
where the element taken from the new determinant is m 
"multiplied by the element taken from the original deter- 
mnmant. Now since one element and only one must be 
taken from, this row or column for the formation of every 
^rm of the determinants, it follows that each term of the 
"Gw determinant is m multiplied by the corresponding term 
<^f the other. Hence the new determinant equals the original 
determinant multiplied by m. 

Examples : — 
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1 7 

3 21 

4 -28 



1 

6 



-7 



11-1 

3 3 

4 -4 -6 

1 



7x2x3 



•1 1 

-7x2 3 3 

12 -2 

1 -1 



-1 



-3 



110 
2 -2 -3 , 

7 x2x3x (-3 + 2 + 2 + 3), 

168. 



§ 27. If two rows of a determinant be identical, the deter- 
minant is equal to zero. 

Let the determinant be 



«1 


oC'q ... €tf^ ... a^ ... u>fi 


■ . 


ct'a ■ • • aj^ • • • a^. • • . ct'^ 



the two rows which are identical being the 6**^ and ^^; 
and, thinking of any term whatever of the determinant, 
suppose that the element taken from the h^^ row to form it 
is Oj, and the element from the p^^ row a^ , so that the term 
may be represented by 

A standing for the product of all the elements of the term 
except af^ and a^. Then proceeding as in § 22 to find the 
other term which contains A we obtain 

Aa^a,,, 

which equals the fonner term, but must (§ 22) be of opposite 
sigji. Thus the positive and negative terms of the determi- 
nant are equal in magnitude: hence the truth of the theorem. 
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§ 28. If each of the elements of a row of a dete^rmmant 
consist of two terms, the determinant may he expressed as 
the sum of two determinants, the first of which is got frmn 
the original determinant by excluding ons term of each of 
the elements in question, and- the second by replacing these 
and excluding the other terms. 

If A-^-B be one of the binomial elements referred to, 
then it is clear that if we fix on any term containing A +3 
in the original determinant, we shaU find the corresponding 
term of one of the pair of determinants to differ from this 
term only in having A for A+B, and the corresponding 
term of the other determinant to differ from it only in 
having B for A + B, That is to say, any term of the 
original determinant being 

{A+B)efk,..., 

the corresponding terms of the pair of determinants are 

Aefk.,.. and Befk.,.. 

Hence the first determinant equals the sum of the two other 
determinants. * 



Examples :— 



and 



a 
b 
c 



a 
d 



A + B h 
C+D k 
E-F I 



b 
e 



g + h k 



a A h 
b C k 
c E I 



a B 
b D 
c -F 



h 
k 
I 



e 




a 


b 


c 




a 


b 


c 


/ 


- 


d 


e 


f 


+ 


d 


e 


f 


+ m 




9 


k 


I 




h 





m 



§ 29. More generall}'-, if each of the elements of a row 
consist of n terms, it is evident that the given determinant 
can be partitioned in similar fashion into n determinants. 
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Further, if the elements of one row be n-termed and the 
elements of another row be m-termed, the determinant can 
be partitioned into n determinants, each of which will 
have a row consisting: of m-termed elements and each of 
which can therefore be partitioned into m determinants, so 
that finally the original determinant can be expressed as 
the sum o{ mxn determinants. 

More generally still, if the elements of the first row 
consist each of m^ terms, the elements of the second row of 
m, terms, and so on, the determinant can be partitioned 
into m^m^my... determinants. 



EXABfPLE:— 

Oi + 61 + Ci di Ci -fi 

Oj + 69 + Cs di €i -/a 

Os + ftj + Cg dt €z-ft 



Ofl dg fg -fi 
<h ^t fs -/a I 



a^ d^ e^ 

h dr A 

ftj di /j 

h dt ft 



h di ei -fi 
ft* di Ca-Za 
^8 d^ H-ft 

(h di fi 
o^ di fi 
<h di ft 

Ci di ti 
Ci di ti 
Ct di €3 



Ci di ei -fi 
Ci di e^-fi 
C9 di Ca -/s I » 





bi di €1 


•N 


+ < bi di i'i 




i^a d, eg! 

1^ 




Ci di /i 




— 


Ci di fi 






Ci di fi 


• , 



§ 30. The identity established in § 28 may be otherwise 
viewed as a theorem for the addition of two or more deter- 
minants which are related to each other in a particular 
way ; that is to say, beginning with the second member of 
the identity, the theorem is : — The sum of any number of 
determi/nanta which are alike except as regards a particular 
row, the r^^ say, is equal to a determinant which is like eajch 
of the given determinants eaxept that any element of its 
T^^ row is the sum of the correspondi/ng elements of all the 
given determi/aants. 
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Examples : — 

4 3 41 

7-13 + 
2 8 61 



4 


3 


4 




5 -12 3 




4 


3 


4 




5 3 4 


5 


1 


-3 


+ 


3 8 


= 


12 








+ 


-12 


2 


8 


6 




4 6 




2 


8 


6 




3 8 6 








9 


3 


4 








= 

























5 


8 


6 


f 





-0. 



mloibiCidil + nlaihiCse^] = loibiCiindi+neil , 



§ 31. If the first eleTnent of a row of a determinant be 
imcredsed by any multiple of the first element of any other 
row, the second element of the former row be increased by 
the sam^ multiple of the second element of the lattery and so 
on with all the other elements of the two rows^ the new deter- 
minunt thus obtained is equal to the original one. 

Let the given determinant be 




or A, 



and let the common multiplier be m, so that the new deter- 
minant is 




or A'. 
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On account of the row of binomial elements in A' we have 
(§ 28)- 



A' = 



• • 

a 


• 

b 


C • • • . 


X 


y 


z , . , , 




a 


b 


c • • • • 


X 

m • 


y 


z , , , , 

• • • ■ • 



A. 



+ 



mx my mz , . 



X y z 



+ m 



+ mxO, 



I > 




(§ 26), 



(§ 27), 



§ 32. If another row of the detei-minants A, A' in the 
preceding be 



P, q> r, 



• • • • 



it follows that 



a + mx + np b + my + nq c + mz + nr . . . 



X 



y 



= A', 



and therefore also = A ; 

so that from a continued application of the theorem of § 31 
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we have a more general result, viz.: If the elenfients of any 
row of a determinant be increased by any equimiultiples of 
the corresponding elements of a second row and by any 
equvmultipl^ of the corresponding elements of a third row, 
and 80 on, the resulting determinant is equal to the 
original one. 



§ 33. This theorem may he advantageously employed in 
the simplification of determinants, more especially of those 
whose elements are expressed in figures. 

For example, consider the determinant 



14 15 11 
21 22 16 
23 29 17 



Subtracting each element of the third column from the 
corresponding element of the first and second columns we 
have the equivalent determinant 



3 4 11 

5 6 16 

6 12 17 



and this we know (§ 26) is equal to 

3 2 11 

5 3 16 

6 6 17 



Now subtracting each element of the second column from 
the corresponding element of the first column, and multi- 
plying each element of the second column by 5 and sub- 
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tracting the result from the corresponding element of the 
third column we have 

12 1 
2 3 1 
6 -13 

which if we please we may alter similarly into 

12 1 
0-1-1 
6 -13 

the given determinant being thus equal to 

2(13 + 6) le„ 38. 

Operating on the rows instead of the columns, we might 
have proceeded thus : — 



14 


15 


11 




21 


22 


16 


= 


23 


29 


17 





14 

7 
2 



15 

7 
7 



11 

5 
1 



1 
5 

2 7 



1 

4 
1 



= 35 + 8-5 =38, 



as before. 



Example 1. Show tliat 

abed 
b e d a 
c d a b 
d a b c 



The given determinant - 



{a + b + c + d){-a + b-e + d) 



a+b*e+d b e d 

b + e + d+a c d a 

e+d+a+b d a b 

d + a+b + e a b e 






1 


-1 


1 


1 


€ 


d 


a 


1 


d 


a 


b 


1 


a 


b 


c 



(§32), 
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Example 2. 



1 
1 
1 
1 


1 
1 
1 


1 
1 
1 

Show that 
1 a a^ 
1 6 6« 
1 c c» 
1 d cP 



b c 

c d 

d a 

a b 



d 
a 
b 
c 



(a + 6 + c + d) , 



(§26), 



b-c-^d-a c-d-^a-b d-a + 6-c 



c 
d 
a 

1 -1 
c d 
d a 
a b 



d 
a 
b 



a 

h 
c 



(a + 6 + c + d), 



1 
a 
b 
c 



(a+6+c+(i) (-a + b-c+d). 






(b-a) (c-a) {c-b) (d-a) (d-6) (d-c), 



without finding the expansion of the determinant. 

If each element of the first row be subtracted from the corresponding element 
of the second row, it is at once clear that b-a is a factor of the determinant, 
and that c-a, c-b, d-a, d-b, d-c are factors follows equally readily in the 
same way. Further we see that, if these factors were multiplied together, the 
first term of the product would be &c^, and that all the other terms would be 
unlike this, so that the coefficient of bc^ in the product is -f 1. On the other 
hand, looking at the principal diagonal, we see that the coefficient of 6c^ in the 
exi>ansion of the determinant is also + 1. Thus the identity is established. 

Example 3. Show that 







a 



a 
c« 



a» 6« 

y 

7* 



a' 







aa 


6/3 


cy 


aa 





cy 


6/3 


6/3 


cy 





aa 


cy 


¥ 


aa 






Taking the first determinant and multiplying the elements of its first and second 
rows by a, and the elements of its third and fourth rows by a, we obtain as its 
equivalent 








(jN. 


6«a 


ea 


1 


a^a 





Va 


/3»a 


aV 


J^a 


Va 





a*a 




&a 


e^a 


o?a 
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and dividing the elements of the first and second columns of thii new deter- 
minant by a, and the elements of the third and fourth by a, we ihuB have the 
original determinant equal to 









aa 


6« 


c« 










aa y^ ^ 










6« y oa 










<^ ^ aa 


• 




g in exactly similar fashion we find it 











aap 


6»/3 c'p 







aa 


6/3 c» 


1 


aah 





7*6 i3«6 




oa 





V» 6^ 


6-^ 


6«^ 


y^ 


aa/3 




6/3 


y 


oa 




<^b 


^b 


aab 




c« 


J^ 


aa 







aay 


&/^ cV 







aa 


6i8 C7 


1 


aae 





Vc 6/3c 




oa 





(?y 6/3 


cV 


b^ 


yc 


aac 




6/9 


cy 


oa 




c*y 


bpy . 


aa7 




C7 


6/3 


aa 



as was required. 

By a further combination of multiplications and divisions the process assumes 
a neater f ormi thus : —Taking for the rows the multipliers 

a/3y, abc, a/3c, 067, 
respectively, that is, multiplying in all by (a6ca/9y)', we have 

a*a/3y 6'o/3y c*o/97 
a^abc '/abc ^abc 

h-a^ ya/3c a*a/3c 
c*a67 ^aby a^aby 

and then all that is required is to divide by (odca/Sy)^ by operating on the columns 
with the divisors 

a6c, a/Sy, a6y, a/9c, 
respectively. 

Exercises. Set VII. 

Find the simplest forms of the following numerical expressions :— 



16 


17 


16 


2. 


15 


13 


10 


3. 


20 


15 


25 


12 


18 


14 




12 


17 


10 




17 


12 


22 


19 


17 


13 


• 


16 


11 


19 


• 


19 


20 


16 
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6. 



22 


29 


27 


25 


23 


30 


28 


26 


24 



6. 



30 


36 


35 


33 


31 


37 


38 


34 


32 



7. What effect is produced on a determinant of the n^ degree by multiplying 
all its elements by -1? 

8. Find the simplified expansion of the determinant 

a a+S 0+6 



o + l 
a + 2 



a + 4 
a + 5 



9. Show that 



111 
1 1+x 1 

1 1 1+y 
111 



0+7 

a + S 

1 
1 
1 

1 + 2 



xyz. 



10. Find the simplified expansion of 

(»i-6i Oj-^a <h~\ 

bi-Ci 6j-Ca h^-Cs and of 

Ci-Cti C^-Cb^ C3-O3 



a + c 
b + a 
c + b 



2a-b 
26 -c 
2c -a 



5 + 2c 
c + 2a 
a+2& 



IL Prove that, if the sum or difference of every pair of corresponding elements 
of two rows of a determinant be a constant multiple of the corresponding element 
of another row, the determinant is equal to zero. 

12. Express 







ai + 


*i + A 


m 

'1 


Oa + ^i 


+ k^ 08 + ^ 


+ *s 


1 






&1 + 


h^ + ki bi + ?ii + k^ bi + h^ + ki 


1 






Ci + 


Ji^-i-ki c^+hi + ki Ct + Jii+ki 
111 


1 





in a simpler form as a determinant of the fourth order. 




13. Show that 








Ol Oi 


<h 


1 
OnfWH 


1 1 


1 




bi 62 


h 


a^fl^ cbiofii 


aiOsfcs 




Ci Ci 


Ct 


X m 9 


(hOffil OiO^ 


<hl^i 


14. Show that 








Oa 


<h 




Oil 








61 6. 


bt 


- 


1 flaVi OsVi 








Ci 


Ca 


c» 




1 a, 


»Vi o^iCs 


• 
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15. Solve the equation 



Oi + 6iaj 


Ci di 


a^ + b^ 


Cj di 


oa + ft^ 


Ct da 



- 0. 



16. Prove that 



a+c 6 + d a-^c 6 + d 

h ^d a^c 5 +d o+ c 

a+6 6+c c+d d+o 

c+d d+a a+5 6+c 



17. Find the simplified expansion of 

X a h c-^d 

X b c d-*-a 

X c d a+b 

X d a 6+c 



and of 



a 6+c+d a+b c+d 

6 c+d+a 6+c d+a 

c d+a+6 c+d a+b 

d a+b+c d+a 6+c 



18. Express 



a^ + ctiX + 00 08 04 
6^ + 61X + 6^ 6^ 64 

C^ +C1X + C0 Ct C4 

in terms arranged according to ascending powers of x. 

19. Prove that, if the sum or difference of every pair of corresponding elements 
of two rows of a determinant be a constant multiple of the sum or difference of 
the corresponding pair of elements of two other rows, the determinant is equal 
to zero. 



20. Show that 






a 


6 


c 




a 





c 


6 




6 


c 





a 




c 


6 


a 








111 

1 c« 62 
1 c» a2 
1 63 o2 



21. Express either determinant of the preceding exercise as the product of four 
linear factors. 

22. Prove that a determinant remains substantially the same if the signs of the 
elements be changed in every alternate member of the set of lines consisting of 
either diagonal and the lines parallel to it, the diagonal itself being one of the 
lines left unaltered. 
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23. Prove that 



a 
h 
c 




h 


c 







a 





c 







a 


h 




c 


h 


a 





a 6 c 
6 -a c 
c -a 6 
c 6 -a 



Kesolve the following determinants into siinple factors : — 



26. 



7A. a h c d 
hade 
c d a h 
d c b a 

a a a a 
a b b b 



a b 
a b 



c 
c 



c 
d 



27. 



25. a; 1 1 1 
1 a; 1 1 
1 1 a; 1 
Ilia; 



28. Show that 



hcd a a^ a* 

cda b l^ V^ 

dab e c^ c^ 

abc d cP d^ 

Find a single determinant equivalent to 



1 
1 
1 
1 



a* a' 



a' 



6« 6» 6* 
(^ <? (^ 
d^ 0^ d^ 



.29. I 016465 I + I a^b^Cs I - I a^b^Cs \ . 

30. I OoftaCj I - I OoftsCfi I - 1 <hhc6 I + I ctibiCs 



§ 34. If two adjacent rows of a determinant be trans- 
posed, the new determinant differs only in sign from the 
original one. 

Suppose that the rows which change places are the 
ra^^ and (m + 1)*^, and that the elements taken from these 
rows towards the formation of a particular term ...eh^rps,,. 
of the original determinant are ^ and t, viz., jS from the 
y^th j,Q^ and ^ frQiii the (m+1)***. Then ...eh^rps,,. is a 
term of the new determinant as well, for there is in it one 
and only one element from each row of that determinant, 
viz., /3 from the (m + l)*^ t from the m^, and from the 
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other rows exactly the same elements as in the case of the 
original determinant. Farther, ...ehfirps.., contains one 
and only one element from each column of the new deter- 
minant, for the columns in order furnish each the same 
element as did those of the original determinant, the trans- 
position of two rows not affecting the number of the column 
to which an element may belong. It follows therefore that 
...eh^rps,,. is a term of the new determinant 

For fixing its sign as a term of this determinant we know 
that the series of numbers indicating che columns from 
which the elements come is exactly the same as in the case 
of the original determinant, and that the series indicating 
the rows differs only in that two consecutive numbers have 
changed places. Consequently the difference in the number 
of inversions in the two cases is 1 (§ 21), and therefore the 
sign must be different in the one case from what it is in 
the other. 

Every term of the original determinant being thus shown 
to occur with ^. different sign in the new determinant, and 
the number of terms being the same in both cases, it follows 
that the two determinants differ only in sign. 



Examples :— 



and 



a 


b 


c 




a 


b 


c 




b 


a 


c 


d 


e 


f 


__ 


V 


h 


k 


-' h 


9 


k 





h 


k 




d 


e 


f 




e 


d 


f 



OiftjCad* I " - I <h^<^^* I " I (h^sCidi | - - I CLiCtb^di | = . 



§ 35. If from a determinant A another determinant A' 
be got as if by making one of tlie roivs of the foi^mer pass 
from its plccce over p rows, then A = (-1)^ A'. 

The transference may be effected by transposition of the 
row in question with the p rows in succession, beginning 



SEC. 26. 



DETERMINANTS IN GENERAL. 



47 



with the nearest of them. This would occasion p changes, 
of sign ; hence the truth of the theorem. 



Examples : — 

abed 
e f g k 
k I m n 
o p q r 



(-1)' 



b c d a 

f g h e 

I m n k 

p q r o 



i-iy 



b c d a 

p q r o 

f g h e 

I m n k 



and 



I OibiCtd^es I - (-1)*; a^biC^dsCi \ - (-1)^| a^biCsd^Cs | ; 

I Oib^Czdiei I + I Oieib^Cidi \ = | Oib^Csdie^ \ + (-1)'| aib^Ctdjes |, 

-0. 



§ 36. If any two rows of a determinant be transposed, 
the new determinant differs only in sign from the original 
one. 

Suppose that r rows lie between the two rows, A and B 
say, referred to ; and denote the original determinant by A 
and the other by A'. A' may be got from A by making 
the row A pass over the r rows and thus come alongside of 
the row B, and then making the row B pass over the row A 
and the r rows. By the first operation r changes of sign 
p^e occasioned and by the second r + 1 changes; that is, in 
all 2r + l. Hence 

A' = (-ir^^A, 

since the index 2r + 1 is an odd number. 



Example : — 



I Oib^e^d^ti I *" ~ I <*i^a<^8^4^» I = 1 ^^^c^d^b^ | = . . . . 



§ 37. The theorem (§ 27) in regard to the result of the 
identity of two rows of a determinant is usually established 
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by means of the foregoing theorem. The mode of proof, 
which is worth the learner s attention, is as follows : — 

Let the determinant be A. Then, transposing the two 
rows referred to, we get a determinant which is equal to 
-A (§ 36). But this new determinant is exactly the same 
as the original, on account of the identity of the two rows 
transposed. Hence we have 

A = -A, 

so that 2A= 0, 
and .*. A= 0. 

§ 38. If two determinants A, A' of tfve n** degree be such 
that the first row of the one is the same as the last row of 
the other, the second row of the one the same as the (n-1)** 
row of the other, the third row of the one the same as the 
.(n-2)*'^ row of the other, and so on, then A = (-1)*'*^""^^A'. 

The transformation of the one determinant into the other 
may be effected by making the first row of A pass over the 
n-1 other rows, then making what was before this the 
second row pass over n-2 rows, next making what was 
formerly the third row pass over n-S rows, and so on until 
what was originally the (n-l)^ row is made to pass over 
the one next it, viz. that which originally was the n^. The 
number of changes of sign consequent upon these altera- 
tions is , 

(71-1) + (n- 2) + (n- 3) +.... + 2 + 1. 

• . * 

But th^ sum of this equidifferent progression is 
hence the truth of the theorem. 
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Examples:— 



and 



(h ^ <h ^i 

61 6, 6i 64 

Ci C2 Cs C4 

di di di d^ 



(-1) 



di d^ d^ d^ 

4w-i)i Ci Ct c, C4 

61 64 68 64 

6(1 a^ Ofl <i\ 



di di di di 

Ci Ci Cj C4 

61 6a 63 64 

Ox ^2 ^ ^4 



(-1)' I eid:aC8&4a« | -= | eidtCshias 
I Oi6aC3rf4€4/'4 I " (-1)' f fiCidiCibiO^ : - - ] fie^dsCih^ao I . 



§ 39. If two detei'TYiinants A, A' of the n"^ degree he svxih 
that the first row of the one is when reversed the last row 
of the other y the secoTid row of the one when reversed the 
(n-l)'* row of the other y the third row of the one when 
reversed the (n - 2)** row of the other , and so oUy tJien A = A'. 

The transformation of the one determinant into the other 
may be effected by reversing the order of the rows and then 
in the result reversing the order of the columns. The num- 
ber of changes of sign occasioned by this is (§ 38) 

inin-l) + ^n{n-l), 
i. e. 7i(9i-l); 

.-. A = (-ir^-'^A'. 

Now one of the consecutive integers n^n-l must be even, 
and consequently their product must be even : hence 

A = A'. 



Examples :— 



a 


b 


c 




d 


e 


f 


— 


ff 


k 


k 





9 
d 
a 



h k 

e f 
b e 



k 


h 


ff 


f 


e 


d 


e 


b 


a 




and 



1 016208^4 I - I d^c^h^a^ |. 



D 
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§ 40. A deteimiinant being given, it is possible to transfer 
any element to the place occupied by any other, and yet 
have ilte resvlting determi/aant equal in magnitude to the 
original one. 

If the two elemeats be in the same row it is at once seen 
that the transposition of the columns to which they belong 
effects the change referred to ; and, contrariwise, if the two 
elements be in the same column. 

If the two elements be neither in the same row nor in the 
same column, what is necessary is the transposition of the 
rows they belong to, followed, in the form which results, by 
the transposition of the columns. 

For example, if we wish the element 6, of the determinant \<h}>^^d^ef\ to be 
in the fourth row and fifth column, we proceed as follows : — 



0\ rtj <*3. ^4 ^t 

6i 62 63 64 65 

Ci Cj Cj C4 C5 

t 

, di d^ di d^ di 

i 

1 ^1 ^a ^s ^4 H 



Oi a^ a^ ct^ a^ 

d\ d^ di d^ di 

C\ C^ Cj (?4 Ci 

hi 62 &| &4 hi 

^1 ^ ^8 ^ 00 



€i\ a^ 0% a^ d^ 

di di di d^ d^ 

Ci Ci Cz C4 c^ 

hx hi hi h^ &s 

Ci Ci Ci Ci e^ 



The attainment of the end desired is dependent upon the transference of one 
row to the place of another, and, as this may be accomplished in other waysuthan 
by the transposition of the two rows, there is a corresponding possible variety in 
the form of the results. Thus 

I aih^CidiCi I - I OiCtdih^Ci | - r | <hCid^hie2 \, 

or, transposing cyclically, 

OihiCid^Ci I - I diCiOih^Ci | - | diC^aihiCi |. 



Exercises. Set VIII. 

1. Without finding the expansions of the determinants show that 



a 


h 


C 




h 


9 


h 


d 


e 


f 


- 


e 


d 


f 


9 


h 


k 




h 


a 


C 
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2. Show that 



a 

e 



b 
f 

• • 

t J 
in n 



9 
k 



3. Show that 












di d^ d^ di 



4. Show that 



a 
e 

k 



b 
f 

I 



d 
h 

971 n 



9 




a 

% 
e 
m 

Ci 
Ci 
Ci 
Ci 

9 

J 

f 
b 

I 



c 
k 

9 





b 

3 

f 
n 



d 
I 
h 
P 



hi 
b. 



O} di 
a^ d^ 
Oa d^ 




e 
a 
k 





9 
c 




h 
d 



tn n 



5. Show that 



and 



I <hhCidi I = I dib^CiOi I , 
Oi^iCid^es I •= I dibiCid^Csl . 



Fmd hy cyclical transpoBition of the rows and columns of l^o^^i*^^/*! * deter- 
minant equal to the said determinant and having 

6. e^ in the first row and first column ; 

7. ei in the first row and first column ; 

8. Ci in the fifth row and second column ; 

9. fi in the second row and third column. 



10. Show that 








&i 


6a 




oi Oa 


<h 




di di 


d. 




Ci 


Ci 


IL Show that 









a* 
di 




d^ 








a* 






hi 



di d^ di 



I 













d 


a 


c 


b 




k 





h 







9 





f 


e 





abed 

e f 9 
h k 

1 
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12. Show that 



Cb C« C4 Cfl Cj 

a« Ot 

dt d^ d^ d^ d^ 

&s &s 

<s «8 e« 



13. Transform 



Ci €t 



a 
b 
c 
d 



Oc a, 

&e 6, 

C^ C% €% C4 Cf 

d^ df d^ di da 

t^ t% €% €i ti 



h 
c 
d 
a 



c d 

d a 

a b 

b c 



80 as to have the principal diagonal composed (1) of the four a's, (2) of the four 
b% (3) of the four c\ (4) of the four c^'s. 



14. Show that 



61 + 6, bf+b^ bt+bi 



-2 






a, 

C2 



<h 



15. Show that 



01 + 02 + 03 Oj + Oj + Oi Oj + O* + O1 04+ai + Oj 

61 + 62+^ &i+63+^4 h*^4*h b^+bi*^ 
Ci + Ci+ Cz Ci+ Cs+Ci Cj + C4 + Ci C4 + Ci + Ca 
di + dt + di d^ + dz + di d^ + d^ + di d^ + di + d^ 

16. Use the principle employed in § 37 to show that 

a b c d 
-a e f g 
-b -e h t -0. 
-c -/ -h j 
-d -g -i -j 



Oi Of O3 04 

61 6, ftj 64 

Cx Cg ^ C4 

di d^ dz d^ 



17. Similarly show that 



a 
e 
h 

3 




6 

/ 
t 



3 -h 



c d 

g 





d 



g -c 

i -f b 

e -a 



0. 
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18. If m rows, viz., the ki% Jit^, . . . , hnfi^, be transferred ao as to become 

the 1"^, ^^, . . . , m^, without altering the reUiive positions of the remaining 

rows, and then n columns, viz., the kj}^, k^^ • • • i kffi^, be similarly transferred, 

the determinant thus obtained is the same as the original or differs from it 

only in sign according as 

is even or odd. 



19. Without finding the expansion of the detenninant show thAtab + bc+ca is 
a factor of 

06 c2 c3 



a* 



be a* 



V^ V^ ae 



Establish the following identities : — 



20. 



21. 



22. 



23. 



24. 



25. 



0+6 c e 




a b+e a 




b b c+a 




e 


a a 

a 


b b •^^o 


^ 



a+b-e e 


e 




a b e 


a b+e-a 


a 


- 


b e a 


b b 


c+a-b 


• 


e a h 


(a + 6)' ca 


be 




ea (6+c)2 


ab 


- 2a6c(a + 6+c)'. 


be ab 


(c + a)« 







a+6 + nc (n-l)a {n-l)b 
(n-l)c b + c + na {n-l)b 
(n-l)c (n-l)a c+a + nb 



n(a + 6 + c)'. 



-a' (6 + c)* -a* 
-68 -6» (G + a)3 



3a!>c(a + 6 + c)»2:o26. 
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§ 41. If all the elements of the first row of a determinant 
be zero except the first and it 6e 1, the determinant equals 
the determinant of lower degree got by deleting the first row 
and column. 



Let 



1 

6 e / g h , , . . 

c k 

d I 


and 







f 9 h ,. 



k 
I 



be the determinants referred to, and denote them by A and 
A' respectively. 

No terms can exist in A containing any element of the 
first column except the fii-st element. For any term con- 
taining any other element, c say, of the first column must, 
like every other term, contain an element of the first row ; 
and that element cannot be the element 1, for 1 belongs 
to the same column as c; therefore it must be 0, and thus 
the term vanishes. Consequently to form a term of the 
determinant A we must begin with the element 1, and for 
the other elements must take one from every row and 
column except the first row and column ; that is to say, one 
from every row and column of the determinant A'. We 
thus see that the other elements of the term constitute a 
term of A'; and the element already mentioned being 1, it 
follows that every term of A is a term of A'. 

But further, every term of A' is a term of A. For any 
term of A' contains one and only one element from every 
row and column of A except the first row and column ; so 
that to make it a term of A we only need to annex an 
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element from the first row and column of A ; and this 
element being 1, the term is not altered. 

Not only, however, have the two determinants the same 
terms, but the terms which are equal in magnitude are alike 
in sign. Suppose the two series which fix the sign of any 
term in A' to be 

a, #c, T, A, .... I 

Sy P, (T, y ) , 

then to find the series which fix the sign of the equal term 
in A, we must prefix the numbers indicating the row and 
column to which the additional element belongs. But these 
numbers being both 1, the number of inversions of order 
remains -unchanged. 



§ 42. Reversing the order of the members of the identity 
which has just been established, we may view the theorem 
as affirming that without altering the value of a determin- 
ant its oi'der may be raised by superposing a zero on every 
column and prefixing a \ to the row of zeros thus formed 
and an element of any finite magnitude whatever to each 
of the otiter rows. Thus 



a 
d 

9 



e 
h 



c 

/; = 



1 













1 


A 


B 


c 


a 


a 


h 


c 







a 


b 


c 


/8 


d 


e 


/ 







d 


e 


f 


y 


9 


h 


k 







9 


h 


k 


1 


D 


E 


F 


G 













1 






















a 


a 


b 


c 


=: 


. . . 


• 







^ 


d 


e 


f 













y 





h 


k 
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§ 43. If any elcTnent of a determinant A be 1, say. ths 
eleTnent which is in the p^ row and q* column, and tlie 
other elements of the same row he 0, thefa, denoting by A' the 
determinant of lower degree which is got by deleting the 
pth ^Q^ ^^^ qtA column, A = (-1)'****A'. 

Passing the p^ row over the p-1 rows which precede it 
thereby making it the first row, and passing the q^ column 
of the result over the q-1 columns which precede it thereby 
making it the first column, we do not alter the relative 
position of any of the elements outside the original p^ row 
and q^ column. There is thus obtained a determinant 
of the form in § 41, differing from A by the multiplier 
(_l)f-i+«-i^ and such that when the first row and column of 
it are omitted the resulting determinant is still the same 
determinant as would have been got had the p^ row and 
^ column been deleted before the transformation. Hence 

A = (-l)'+'-W, 
= (-1)^*'A', 

Examples :— 



a b e 


10 




10 








10- 

d e f 


-a 6 c 

d e f 


-i-iy 


b a c 
e d f 


- 


a c 
d f 


m 



a 


b 





d 




c 
U 


e 
h 



1 


f 

k 


-{-ir 


I 


m 





n 





a b d 

c e f 

1 g h k 
I m n 



i-iy 



I g h k 

a b d 

c e f 

I m n 



a 


b 


d 


c 


e 


f 


I 


m 


n 
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§ 44. In any determinant the aggregate of the terms 
containing a particular element, say the element of the 
p*'^ row and q** column, may be itself expressed as a deter- 
minant, viz, that obtained from the original determinant 
by changing into zero all the other elements of the p^ row 
or of the q^^ column; and if the expression consisting of 
these terms be resolved into two factors, one of which is the 
element in question preceded by the sign (-I)'^'^'*, the co-factor 
may be expn'cssed by the determinant of lower order obtained 
when the p** row and q*^ column of the original deter- 
minant have been deleted. 

Suppose the p^ row to be 

^j gj ^) ' ' » 9 ^> P> d, , , , , fi, J, 

and let ^ be the particular element fixed on. Putting for 

e in this row of the determinant, all the terms containing e 

will vanish, and, as none of them can also contain )8, the 

terms containing ^ will remain. Similarly, putting for g, 

we shaU get rid of all the terms that contain g and shall not 

affect those which contain fi. Thus we see that when we 

have made all the elements of the row except ^, there 

will still be left all the terms containing fi. Moreover, no 

other terms will be left, for every term originally contained 

one of the elements of the row to which fi belongs. Hence 

the first theorem is true. 

Secondly, since the determinant we have reached has 
the elements of the p^^ row all zero with the exception of 
one element which is ^, if we change this /8 into 1 and 
place /3 as a multiplier outside the determinant form, we 
know (§ 26) that we get an equivalent expression. But 
then this new determinant, which has been found as the 
po -factor of /8, has the element of the p^ row and g*^ column 
1 and all the other elements of the p^^ row 0, therefore 
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(§ 43) it is equal to the detenninant of lower order got by 
deleting the row and column in which the element 1 is 
found, provided we annex the sign-factor (-1)'*"*''. Hence 
the co-factor of /8 is got by striking out of the original 
determinant the row and column in which /3 occurs and 
prefixing (-1)''+'. 

Example. In the expansion of the determinant 

Ori Of a^ a^ 
6i 6, 6, 64 

Ci Ci Cz d 

d\ d2 d^ cf 4 
the portion whose terms contain the element c^ is equal to 



Ox Of Os A« 

61 6, 6, 64 

Cb 

dx d^ d^ d^ 



or 



and therefore is equal to 



Cs 



Oi Oj Oj 04 

61 62 hi 64 

10 

d-i d^ (/) (£4 



or Cs 



Oi Oj 04 

&i &a 64 

Ci Ci Ct Ci 

di d^ (f 4 

o^ (I2 04 

61 62 64 

Cj C2 1 ^4 

di d^ di 



and consequently to 



Oi 


a. 


di 


h 


62 


h 


di 


di 


d. 



§ 45. A determinant of the n^^ oi'der is expressible as the 
sum of n determinants, the first of %vhich is obtained by 
changing into zero all the elements of any row or any 
column of the original determinant except the first element, 
the second by changing into zero all the elements of the 
same row or column except the second element^ and so on. 



SEC. 46. 



DETERMINANTS IN GENERAL. 



59 



Let 

Cvf Of Cy CLy • • • • 

be the specified row of the original determinant, so that 

a, 0, 0, 0, ... . 
0, 6, 0, 0, ... . 



are the corresponding rows of the n determinants. Then 
the first of the n determinants equals that portion of the 
original determinant which includes all the terms containing 
a, the second equals that portion which includes all the 
terms containing 6, and so on. But these portions make up 
the whole original determinant, for each term of it must 
contain one or other of the. letters a, b, c, d, , , , , , and no 
term can contain two of them. Hence the theorem is true.' 

Example:— 



Oi a^ (li a^ 




Ol 


Oa 


o-t a* 




«1 


Oj 


Oi 


h ftj ^8 &4 




&1 


62 


64 


4. 


h 


6a 


h h 


Ci Ca Cs Ci 




Ci 


Cj 


C4 


•^ 


Ci 


Ca 


C4 


di d^ ds di 




dy 


d, 


d4 




di 


d. 


^4 




<H 


<h 


a^ 




<h 


Oa 


04 


+ 




b. 


64 
Ca C4 


+ 




6a 


0. 64 
C4 






di 


di 


. d4 




di 


da 


da d, 



as is also evident from the addition-theorem of § 30. 

§ 46. A determinant of the n** order may be eaypressed as 
the aggregate of n products obtained by multiplying each 
element of any row by tite determinant resulting from the 
deletion of the row and column to which the element belongs, 
tlie signs of the products being alternately + and -, and 
that of the first product + or - according as the number of 
the row is odd or even. 
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Let the row taken be the p^, its elements being in order 

df Op Cf Ojf • • • • 

All the terms of the determinant which involve a may be 
expressed (§ 44) as the product of {-\)^^a and the deter- 
minant obtained by deleting the p"^ row and first column: 
similarly all the terms involving h may be expressed as the 
product of (-1)'"*"'6 and the determinant obtained by deleting 
the p^^ row and second column, and so on. But the aggregate 
of these terms is equal to the given determinant; and since 
the sign-factors 

(-lr^ (-!)'*», (-1)'-', — 

are alternately + and - 1, and the first of them + 1 or - 1 
according as j> is odd or even, the theorem is established. 

Examples i— 



Oi Ot ot a* 
6. 6, I, 6. 

iV i* JV ^ 




^ 6. 64 




Ol Of 04 




Oi Oj 04 




<h ft <^i\ 


-Os 


Cl Ct C4 


-6. 


<?l C, C4 


+ Ca 


6, 6, 64 


-d. 


hi b, b. 


C\ C^ Ct c^ 
d\ d^ d^ d^ 




di d% d^ 




di di d^ 




di di di 




Ci Cj Ci/f 



and 

IthhCidieil" Oi!6,Ci<^4««l - fhl^iCzd^etl + (h\biCidiei\ - a^lhicidzeg +| af|6iCs,<^<4!. 
- (hlhtCzditil - hilotCid^etl + Ci|o,M4««l - di\a,b^e^e^\ + eiloj^btcM, 
— 04|6iC,d,C4| + h^\(hCtdtetl - C4|ai6,dse.| + (l4|ai6|Cf«sl - «4l<»i6je8<'«l» 






§ 47. The number of terms in a determinant of the second 
order being 2, it follows from § 46 that the number of terms 
in a determinant of the third order is 2 x 3, that therefore 
the number of terms in a determinant of the fourth order is 
2x3x4, and so generally, as in § 18. Similarly we have 
another proof of the theorem of § 23. 
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§ 48. If the elements on one side of either diagonal of a 
determinant he all zero, the determinant consists of only 
OTie terrrhy viz. the term composed of the dements of the said 
diagonal. 



Example :- 



d 

c g 

6 / t 

a e h J 



= -a 



d 
e g 
h f i 



-ab 



d 
c g 



" abed. 



§ 459. When the elements of a determinant are small 
letters and all different, the co-factor of any element is 
usually denoted by the corresponding capital letter, accom- 
panied by the same suffix if suffixes occur. Thus in the 
determinant 



a 


b 


c 


d 


e 


f 


9 


h 


h 



or 



the co-factor of /, which is gh - ah, is denoted by F, In this 
way fF stands for all the terms containing /, and we have 

^^ dD + eE + fF, 

^ cG +fF + kK, 



and, generally, 
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« 

§ 50. Looking upon the determinant |aj6,c,...Z,|, or 
D(a^b^c^..,l^, as a function of n^ independent variables, viz. 
the elements, we have from the preceding by differentiation 

dD . 

since all the terms of D which contain a^ are included in 
a^Aj^ and A^ is independent of a^. Similarly 

dD_. dD_. 

^^ - n 3^ _ n 
db^~ " 36," 

We have thus a less arbitmry notation for the co-factors of 
the elements than that of § 49, and the identities there 
giren may consequently be also put in the form 

T,, , ,N dD dD dD 

IS " 



§ 51. The result of § 46 will be easily seen to be of 
paramount importance in reference to the work of sim- 
plifying and expanding determinants, the finding of the 
expansion being made dependent upon the finding of the 
expansions of a number of determinants of the next lower 
order. Evidently also the advantage thus obtained will be 
augmented if by the use of previously, established theorems 
we can succeed in changing several of the elements of a row 
of the original determinant into 0, for then the number of 
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the said determinants of the next lower order will be corre- 
spondingly lessened. For example^ consider the determinant 



10 


4 


17 


13 


4 


2 


8 


6 


3 


-1 


8 


1 


7 


5 


20 


17 



and denote it by C. Then 



C = 10 



2 8 6 




4 17 13 




4 17 13 




4 17 13 


-18 1 


-4 


-18 1 


+ 3 


2 8 6 


-7 


2 8 6 


5 20 17 

1 




5 20 17 




5 20 17 




-18 1 



10 (48) 
124. 



-4 (58) 



+ 3 (-4) -7 (16), 



Here we have at once applied the theorem of § 46. 



Again 



(7 = 



2 


4 


1 


1 





2 











-I 


12 


4 


3 








2 



2 
3 
3 



1 

12 




1 
4 
2 



= 2 






1 







-19 


-8 


-19 


12 


-8 


— 2 


-3 


2 


-3 





2 









= -2 



-31 
-3 2 



124. 



Here we diminish each element of the first column by 
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twice the oorrespoDding element of the second colnmn, 
element of the third colomn by fonr times the correspond 
element of the second column, and each element of t 
fourth column by three times the corresponding element 
the second column, the result being a determinant ivitb 
row containing three zero elements, from which by means 
the theorem of § 46 or of § 41 we pass to a single deter- 
minant of the next lower order; then this determinant is 
treated in similar fiishion ; and so on. I 

It will be observed that one of the elements of the second 
row of (7 is a measure of each of the other elements of the 
row, and that to this peculiarity is due the possibility of 
transforming (7, as above, into a determinant with a row 
containing three zero elements. The second column pos- 
sesses the same peculiarity, so that we might also proceed 
as follows : — 



(7 = 



22 





49 


17 






1 








■22 


49 17 


10 





24 


8 


I 










= 10 


24 8 


3 


-1 


8 


1 

22 


60 22 


; 22 





60 


22 ( 




5 - 


-2 


17 






' 2 





8 


--204 + 88 


+ 240, 


- 


-6 


22 









124. 



Had such not been the case we could first have transfoimed 
C into a determinant having the peculiarity referred to, e.g., 
a determinant having one of its elements 1; and in this way 
the second mode of procedure can be seen to be always 
nossible. 
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„., • Example. Show that 

El- 

bi a a a 

if 
, a bi a a 



iiB 



a a b^ a 



a a a 64 

it 18 
I 



- (6,-a) (».-«) (6.-a) (6.-a) j 1 + ^^ . -^ + _«_ . ^-^ j _ 



clear (§ 42) that the given determinant is equal to 






11111 
&i a a a 
a bi a a 
a a b^ a 
a a a bi 

Multiplying each element of the first row of this determinant by a, and sub- 
tracting the result from the corresponding element of each of the other rows, 
we have 

11111 

-a bi-a 

-a bi-a 

-a bi-a 

-a bi-a 

This we know (§ 46) is equal to 
6i-a 
bi-a 
I bi-a 
bi-a 



+ a 



Here the first two determinants have all their elements on one side of the 
principal diagonal, and the others have each a column with all the elements 
except one, hence we transform the expression into 

bi-a 

{bi-a){bi-a){bi-a){bi-a^ + a (63 -a) (63 -a) (64 -a) +a b^-a 

bi-a 

bi-a 
62-a 
bz-a 



+ a 



111 


1 




1 


1 


1 1 


bi-a 







bi-a 








bi-a 





- a 








6s- a 





bi-a 










bi-a 


111 


1 




1 


1 


1 1 


bi-a 
bi-a 






- a 


bi-a 




bi-a 





bi-a 










b^-a 



bi-a 

+ a 62-a 

64-0 

whence readily comes the result desired. 
E 



+ a 
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In the preceding process, the first step, viz. taking an equivalent determinant 
of higher order, is worthy of the learner's attention, as being conducive to 
symmetry in obtaining the result in the particular form wanted. 



Exercises. Set IX. 

Find the single numbers to which the following determinants are equal : — 



1. 



3 14 1 

2 2 8 5 
16 4 2 

3 2 5 3 



2. 



3 7 4 3 

7 4 3 5 
2 19 4 

8 6 4 7 



3. 



2 13 4 
7 4 5 9 

3 3 6 2 

17 7 5 



4. 



8 
4 
8 
3 



7 
3 
9 
1 

7. 



5 10 


5. 


9 2 




6 12 




2 4 


• 



9. 



3 16 4 2 

7 6 4 13 
13 2 9 4 
2 2 9 2 1 

8 6 13 4 

2 4 3 14 3 
■4 2-3 2 -1 2 
5-162-15 
1 1 1-2-2-2 
7-3-5142 

3 12-123 



10 8 


9 


14 




6. 


21 -22 .6 14 


17 15 


18 11 






12 13 -7 18 


15 19 


10 13 






25 14 18 -26 


16 17 


18 10 


• 




-7 17 -12 4 




8. 


5 -1 
-1 4 

4 6 

6 -2 


4 6-2 

6 2 5 

-2 5 -1 

5-14 




• 




-2 


5 


-1 


4 6 


• 



10. ; 12 
16 
10 
7 
11 
24 



22 

-4 

-3 

12 

2 

6 



14 
7 
-2 
8 
4 
6 



17 20 

1 -2 

3 -2 

9 11 

-8 1 

3 4 



10 

15 

8 

6 

9 

22 



Find the ordinary expansion of the following determinants :- 



11. 








k I 
h X 










X 



13. 



X a 

a 1 

-1 6 1.0 

I -1 c 1 

\ ~1 d 



X 

e 
b 



X 




/ 9 
c d 

14. 



12. 



fli hx Ci di Ci 

62 

&s <^3 <^ Cg 

64 (^4 

65 dfi efi 




a 
h 
c 



d 

b 
c 



d 


d 


15. 


a 


a 







b 




c 





• 






a 


h 


c 


a 





7 


/3 


b 


7 





a 


c 


iS 


a 
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16. 



1 a a a 

1 X a a 

1 a X a 

1 a a X 



19. 



22. 



a 
-a 
-a 
-a 



b 
b 
b 
b 



17. 1 
1 
1 
1 



y 








18. 


X 


y 










X 


y 










X 


« 



c 


d 


20. 


X 


y 




e 


z 




c 


d 


9 



1+a 111 
11+6 1 1 
1 1 1+c 1 
111 1+d 



X 

~i- X Xr X . . • • 

0-1 

0-1 



On 

X"-^ On-l 

On-S 

ttrt-S 








. . 
.. 



. . 
. .-1 






23. 



21. 



111 

1 6+c a a 
1 6 c+a b 
1 c c a+h 

a+6 bed 
a 6+c e d 
a b c+d d 
a b c d+e 



Oi 6j 





.. 


. . 


Oa -6i 


h 


. . 


.. 


a, 


-b. 


64.. 


.. 


^4 





-63.. 


.. 


On 


• • • 




■ * • • 

. . 


. .-6n-l bn+1 


On+l 





. . 


. . -bn 



Establish the following identities :- 



24. 



25. 



26. 



27. 



a* + l ab ac ad 
ab 62 + 1 5c U 

<ic 6c c* + l cd 
a(f bd cd <]?irl 

a + 6 + c rf ci 

a 6+c+d a 
6 6 c+d^a 



= o« + 6> + c* + d2 + l. 



(2 

a 

6 

d + a + 6 



42a'6c. 



o + x 


a- 


■X 


a-y 


a + 


y 






a-x 


a- 


y 


a + y 


a + x 


BS — 


16a(x- 


a-y 


a + y 


a + x 


a-x 






a + y 


a + x 


a-x 


a-y 






1 a 


a 


a« 




















1 


06 


a + 6 


1 6 


b 


6« 


















- (a- 


-b) 


1 


cd' 


c + d' 


1 c 


d 


ce^ 


% 


t 


1 


c'd 


c'+d 


1 d 


d' 


dd' 
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28. Kesolve into simple factors 



X fli Og Oj 1 

Oj as Oj 03 1 

a\ d^ X as 1 

Oi (1% a^ X X 

Oi Oj Os 04 1 



29. Without finding the ordinary expansion of the determinants, show that 



Oi 


<h 


Os 


Oe 




1 


«! 


«2 


as 


X 





1 


«! 


a* 










1 


Oa 





Ai Oj 04 a5 

\ Oi a^ a^ 

1 Os Os 

cti Os 



30. Find the complete differential of 

a^ Oj Oj 04 

61 &a ^8 ^4 
Ci Ca Ca C4 
d^i c^s c^ (^4 

due to the independent variation of all the elements. 



Os ct3 ^4 ag 

1 Oi Oj a4 

1 Ox as 

1 Os 



§ 52. // the first element of a row of a determinant be 
multiplied by the co-factor of the first element of another 
row, the second element of the former row be muLtijplied by 
the co-factor of the second element of the latter, and so on, 
the sum of the products is equal to zero. 

Let the determinant be 



a, b, c, d, 



Py ?, r, s, 



and let the two rows whose elements are here partially 
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given be the two rows referred to. Then using the notation 
of § 49 we have 



pP + qQ + rR + 8S+.,, = 



a, b, c, d, 



Py q, r, 8, 



Here P, being in magnitude equal to the determinant got 
by deleting the row and column to which p belongs, must 
be independent of p, q, r, 8, . , , , and therefore suffer no 
change from any change of these elements ; and the same is 
in like manner true of Q, iZ, S, . . . . Hence, changing p 
into a, q into 6, r into c, and so on, in both members of the 
preceding identity, we have 



aP + bQ + cR + dS-\-... = 



a, 6, c, dy 



a, 6, c, dy 



= 0, 



as was to be proved. 



(§27) 



§ 63. If the first pair of elements in the first row of a 
determinant be taken in succession with every pair below 
it, and the determinants of the second degree which have 
these pairs for rows be placed in order as the elements of 
tfie first colwmn of a new determ^inant, and if the like be 
done in the case of the second a/ad following pairs of 
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consecutive elenfients in the roWy then the new determinant 
thus obtained divided by the product of all the elements of 
the first row of the original determinant except the first and 
last is equal to the oHginal determinant. 



Let the given determinant be 



«1 


h 


<^x 


a. • • • A/. 


h 


«. 


K 


c. 


^2 • * • 3 


h 


«a 


\ 


c. 


a^ . . . tc^ 


k 


a» 


K 


c. 


af^ • • • n/|| 


h 



or 



Multiplying each element of the first column by -\ and 
adding to the result a^ times the corresponding element of 
the second column, we have (§ 30) 



v = 



\ c. 



U'l • • • A/. V. 



-aX + ^»i K Ca d^,.. \ l^ 

I/. CVq . • • A/a V, 



^8^+^«l ^3 



a "3 



-aj)^ + 6„ai 6„ c„ d„ . . . A;„ Z„ 



Again, multiplying each element of the second column of 
this determinant by -c^ and adding to the result 6^ times 
the corresponding element of the third column, we have 



{-\f\c, A = 



c^ d^ , , ,\ l^ 

a^b^ + b^a^ -b^c^ + c^b^ c^ d^.,,\ l^ 



^3^ + Ml 



-^1 + ^3^ 



Cg d^ , . .k^ l^ 



-ajb^ + b^a^ -b^c^ + cj)^ c„ d^ . . , k^ I, 
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This process being continued, the final result is 
(-l)"-VA---^i^ 







... I 



-a„&j + hna^ -b„c^ + c^fe^ -c^d^ + (Z^c^ . . . -Kk + ^«*i ^« 









"'3^l"^^3"'l 



-aj)^ + 6„ai -6„Ci + cjy^ -c^d^ + c?„Cj . . . -U^ + Z„^j 



(-1)""^.; 



and dividing by {^\Y'''^b^c^d^,,,\, we obtain 



a^ 6j Cj c?j . . . Zj 

0^2 ^2 ^2 ^2 • • • ^2 
^3 ^8 ^8 ^3 •••^8 



a„ fe„ c« d„...Z„ 



as was to be proved. 



OJjAX^ . • • Ki. 



«! ^1 




&. Ox 




i, Z, 


a, 6, 


) 


K Cj 


f • • • • 


K k 


«i ^1 




&, «x 




K \ 


aj \ 


> 


^ 0, 


, . . . . 


K h 



a, 6, 




6, c, 




k h 


««&» 


) 


6„ c„ 


1 • • • • 


fCu in 



§ 54. The new determinant found in the preceding para- 
grapli being one degree lower than the original, the theorem 
is important as affording an easy means of evaluating a 
determinant whose elements are expressed in figures. Thus, 
taking the example already dealt with (§ 47), we hav6 
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PHI 


:oK 


Y L 


)F i 


DJfiTEK 


M1J> 


JAJN'i 


.'S. 


CHAP. II 


10 

4 

17 
13 


4 
2 
8 
6 


3 
-1 

8 
1 


7 

5 

20 

17 


1 
~ 12 


4 
12 

8 

2 


-10 

8 
-14 

-5 


22 
4 
44 

11 


} 










4 
3 


3 

4 


2 
-7 


1 

22 


f 










4 


19 


-27 














15 


6 


-33 


» 





= - I (-209 + 54). 

= 124. 

Here, looking at the first two rows of the given determinant, 
we at once mentally evaluate 



10 4 




4 3 




3 


7 


4 2 


t 


2 -1 


f 


-1 


5 



and place the results 4, -10, 22 for the first row of the 
new determinant; similarly we proceed with the first and 
third rows, and with the first and fourth rows. This gives 
us a determinant of the third degree, from which we remove 
the factors 2, 4, 2 ; then we treat the resulting determinant 
as the first was treated, and thus have at last only to deal 
with a determinant of the second degree. 

§ 55. If one of the elements included between the first 
and last of the first row be zero, the theorem is clearly 
inapplicable ; but then it has to be remembered in such a 
case that any row or any column may be made the first row. 
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Example 1. 
equations 



Find the values of Xi, ocg, a%, , iCn which satisfy the n 



OlXi + 02X2 + OiX^ + ... +anXn = Oq 
61X1+ &aX<|+ b^X^ + ... + bnXn - 60 
CiOJi + C2a52 + CbOJs + ... + CnXn = Co 



^«1+ ^2X2+ ^8058+... + i««„ = Iq 



Looking back to the special cases of this problem which are solved in § 9, we 
see that the process consisted in multiplying both sides of the first equation by 
a certain number, both sides of the second equation by a second number, and so 
on, and then taking the sum of the left-hand members of the equations thus 
residting, and equating it to the sum of the right-hand members, when it was 
found that the final equation was free of aU the unknown quantities except one, 
whose value could therefore at once be given. 

If this process can be generalized, the first requisite is to find, if possible, what 
multipliers will be suitable. To do this, let us for the present denote the 
multipliers in order by 

Ml» A*J» /*8f i /*»• 

Then performing the multiplications and additions referred to, we have 

+ (/UiOj + /lia^s + MaCj + ... +/*«^) «2 

+ (miAs + l^h + /^sCs + •■■ + ^«^) aJs 
+ 

+ {flian + ll^hn + A*8<?n + .■• + W« W «r 



"n J 



Miao + Ma6o + MsCo+ ...+^^o; 



and what we wish to know is whether there be values of fi^, /U), /is, which 

will make all the coefficients of the unknown quantities in this equation vanish 
except one. Now, looking to the determinant 

a^ Oj C(| .... dn 
&1 &8 &8 •••• ^ 

C\ Cs Cs •••. Cn or 



VI *a &8 •... Cn 

whose elements are in order the coefficients of the unknown quantities in the 
original equations, and observing that 

Oj, 0^, Cg, ••«•, l^ 

constitute a column, it is readily seen (§ 50) that the coefficient of a;^, viz. 

A*i«a + ^6a + M8Ca + .... + finh 
would vanish if we took 
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fii = the co-factor of Oi in A , 
th= 61 



/*«= 



h 



and that for the like reason the coefficients of Xg, x^, ...., Xn would also vanish, 
while (§ 46) the same could not he said of the coefficient of Xi, which in fact 
would he A . 

Taking therefore in order the co-factors of Oi, 61, Ci, ..... ^ as our multipliers 
(which is what was done in the particular cases of § 9), the equation which 
results after the addition is 



d^ CCj Ag .... dn 
&1 62 6s .... hn 
Ci Cg C^ ,.., Cn 

^1 ^ (3 .... In 

and .'. 



Xi 



Xi 



Oq (I2 di .... On 
Oq O2 Oft ••.. On 
Cq v^ C3 • . . • Cn 

Cq 1% 1^1 '•'* In 
CLqU^C^ .... In] 



I Oi&sCs .... ln\ 

If in the original equations we were to write the terms containing x^ before 
the terms containing Xi we should have in like manner 



Ctj di 6(3 .... dn 

&2 ^1 63 .••• 6n 

Cj Cj Cg • • . • Cn 

l>2 f 1 (3 . . • • Cn 



iC2 = 



dQ dl A3 .... On 

bo 61 63 .... bn 
Cq Ci Ci .... Cn 



Iq Iri l^ 



In 



and, by transposing the first two columns on both sides of the equation, it would 
follow that 

_^ ( dibpCj .... l n\ 
I di02Ci .... Cn\ 



«2 



and so on. 



Similarly g^, j^i^ago .... ^1 
I OiOaCg .... ^1 



Example 2. If the n + 1 statements 

dlXi+ 02^2 ■*■ 03X3 + ....+ OnJCn = a-Q^ 

biXi+ 62^2 ■*■ 63353 + ....+ bnXn^ 60 

Ciil5i+ C2^2+ CgaJj + ....+ CnflJ« = Cq 



llXi + ^2^2 ■*" ^a^s + . • • • + InXn" Iq 

miXi + 70^X2 + rrisXi-^ ..„ + mnXn " »io J 
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in regard to the n quantities 2Ci, a^, a^, ...., Xn be true, find what relation must 
exist among the other quantities mentioned. -"' 

From the first n equations we are able to show, as is done above, that 
Xi, sBg, ...., Xn are equal to 



I Oq h^Cz ... ^1 |ai6oC8...7n| 



\a\hiC^... ?o| 



\(ixh.iC^...ln\ |ai62C8...^*|' * * \a\h^c^...ln\ 
Consequently from substitution in the (n + 1)^ equation it follows that 



\cLihiC^...ln\ |ai62C8...^| 



+ ran ; \' " /; - Wo 

10102^8 ..^nl 



(1). 



which is the relation desired. 

The learner may already know that as this statement logically results from the 

n + 1 given statements regarding Xi, x^, , Xn, and does not itself involve 

Xj, a^, , Xn, we are said to have elimincUed Xi, x^, , Xn, and that the 

concluding statement referred to is called the resultant of the elimination, or 
the resultant of the set of equations. 

The resultant (1) can however be put in simpler form. We have from it 

ini\aQbiC^...ln\ + »ij|ai6oC8...^I + .... + ?»n |ai62C8...^oI -7»o!ai6a<^8""^l> 
therefore by transposition of columns 

(-l)"~^TOiIaj6gC4...2ol+(-ir~*wi2l%ft8C4...;ol + "-' + »i«l«i^<^» ••^o|-Wo|al^aCs.../n|-0; 
and consequently (§ 46) 

Ol <l2 a^ .... On Oq 
bi &a &8.... hn bo 

Ci Ci Ci .... Cn Cq 



'l ^ &8 "** ^ ^ 

mi m^ fRg .... 7Hn ifi^ 



Example 3. If the n statements 

OlXi + 03X3 + O^Xs + .... + OnXn *= 
biXi + 63X2 + 63X8 + .... + bnXn = 
C1X1+ (^Xa+ CiXi + .... + CnXn - 



^1X1+ 1^X2+ ^Xa +....+ lnXn'^0, 



in regard to the n quantities Xi, x^, Xs. ....> Xn be true, and Xi, x^, Xs, .... , Xn be 
not each equal to zero, find what relation must exist among the coefficients. 
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Dividing both members of each equation by Xn we have n statements in regard 



Xi X^ Xn - 1 

X^ 

precedes we have as the desired relation 



to n-1 quantities — , —,...., -"— , and thus by means of what immediately 

Xn Xn Xn 



<h 


<H 


Oj. . 


. . On 


hi 


b. 


6... 


.. bn 


Cl 


Cj 


Cg. . 


. . Cn 


k 


h 


^,.. 


.. In 



0. 



Exercises. Set X. 

Use the process of § 54 to find the simplest equivalent of each of the 
determinants — 



3. 



3 4 12 

6 9 7 5 

7 10 6 8 

4 2 9 3 

3 4 7 2 5 
-3 1 2 5-1 
6-2 3-1 4 
5 9-232 
1-3537 



2. J 



4. 



7 3 9 4 

3 9 4 7 

2 6 15 

10 7 14 10 

16 14 12 9 15 

5 4 3 16 

2 8 4 9 7 

3 -2 -2 -3 -6 
13 2 3 2 



With the help of determinants solve the following sets of equations : — 



5. 4x + 7y + Sz-2w^ 9 
2a;- y -42 + 3W-13 
Sx + 2y-7z-^w^ 2 
5x-3y+ z + 5w = 13 

7. v+w-y-a^ 
w+ X -z =6 
x + y -v^ c 
y+z -W" d 

z +v -X" e j 

9. w+aj + y + ^-l*^ 
aSo + 6*a; + c*y + <i*2 = c' 



6. 3aj + 2y + 4«- w =13 ^ 
5a:+y-2+2«;= 9 
2a5 + 3y-72 + 3w=14 
4a;-4y + 32-5«;= 4 

8. v + w + aj-y-a^ 
w + x + y-2 =»6 
x+y + 2-t; = c 
y + 2 + v-V3^ d 
z +v +w-X'= e J 

10. w+ X + y + z '^l^ 
w+ax + by+cz=0 
w + a^ + 6 V + c*^ •= 
w + ahi + 6 V + c*2 = 
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11. V - 2to - 2fl5 + y + 32 = a "^ 
w-2x-2y + z +Sv=b 
x-2y-2z+v+ 310= c 
y-2z -2i; + to+ 3x= d 
z - 2v - 2w+ X + 3y = e . 

12. What relation must exist between a, b, r, d if the equations 

ctx + by + CZ + d'^0, 

bx + ay+dz+C'^Oy 

aai + cy + bz + d = 0, 

cx+ay + dz+ 6=0, 
be simultaneously true ? 

13. If the equations 

OiJC* + biX^ + CiX + di = 0, 

Oiflp* + biO^ + Ci3[? + diX = 0, 

6aX* + C2aJ + da = 0, 

taic" + c^a? + eija; =0, 
b-iX^ + CiO? +d2(x^ =0, 

be simultaneously true (which evidently will be the case if the first and third be 
simultaneously true, i.e, have a common root), find the relation which must exist 
between Oi, &i, Ci, di, b^, Ca, d^* 

Similarly find the resultant in the case of each of the following pairs of 
equations : — 



14. OiO^ + 6ia; + Ci = 
OjO^ + ftaSB + C2 = 

16. OiX* + 6iX* + CiX + di = 
Ojic* + fejx* + Caas + da = 

18. ai3^ + Ciix? + diX + Ci -^ 0) 
OjOJ* + b^a? + d^x + Ca •= j 



}. 
}. 



15. oiX^ + biX^ + ciO^ + diX + ei^O) 

c^m^ + diX + ei = 0) . 

17. Oiflj* + bid? + Ciflc* + diX + ei = ) 
biO? + c^3? + d^x + Ca = i . 



19. 



aia^ + 6iX* + Ci = 0) 
dia^ + Cia? + /i = Oj . 



20. Prove that 

Ctl a^ Os <Z| (In 

&1 b^ &3 &4 6n 

Ci Ca Cs <*4 Cn 

di di dz c?4 dn 



l\ 1% Iz h 



It 



a^»-' 



Oi^al \<hh\ \(hh\ loi^l 

IfliCal loiCsl l^ic^l [aiCnl 

\aM loidzl [oid^l \(hdn\ 

\(hk\ loi^l |ai^4l \ailn\ 
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§ 56. The introduction of letters with a suffix, like a^, c^, 
&e., increases many fold the stock of algebraical symbols ; 
and the new symbols have the special advantage that each 
one indicates that the number denoted by it belongs to a 
certain series of numbers, and also shows which one of the 
series is intended. These advantages have been apparent in 
what has preceded ; but there is an extension of the same 
notation from which we have symbols still more appropriate 
for denoting the numbers which are the elements of a deter- 
minant. This consists in making use of a jpair of suffixes, 
written one after the other, with or without a comma 
between them, thus, 



^i^> (hif 



ai2 being a different symbol from a^^i, a^^ different from 
a43, and so on. 

In the case of a general determinant like 



»11 


«12 


^13- • 


. . (hn 


»21 


^22 


^23- • 


• • (hn 


^31 


<^32 


^33- • 


..^Sn 


a„i 


a«2 


dfiS • • 


•.a«n 



where such elements are used, and where the first auffix 
corresponds with the row to which the element belongs and 
the second suffix with t]ie column, we can specify by a 
symbol any element which is omitted from the determinant 
as written, and assign to its proper position any such 
element whose symbol is mentioned, with greater ease than 
is possible in the case of determinants with single-suffix 
elements. Besides, as only one letter is employed, we may, 



^v 
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if we choose, denote such a determinant itselfl by a shorter 
symbol even than 



viz. by 



D(a^„) or loiJ,. 



§ 57. When r rows of a determinant of the n^ order are 
deleted, the number of elements deleted is nr, and when 
subsequently n columns are deleted, the number of new 
elements thus struck out is nr-7^; so that the number of 
elements left is 

72,2 _ 2nr + r\ 

i.e. {n - rf. 

If any number of the rows of a determinant be deleted 
and as many of the columns, the determinant whose elements 
are in order the elements thus left is called a minor of the 
original determinant. Thus, taking 



a 



11 



a 



12 



a 



13 



a 



14 



a 



15 



a 



a 



a, 



22 



a. 



23 



a, 



24 



a, 



25 



a 



81 



a 



33 



a 



S3 



a, 



34 



a 



35 



a 



41 



a 



43 



a 



'43 



a 



44 



a 



45 



a 



61 



a 



62 



a 



53 



a 



54 



a 



56 



and 



a 



11 



a 



12 



a 



13 



a 



14 



a 



15 



a 



21 



a 



22 



a. 



23 



a„ 



a. 



25 



a, 



31 



«« 



a, 



33 



a, 



34 



a 



35 



a 



41 



a 



43 



a 



43 



a 



44 



a 



46 



a 



61 



a 



52 



a 



53 



a 



54 



a 



65 



and deleting, in the former the second and third rows and 
second and fourth columns, and in the latter the second 
and third and fourth rows and first and third and fourth 
columns, we see that 



*u 


«ia 


«i. 




ct,« 


Ct,K 


«« 


O'a 


«« 


and 


12 
«62 


16 
«66 


«« 


a/a 


«M 









are minors of |au*sa*»<*«<*i» 



^! 
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The minors obtained by the deletion of one row and one 
column are called the prvncipal minors of the determinant. 

Thus \a^a^a^aj, l»i3«23«34^46K I «ii^a«44^6B L ^^e 

principal minors of |c^uC^22<^a8^44^85l- 

Two minors which are such that the rows and colunans 
deleted to obtain the one are exactly those not deleted in 
obtaining the other are called complementary minors. Thus 
the complementary minors of the two minors first given 
above are 



^22 ^24 
«3a «M 



and 



a. 



ai 



a. 



23 



a„ 



«81 «88 
^41 «4S 



a. 



34 



a 



44 



the elements of which, it may be noticed, are the elements 
that are common to the deleted rows and the deleted 
columns; also, laj^aggl and laua^^aggl are complementary 
minors, and Ictjgjajga^^a^l is the complementary minor of a^j. 

If the original determinant be of the n^ degree, and the 
number of deleted rows and of deleted columns be r, the 
resulting minor is of the (n - r)*^ degree, and its comple- 
mentary of the r^\ 

§ 58. The minor of D{a^^ obtained by deleting the 
h^^ row and r^ column may be shortly denoted by 

that obtained by deleting the h^^ and ¥^ rows and r^^ and 
a^^ columns by 

and so on. 



-. -f 
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:-" § ^^* Principal minors have already come into consider- 
^..r ation in the theorems of §§ 44, 46, the former of which, in 
the notation just given, takes the form — 

■ • 

the co-factor of aj.^ in D(a^„) = (-l)*"^*^!)}*. •••(!) 
,.. Likewise, it having been shown in § 50 that 

the co-factor of aj^^ in I){a^^ = ^ — -y 

there thus has been implied another fact regarding them, 
viz. 

^r.=(-ira^- -(2) 

It will now appear that these are the simplest cases of more 
general theorems. 

§ 60. If a determinant be differentiated with respect to 
the element common to the first row and column deleted to 
form any minor, this differential coefficient be differentiated 
with respect to the element cominon to the next row and 
column deleted, and so on, the result equals the said ininor 
or differs from it only i/n sign, according as the sum of the 
nv/mbers indicating the deleted rows and colum^ns is even 
or odd. 

Let 2)(ai„) be the determinant, and let the rows which are 

deleted to form the minor be in order the h^^, ^*^ Z^, and 

the columns the r^, s^, u*^ ...., so that the minor would be 

denoted by D^^'^^Z • Then (§ 59) we have 



/ 



/ 



K = (-1) 



da 



hr 



and, since the element of the h^^ row and 8*^ column of D is 

F 
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the element of the (k - !)**» row and (« - 1)**' column of Z)J* , 
we have further (§ 59) 

so that if the minor be of the m*^ degree, we have generally 

It has to be carefally noted that in the identity here proved h<k<l<, . . . 
and r<9<u< , ,,, If this were not the case, there would still be equaliiy sa 
to magnitude, but the sign would be otherwise determined than from the sum of 

itf Kf V| • • • y I'f Of Uf • • • ■ 

§ 61. In a determi/nant the co-factor of the product of 
any number of elements which may come together in one 
term is equal to the result of differentiating the determi/nant 
in succession with respect to the said elements. 

Just as by differentiating jD(ain), or D say, with respect 
to aj^^ we obtain the co-factor of aj^ in Z), so by differentiating- 
the result with respect to an element of another row and 

column, Oj, say, we obtain the co-factor of a^, in ^ — ; and 
thus we see that 

the co-factor of a^a,^ in D = 5 — ^ — . 

oaj^da^, 

Similarly, 

the co-factor of Oj^a^a^ in D = « — ^; — ^ — , 

oaj^auoai^ 

and so generally. 



mj 
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olt 



Example. We know (§ 46) that 



flu «12 OU ai4 «lfi 

On (hi (ha <hi <hs 

Ogi Oga Oss 084 085 

^41 ^42 fliS ^44 ^45 

Oa a£3 Aq Osi a^ 

.'. co-factor of Ogi = 



or A » OuAJJ - oja aJJ + Oj^aJJ - 041 aJJ + a^ aJJ ; 



?A 






'. co-factor of aaOis 



fltia O18 ^14 Oifi 

^38 ^SS OS4 ^85 
^4S ^48 ^44 fl4£ 
fl« OfiB 0«4 fl« 

-Ou 1 050048054 1 + Ojs 1 01^48084 1 - (l4s\<hafh^6i\ '*' ^^^ulfhlflii^ul'f 

?'A 



OisOagOsi I » 



= H) 



6+4+3+1 .(3,4 
^(1.8 



The effect of the first differentiation here is, as it were, to delete the third row 
and first column of A, the effect of the second differentiation to delete the foarth 
row and fifth column. But the same final result would be produced upon A by- 
deleting first its third row and fifth column and then its fourth row and first 
column. Differentiating then with respect to a^ and afterwards with respect to 
^41* ^6 ^d 

the co-factor of 041035 = ^ — ^ — = 1 013028054 1 • 

da4i clOa6 

Hence the minor (oiaOssOsil is the co-factor of both -OS1O4S and 041035 in A ; 
therefore it is the co-factor of -(031045-041035) or -I081O45I; in other words, 
the co-factor [(with sign changed) of the minor I081O45I is its complementary 
minor, — an instance of a theorem soon to be given. 



§ 62. Any row and column of a determinant being 
selected, if the element common to them he m,ultiplied by its 
co-factor in the determiTiant, and every product of another 
dement of the row by another eUfment of the column be 
multiplied by its co-factor, the sv/m of the results is equal 
to the given determinant 
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Let the selected row and column be 

a 
b 
c 



m n, 



9 

.r o 2>' 

h 



.X. 



t 

The multiplication of o by its co-factor gives all the 
terms of the determinant which contain o. As each of the 
terms containing r must also contain one of the elements of 
the column and cannot contain o, we see that by multiplying 
r(Z, rb, re, .,,,y rg, rh, .,.., rt by their respective co-factors, 
we obtain all the terms containing r. Similarly by multi- 
plying pa, pb, pc, , pg, pK — , pt by their respective 

co-factors, we obtain all the terms containing p. Conse- 
(juently if we continue this process we shall finally have 
every term in which one of the elements of the row occurs, 
that is to say, we shall have the full development of the 
determinant, — and this was the theorem to be proved. 

Example:— 



*11 %2 ^IS^U 
^21 ^^22 ^2S ^31 
*3l ^32 ^33 <*M 
^41 ^43 ^48 ^44 



1 0^11 ttlS ^14 

' ^22 j ^Jl ^33 ^84 

, ^41 '*4a ^44 



-Chi<hi 




+ «si«a8 


au ai4 


-a2i«4i 


(hz(hi 
(hi a« 


+ aaOia 


On (hi 
an a^ 


-OaOti 


ail (hi 

<*4l 0^44 


'♦■^<*4a 


Ou (hi 
(h\ (hi 


-«s««u 


On »» 

«41 «4S 


+ aj4«ffl 

• 


(hi (hz 
an a^s 


- a»4»4« 


(hi flw! 



m. 
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§ 63. Any determinant of the n** order may be developed 
m a series of terms, the first of which is got from, the given 
determi/nant by changing aU the elements of the principal 
diagonal into zero, the next n by m/ultiplying eaxih element 
of the privAiipal dAXigonal by its co-factor in the deter- 
minant and altering the said co-factoQ's as the given deter- 
minant was altered, the next Jn(n-l) by multiplying the 
pi'oduct of each pair of elements of the principal d/iagonal 
by its co-factor altered as before, and so on, the last term 
being simply the product of the elements of the p^^imdpal 
diagonal. 

By taking the given determinant and changing all the 
elements of the principal diagonal into zero, we delete all 
the terms containing any of these elements ; also no other 
terms are thereby deleted. Thus the altered determinant 
represents the sum of the terms which are independent of 
the elements in question. 

By multiplying an element of the principal diagonal by 
its co-factor we obtain exactly all the terms containing that 
element. This co-factor, however, has its principal diagonal 
composed of elements from the original principal diagonal. 
If we therefore change these into zero, the altered product 
will represent the sum of the terms which contain the 
element in question and none of its fellows in the principal 
diagonal. 

In this way it is seen that the expansion specified in the 
theorem gives, first, all the terms of the determinant involv- 
ing no element of the principal diagonal ; secondly, all those 
involving only one element; thirdly, all those involving 
only two elements, and so on : so that the full number of 
terms is in the end obtained. 

It is worthy of notice that there is a break in the series : 
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we pass from those terms involving only n-2 elements of 
the diagonal to the term involving them all, there being no 
term involving only n-1 ot them. 



Example: — 






%i «ia «i« 




Ois Ois 


Osi Oss On 


b: 


Oa o» 


Osi Oss Oss 




On <hi 



+au. 



Oa 
«a 



+an 



Ois 
On 



+088 



a^ 
On 



+ <hi«a«a 



§ 64. In a determinant of the n** order the fuU number 
of terms which are independent of the elements of the 
principal dixigonal is 

Let \a^^a^...a„..,a^\ be the determinant, and il>{n), as 
yet unknown, the number of terms in it of the kind referred 
to; so that 0(3) = 2 and ^(2) = 1. Then, as we have seen 
(§ 63), ^(ri) equals the number of terms in 



^ ^28 <^,r-l G^ar C^ar+i O^ 



^r.l ^r,2 ^r,8 ^r.r-1 ^ C^r,r+1 <^» 



'rjn 



^r+l,l^r+l,2^r+l^ ^r+l,r-l^r+l,r^ 



.a. 



'r+l,« 



a«i a.o a, 



"nl 



OS 



'^«.f^l ^nr ^n,r+l 



.0 



...(1) 



Now this determinant is equal (§ 46) to the aggregate of 
71-1 items such as 
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l+r 



(-1) (hr 



Ott a» ttj,^! a,,^i a^ 



^r-1,1 ^r-1.2 ^r-1^ 
^r,\ ^r4 ^r,8 







ttr-l. 



r+1 



a. 



r,r+l 






^r^l,\ ^r+1,2 ^r+1,8 ^r+l.r-l'^ 



a. 



r+l.» 



a, 



'm 



a. 



a, 



nS 



^n,r-l ^r+1 







Transferring the (r - 1)*^ row to the top, and replacing the 
resulting determinant by two determinants (§ 28) diflFering 
from it only in having for their first rows 



and 



a^ a^ 
a„ 



VI 







a, 



rnf 



0, 



respectively, we find that the first of the two is a deter- 
minant like (1), but of the (n-l)^ order, and therefore 
having ^(ii-l) terms; and that the second is expressible 
(§ 46) as the product of a^i and a similar determinant of the 
(n - 2)*^ order. Hence 

0(7i) = (n-l)J0(7i-l) + ^(7^-2)[, 

and /. ^(7i)-ti^('n.-l) = -|^('yi-l)-(w-l)^('n-2) |; 

that is to say, <l>(n) - n<l>{n - 1) remains the same in mag- 
nitude for two consecutive values, and therefore for all 
values, of n. But 

when n = 3, ^(-n,) -ii^('n.-l) = 0(3) -3^(2) = 2-3 = -l, 

/. when n = 4f,^{n)-n<j>(n-l)=^ +1, 

and, generally, ^(ti) - 71^(71 - 1) = (-1)*, 

or ^'W.)= (- 1)* + w^(7i - 1). 
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* 

Beginning with this, and making repeated use of it, vre 

have 

<t>{n) 
= (_l)V.i j (-ir^ C^])0(7t - 2) [ , 

= (-1)" + M)""V + 71 (n -1) j (-!)"■• + (n - 2) 4>{n - 3) j , 

= (-1)" + (-1)""V + {-r;''\{n-i) 

+ 7l(7l~l)(7l-2) j (-1)"^+ (71-3)0(71-4) j , 

= (-1)" + (-l)""'7i + {-lT^n{n -1) 

+ (-l)*"'7i(7i-l)(n-2) + 

+ 7i(7i-l)(7i-2)...5.4J(-l)*+30(2)|, 

whence, if we substitute for ^(2) its value 1, and reverse 
the order of the terms, we have the result desired. 

A determinant of the n^ order, having only n zero-elements, and these 
occupying the principal diagonal, has been called by Sylvester an inverUhrate 
or zero-axiaZ determinant. 

Example. Find the number of possible arrangements of n things Oi, a^, Os, 
, a„, subject to the condition that no one shall be in its original place. 

We may have ai in any place except the first, a^ in any place except the 
second, and so on — data which we may present to the eye in the form 

{ ) «! «i <h Ol 

a» ( ) Oj a, a, 

<h fh {) <H tta 

a^ a^ a^ ( ) a^ 

On On On On ( ) , 

an Oi being written in the places which it is allowable for a^ to occupy, and ( ) 
signifying that the suifixed letter found in the same line with it may not occupy 
its place. Looking to this table we see that for the first place in any of the 
arrangements we may take any letter that is in the first column; for the second 
place any letter that is in the second column, provided it be not in the same line 
with the letter taken from the first column ; for the third place any letter that 
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is in the third column, provided it be not in the same line with either of the 
letters previously taken, and so on. This law of formation, however, is identical 
with that in accordance with which the terms of a determinant are got. from the 
elements : so that the problem we are concerned with is transformed into finding 
the full number of terms of a zero-axial determinant of the n^ order. Hence 
(§ 64) the required number of arrangements is 



1.2.3...njjl2-j-i^ 



1.2.3.4 



* ^^ 1.2.3...»r 



Exercises. Set XI. 

Write down the complementaries of the following minors of | (hhc^^^ift I ' — 
l.*&8* 2. Icae^l. 3. Ico/fil. i. \hoCs\. 



9. What are the complementary minors of IfltisOssI ^^'^ \ai»<h60'K 



m 



10. Express as determinants 

oa 

joifl and 



?« 



I acfiai2<hia^a4sau 



1 a 
-a 1 
-h -c 



h 
c 
1 



11. What is the co-factor of Osa^g in | (% 038^48^54005 1 and in | (hiOiiO^ia^aiiaui ? 

12. Express in symbols the theorem regarding the effect of transposing two 
rows of a determinant. 

13. Find the single number which is the equivalent of 

1 a h c 

a 1 

h 1 

e 1 

14. Find the final expansion of 

-6 -e -d 
h -e ~f 
c e -g 
d f g 

15. Express in terms arranged according to descending powers of x 

X -1 -1 -1 

1 SB* -1 -1 
1 1 a:* -1 



111 



sc' 
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16. Find the qoftdntio ia x, y, z equivalent to 

X y z 

X a h g 

y h h f 

z g f c 



17. Find the quadratic in x, y, z, w equivalent to 

X y z w 

X 1-1-1 -1 

y -1 1-1 -1 

2-1-1 1 -1 

w -1 -1 -1 1 



18. If <|>(r) denote ai in § 64 the nnmber of terms of a zero-axial determinant 
of the n^ order, prove with the help of § 63 that 

<^(n)+^<#>(n-l) + nl^iV(n-2) + ... + ^^U(2) + «<^(1) + 1 - 1.2.3 ...••. 



19. Find the quadratic in x^y^z equivalent to 

10 ax-^hy-^gz 

10 &c+6y+/5 

1 gx-^fy-^cz 
X y z 



20. Find the number of minors of the (n - 2)^ order in a determinant of the 
«**» order. 



21. Prove that 



1 




X 




1 



y 






1 



z 







1 
1 



(M + hy-^gt 




hx + by +fz 




gx+fy-^ez 


" 


Ix+my+nz 




k 





1 








ax + hy-t-gz+l 





1 





hx + by +fz + m 








1 


gx+fy+cz + n 


X 


y 


z 


k 



« - (aa? + 6y* + C2? + 2fyz + 2gzx + iJtxy + lx + my + m-k), 

22. k particular elements of the principal diagonal of a determinant of the 
n^ order being fixed upon, find the number of terms which contain these 
elements and no other elements of the same diagonaL 
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23. Find the difference between the number of positive and the number of 
negative terms in a zero-axial determinant of the n^ order. 



24. Prove that 




1111 
1 1 + a 1 + 6 1 + c 
1 a + 1 a + 6 a-i^c 
1 6+1 b+a h+c 
1 c + 1 e+a e + h 



.2» 



1 + a 1 1 
11 + 6 1 
1 1 1 + c 



25. Prove that 



Ol^ Cti O] 1 

&162 6a &1 1 

ClC^ 61 02 1 



■{ 



((»i-6J (61-c^ {Ci-d^ {di-<hi 
-(0,-61) (6,-(Ji) {Ci-di){<k-<h)' 



26. From the theorem of Exercise 18 above, prove that 

n! Cn4 Cn.a Cn,n~l Cn,n 

(n-1)! 1 Cn-1,1 C«-l.n-a Cn-l.n-1 

. . (n-2)I a 1 C»-a.ii-8 Cn-a,n-2 

0(n) 



1! 

1 













1 




C1.1 
1 



where n! stands for 1.2.3. ...», and C«.r for ^C**-!) (^-2)'-(w-^->-l), 

1 . iS • O .«.. T 



§ 66. 77ie product of a determi/nant of the n** degree by 
cm expression of n terms is equal to the sum of n deter- 
m/mants, the first of which is got from the given deter- 
minant by mvZtvplyi/ag each dem&nt of the first row by ihe 
corresponding term of the given eocpression, the second by 
m/uMiplying simiilarly ea/ih element of the second row, the 
third by Tnultiplyimg similarly each element of the third 
row, and so on. 
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Let the given determinant be 

D{a^a^a„..,.aJ) or D, 
and the given expression 

then the n determinants referred to are 



fh^U Mii«ii|--M»«ln 



a. 



21 



a 



23 



I • ■ ^^t'Sft 



a, 



ta 



ft„3 .... d^ 



a 



u 



Ctjj ..•• (ti, 




^1^21 Ma^aa— -M-^aH 



a, 



nl 



a„3 .... a^ 



Now the coefficient of u^ in the first of them is evidently 
a^jJ-jj, in the second a^A^, in the third a^A^, and so on: 
therefore in the sum of the n determinants the coefficient 
of /ij is 

a,,A,, + a„A„ + a„A„ + — + a^A^ or 2). 



'U — 11 



'21*'21 



'8i**ai 



Similarly the coefficient of /Xj is seen to be 

^12^2 + ^22-^22 + ^52-^82 + + <^fCi^n2 OT D, 

and so on. Hence the sum of the n determinants is 



§ 66. We have already had (Ex. 12, Set II.) an instance 
of the product of two determinants being itself expressed as 
a determinant, viz. the case in which all the determinants 
are of the second order. Let us now consider the corre- 
sponding example for the case of determinants of the third 
order. 



fcftiC. 66. 


UETBB.I 


UNA NTS 


IN 


OlfiNE 


Taking the determinants* 








ABC 




a 


b c 


• 


D E F 


or A, 


d 


e f 


■ 


Q H K 




9 


h k 
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or A', 



and 



aA + bB + cC dA -¥ eB + fC gA + hB + kC 

aD + bE + cF dD + eE + fF gD + hE + kF or A^ 

aO+bk+cK dO + eH+fK gO + hH+kK 

and compaiing them, we see that the first row of A'' is 
formed from the first row of A and all the rows of A', the 
second row of A'^ from the second row of A and all the rows 
of A', the third row of A'^ from the third row of A and all 
the rows of A'. Looking closer, we observe that the element 
of the first row and first column of A'^, viz. aA + bB + cG, is 
formed by multiplying each element of the first row of A by 
the corresponding element of the first row of A', and adding 
the products thus formed, that the element of the first row 
and second column of A^ viz. dA + eB -^fC, is formed in like 
manner from the first row of A and the second row of A'; 
and that, generally, the element of the p^ row and q^ column 
of A'' is formed in this manner from the p^ row of A and 
the g*^ row of A'. 

Now the elements of A'^ being all trinomial, the deter- 
minant may be partitioned (§ 29) into twenty-seven deter- 
minants having all their elements monomial. Of these, 
however, twenty-one will be found to vanish on account of 
the existence in them of identical columns ; thus, 



= 0. 



aA 


dA 


W 




A 


A 


C 


aD 


dD 


kF 


= adk 


D 


D 


F 


aO 


dG 


kK 




G 


G 


K 



In using capital letters here no reference is intended to the notation of § 49. 
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Indeed it is clear that in forming the twenty-seven deter- 
minants we need not take the set of first terms in the first 
column of A" along with the set of first terms in either of 
the other two columns, nor the set of second terms in the 
first column along with the set of second terms in either of 
the other two columns, nor the set of third terms in the 
first column along with the set of third terms in either of 
the other two columns. The only determinants which do 
not vanish will therefore be composed of a set of first terms 
taken from one column, a set of second terms taken firom 
another column, and a set of third terms taken from the 
remaining column; and the number of them will conse- 
quently be the number of permutations of the numbers 
1, 2, 3, that is 6. In agreement with this the result will be 
found to be 



A^ 



aA eB hC 
aD eE JcF 
aG eHkK 



ABC 

^oekD E F 

G H K 



a A fC KB 
aD fF hE 
aG fK hH 

bB fC gA 
hE fF gD 
bHfKgG 

A G B 

+ afhD F E 

G K H 

B C A 

+ bfgE F D 
H K G 



bB dA IcG 
hE dD kF 
bH dG kK 

cC dA KB 
cF dD hE 
cK dG hH 

BAG 

+ hdkE D F 
H G K\ 

CAB 
+ cdJiF D E 
K G H\ 



cC eB gA 
cF eE gD 
cK eH gG 



C B A 

+ cegF ED 

K H G 



ABC 
D E F 
G H K 



{aek - afh - hdk + bfg + cdh - ceg), 



SBC. 67. 



DETERMINANTS IN GENERAL. 



96 



ABC 




a b 


n E F 




d e f 


H K 




g h k 



§ 67. If two determinanta A, A' of the same order he 
given, and a new determmant A" be formed 8uck that i/n 
every case the dement of its p** row and q** column is 
obtained by m/uZtiplyi/ng each element of the p** row of 
A' by the corresponding dement of the q^ row of A, a/nd 
adddng the products thus found, then A" = AA'. 

Let the two determinants A, A' be 



a. 



c(a a^ • • • Offi 



&1 h ^8 • • • ^. 



^1 ^a ^8 • • • tn 



and 



«1 «a Oj • • • On 



Aj A<j Aji . • . A„ 



respectively. 



Observing the first row of A and the first row of A', we 
see that the element of the first row and first column of 
A" wiU be 

a^ai + a^€L2 + a^a^+ ... ^a^On' 

Again, taking the second row of A and as before the first 
row of A', we obtain the element of the second row and first 
column of A*', viz. 

Similarly we find the element of the third row and first 
column of A'' to be 



<5jC4 + c,a, + c,a,+ ... + c^a« ; 
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and so on. The first column of A'' is thus 

^«l + ^2«a+ &8«8+-" + ^««n. 



and is therefore so constituted that if the plus signs and 
factors taken from A be deleted we have the first line of 
A' repeated n times, and if the plus signs and factors taken 
from A' be deleted we have in order all the lines of A. 
The second column differs from this only in having jS in 
place of a, the third in having y, and so on; so that 
A" is 

a^aj + a^aj + . . . + a„a^ ^liSi + • • • + ct«i8„, , a^\+ ...+a^\, 

b^a^+b^a^+ ,,. + bnan, ^A + • • • + 6«^«, , 61X1+ ... + &»A„, 



Now this we know (§ 29) can be partitioned into 7i" deter- 
minants, the columns of each of which are got by taking 
from each of the columns of A" a set of terms in the 
same vertical line. Of these determinants, however, those 
containing two columns taken from corresponding places in 
the columns of A'' may be neglected, since, when the 
common factor of the elements of each column of such a 
determinant is separated from them, the determinant must 
have two columns identical, and therefore be equal to zero. 
Forming a specimen of the remaining determinant, which 
are thus seen to be n\ in number, we choose from the first 
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column of A'' the set of second terms say, from the second 
column the set of fifth terms, from the third column the set 
of fourth terms, from the n^^ column the set of first terms, 
and similarly a set from each of the other columns, the 
result being the determinant 



C^aOa ^6^6 


^474 •' 


. a,X, 


K<h h^. 


^74 • 


.. b,X, 


^2«a (^A 


c,y^ .. 


' ^i\ 



^a«2 hPi hy* ••' h\ 



Now this is equal to 



Ob^ ttj tt^ ... d^ 

\ \ &4 ••• \ 
^2 ^5 C^ ••• ^1 



L L I 



I 



of which, laying aside the question of sign, the first factor 
a^^^y^,..\ is a term of A' and the other factor is A. 
Further, since the number of inversions, say p, in the 
sufiixes of the first factor is the same as in the suffixes of 
each row of the second factor, and since every transposition 
made with a pair of rows in the second factor in order to 
get rid of an inversion alters the sign of the determinant, if 
we wish to have no inversions, that is to say, if we wish to 
substitute A for the determinant factor in question, we must 
prefix to a^l3f^y^---\ the sign (-I)**, in other words, its own 
proper sign as a term of A'. The nl determinants whose 
sum is equal to ^' are thus seen to be each expressible as 
the product of two factors, one factor being A in every case, 
and the other being in succession all the terms of A'. Hence 



98 



THEORY OF DETERMINANTS. 



CHAP. II 



A" = Ax2(±a,Ay,...X,) 
= A X A'. 



EXAJIPLK:— 

1 2 
3 
2 

2 3 



1 
1 4 

1 -1 
-4 



1 1 



-14 2-1 
2-13 -2 
2-11 
3 4-1 

2-2 + 3-2, + 4-1 + 1, 
6-0+3-8, 0+0-1 + 4, 
0-2 + 3 + 2, + 4-1-1, 



3+0+4-1 
9+0+4-4 
0+0+4+1 



4-3+0+8, 0+6-0-4, 6+0+0+4 



-1+ 8 +2-1, 

-3+ +2-4, 

0+ 8 +2 + 1, 

-2 + 12 + + 4, 

8 14 6 
-5139 
11 3 2 5 
14 9 2 10 



§ 68. Since it is possible to alter, in accordance with 
previously established theorems, the form of either or both 
of the two given determinants before going through the 
process of forming the determinant which is to be their 
product, it is clear tliat in this way there may be obtained 
more than one form of result. Thus, using the theorem 
(§ 24) regarding the transformation of rows into columns, 
we have 



Kc. 


Avi 










\c^ 


^aVa 






\c^ 


M. 






b,c^ 


ViVj 




^ w 


AVx 




'ClC. 


S,y, 






6,6, 


M. 










c,c. 


VlVa 





^.A + CiVi 


^1 A + CiV, 


^> A + CjVi 


6,^, + C,y„ , 


h^.+cA 


^iVi + ^iVa 


hA+<^A 


KYi + ^^iV^ , 


hl^i+Kv. 


h^, + b,y. 


Ci A + c,y, 


c./3, + c,y» . 


h^i+hP. 


^lYi + ^Vs 


CiA + cA 


CiVi+CsVa!- 
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§ 69. The form of the result in the case in which the two 
ieterminants to be multiplied are identical is worthy of 
notice, each of the elements situated on one side of the 
principal diagonal being identical with that similarly sit- 
uated on the other side. Thus, taking \a^l3^y^f as an 
instance, we have 

«i A Vi 

«2 ^2 72 



a 



3 /^s Vi 

«i«2 + A/52+yir2> 

«l«3 + /5li83+yir8» «2«3 + /52A+72y3» 



«i«2+AA+yiy2' «i«3+AiS3+yiya 

a/ + /3/ + y/ , a2«3 + AA + y2ya 

3 J /3 2 , 2 

«3 + P3 + ya 



§ 70. If one of the two determinants, whose product in 
determinant form is wished, be of a lower order than the 
other, we can raise its order to that of the other in the 
manner already shown (§ 42), and then proceed as before. 
As, however, this preliminary change may be accomplished 
in a variety of ways, there thus arises an increased variety 
in the possible forms of the result. For example, if the 
product wanted be that of {a^k^c^d^l and Ic^jSJ, we have 



<^A<^A\WA\ 



«l 


h 


Ci 


d. 




«» 


h 


Cj 


d. 


X 


a, 


h 


o» 


d. 


a, 


K 


^4 


d. 





"2 /52 

1 







»2«2 + h^'. 







1 

di 
d. 



or 
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cfcj 6j Cj d^ 

a. \ Cj dj 

«3 K ^3 ^S 

«4 &4 ^4 ^4 






«! A «1 
«2 A ^1 

10 

«^4 2/4 ^4 1 

aiaj+ 61)8, + ^ A' 
«8«a + &3/32 + V2. 



'»» 



«4«'4+&4y4+CA + ^4 



§ 71. If the process of § 67 be followed to find the 
product of two determinants, one or both of which contain 
one or more zero columns, there results a determinant whose 
value might not otherwise readily appear, but which, from 
viewing it as arising in the manner stated, we know must 
equal zero. Thus the determinant 



(^Z^l + hVl «3^2 + ^y2 «8«3+&3y3 

since (§ 67) it is equal to 



a. 



a. 



a. 









^i Vi \ 
^2 2/2 \ 

«8 Vz \ 



= 0, 



§ 72. If there he two seta of elements both coTisisting of 
n rows of r elements (r being greater them n), and a deter- 
min^ant be formed from, them in the way in which the 
product of two determinants is formed^ then this deter- 
minant is equal to the sv/m of every product whose first 
factor is a determinant obtained by taking n columns of 
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the first set of dements, and whose other factor is the deter- 
minant obtained by taking the correspoTiding u columns of 
the second set 

Let the two sets of elements be 

a^i aj2 • • • • a^f^ • • • • a^f, ^n ^is • • • • ^in • • • • ^ir 

Ctftt w<?j • • • • vvA|. • • • • wiA^ ^21 2S • • • • ^2fi * * * * ^2r 

and 



^wl ^M • • • • ^nn • • • • ^«r ^nl ^nS • • ' • ^nn • • • • ^»r* 

SO that the determinant referred to, A say, is 

Oiiftu + . . . + airbif. diiftai + . . . + Oqjbir • • • • ^U^^^nl + • • • + <X^J>ti 

Ct^iOji + • . • T a^fOir ^a^a 4" • • • T ^Z^Oj,. . . . • Of^Of^ + • . . + CT^^iO,, 

^nl^ll + • • • + ^fir^lr ^nl^21 + • • • + (^nfi^ • • • • CK-^^O^i + . . . + Cl-^r^, 

Fixing upon any n terms of the first element of A, let us 
delete the other r-n terms and the corresponding r-n 
terms in all the other elements, and call the resulting deter- 
minant 3j : again fixing upon any other n terms of the first 
element of A, let us proceed in the same way, and call the 
resulting determinant 9, : and so on. For example, if it be 
the last r-n terms which are deleted in obtaining 3^, 

G^nOjj + . . . + a^iffii^ ^^1^21 "i • • • "T" Oriffi^ .... ^^l^nl I • • • "r Ctj„0 
a^O-ii "T" • • • "T" ^2n^ln ^21^21 i • • • • ^^t2n^2n • • • • ^^^^«1 "T" • • • i a^O, 



nn 



nn 



The number of such determinants is evidently the number 
of combinations of r things taken n at a time, i.e., 

r(r-l) ... (r-n + l) 
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Returning to A we see that as each element consists of 
r terms and there are n columns, A may be partitioned into 
7'" determinants, the columns of each of which are got by 
taking from each of the columns of A a set of terms in the 
same vertical line. Of these determinants, however, those 
which do not vanish are in number only the number of 
permutations of r things taken n at a time, so that A is 
equal to the sum of r(r - 1) ... (r - n + 1) determinants with 
monomial elements. 

Now each of these monomial-element determinants is part 
of one of the determinants of the 9 series, viz. that one in 
which its own columns occur as parts of columns. For 

example, \{aj)^^) (a^, 6 J... («,,&»«) I is a par^ of ^i, being one 
of the monomial-element determinants into which di can be 
partitioned. In other words, the monomial-element deter- 
minant which is formed by taking from the first column of 
A the set of x^^ terms, from the second column of A the set 
of 2/*^ terms, and so on, is part of that member of the 9 series 
which is obtained by retaining the af^, y^^, . . . terms of each 
element of A and deleting the rest. Hence A is a part of 
9i + 92 + .... But when each member of the 9 series is 
partitioned like A into monomial-element determinants, the 
number of these which do not vanish is (p. 96) n\ for each 
case, and therefore for the whole series is 

r(r-l) — (r-n+1) / i\ / ^x 

n\ X — ^ f or r(r-l) (r-n+l), 

— that is to say, exactly the number of non-evanescent 
monomial-element determinants into which A can be par- 
titioned. 

.*. A = 9i + 92 + 98+ 

Now (§67) 9i, 92, are each the product of two deter- 
minants, viz. that member of the 9 series which is obtained 
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by retaining the x^\ y^\ terms of each element of A 

and deleting the rest is the product of the two determinants 

whose columns are the a;*^, y^\ columns of the first and 

second given set of elements respectively. Thus the theorem 
is established. 



Example: — Formed from the two sets of elements 





a b c 


X y z 




a' 1/ c', 


a/ y' /, 


the determinant 







ax +by +C2 ax^ +bi/ +c^ 
a'x + b'y + <fz a'x' + by + c'sf 



ax +by 


ax' +6y' 




ax +ez 


oaf +02^ 




by +CZ 


W 


^c:i 


a'x + b'y a'Ti^Vj/ 


+ 


a'x + &z civi + c's' 


+ 


b'y^dz b'^-^c'2! 


a b 
a' V 


X 


X y 
7i tf 


+ 


a c 
a' & 


X 


X Z 
7i 2' 


+ 


b c 
b' e 


X 


y z 
y' / 



Although here the determinant with trinomial elements is expressed as the 
sum of three determinants with hinomial elements, it must be noticed that this 
is not possible in the case of every determinant with trinomial elements. The 
general theorem in fact is 



Oi + bi + Ci Xi + yi + Zi 
Oa + fta + Cj Xi + y^ + z^ 



ai + bi Xi + yi 



Ol + Ci Xi + Zi 
O) + Cj X^ + Zj^ 



bi + ci yi + Zi 
*2 + Ca ya + «« 



<h «a 



&i yi 
h y% 



Ca Za 



It is also worthy of note that the minors of the determinant product of § 67 
have the form of the determinant now dealt with in § 72. 



§ 73. Having found as in § 67 the product of two deter- 
minants, the product of the result and another determinant 
may be similarly found, and thus we see generally that 
the product of any number of determinants of the same 
or different orders is obtainable as a determinant of the 
order which is highest amoTtg tlie factors. 
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Example 1. Show that 

abed 

h e 
c d 



d 

e 



e 

f 



ax + by bx-^cif €X + dy 
bx + cp ex + dp dx + ep 
cx-^dp dx-^ep ex+fp 



By § 67 "we have 

y" -y%5 y«" -a* 
abed 
b e d e 
e d e f 



1 

X 








y 

X 








y 

X 







y 



y» 

a ax + bp bx + cp cx + dj^ 

b bx + cp ex-t-dp dx + ey 

e ex-^dp dx-^ep ex-t-fy 

\ax + bp bx + ep ex-^dy 
p* bx + cy cx + dy dx+ey 
cx-i-dy dx+ey ex+fy 



whence by division the identity ii established. 



Example 2. Prove that if the expression 

ooc* -♦■ 6y" + C2? + dxy + epz +f2X*gx + hp + kz*l 

be the product of two linear factors, OiX + fiiP-^-yiZ-^ii and a^ + fi^-^y^*i» 
say, then 

2a d f 

d 2b e h 

f e 2c k 

g h k 21 



-0. 



Multiplying the factors together and comparing the result with the given 
expression, we have 











a = 


' OiOj, 


/- 0,78 + Oj7i, 








6 = ^i^a, 


y - aia,+ 0j5,, 








c- 7i7a, 


fc = ^ a, + ^g a, , 








d - ai^2 + «sft> 


* -7l^2 + 72*X» 








«- ^i7s + ^a7i. 


l" didi. 




Hence 












2a d 


f 


ff 




OiO^-^ a^Oi 


«i^2 + a«ft «i7a + a27i 


(iiCg + C4<)i 




d 26 


e 


h 




*i^a+««A 


ftft + Ai^i ft7a + ^j7i 


A^2 + ft^ 






2c 


k 




ai7j+087i 


^i7« + ft7i 7i7a + 7a7i 


7i^2 + 7«^i 




9 h 


k 


21 




(tiS^'^aqSi 


/3i«a + /3,ai 7i*a + 7j^i 


OI-OJ+ «>jOj 
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I.e. 



2a 


d 


f 9 




d 


26 


t h 




f 


e 


2c k 




9 


h 


k 21 





«! 


«« 










ft 


A 








X 


7i 


72 










fii 


«a 











02 Orl 

Ai ft 

7« 7i 

5, 9i 



(r67) 



- 0. 



Not only does this determinant (known as the ditcriminant of aa? + bp^ + ez^ 
■¥ dxy -t- eyz ^fzx -^gx-^hy-^-kz-^l) itself vanish in the circumstanoes mentioned, but 
so also do all its principal minors. Thus, taking the minor obtained by deleting 
th« aecond row and third column, we find 



2a 


d 


/ 


e 


9 


h 



9 
k 
21 



7i 



72 
^2 









«2 «1 

ft ft 
5j 5^ 









« 0; 



the first factor here being obtainable from the first factor above by deleting the 
second row and fourth column, and the second factor from the second factor 
above by deleting the third row and fourth column. 

Example 3. Show that if in 

cut? + 6y^ + C2* + dxy + eyz ^fzx + gx + hy + kz + l 
we put 

X - OiX+piY+yiZ, 
y ^a^X-i-^Y+y^Z, 
z - o,X+/5,r+7,Z, 

arrange the result with regard to X, Y, Z m the given expression is arranged 

with regard to x, y, z, and denote the coefficients in order by A, £, (7, , 

then 

2A 
D 
F 
Q 

Making the substitutions and arranging, we find 

A •= ooi' + ha^ + coj* + da^o^ + ea^ti% +/<»itt» » O = gox + ha^ + ka^ , 

B-o/3i« + 6/3,>+cft« + d/3A + «ftft+//3A, H'-g^^h^^k^, 

C-07i« + 67,« + rys« + d7i7a + e7a7,+/7i7a, -K" » n^i + ^78 + ^78 , 

D " 2aai/5i + 26ajj32 + 2co,/3, + da^^ + doi/S, + coa/S, + eoj/5, +/a«ft +/«ift, 
^ » 2a/3i7j + 26/5,7, + 20/3.7, + d^,7i + d/3i7, + t^^y^ + e/5,7, +//387i +//3i7, , 
-F - 2a7iai + 267, o, + 2c7,at ^-dytOi+dyiO^^ 67,0, + 67,0, +/7,ai +/71 a, . 



z> 


F 


G 




2B 


E 


H 




jr 


2(7 


K 




H 


r 


2L 





<h 


ft 


7i 


1 


«« 


ft 


7« 




«• 


ft 


7, 





2a 


d 


/ 


9 


d 


26 


€ 


h 


f 


€ 


2c 


k 


9 


A 


k 


21 
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/3i 
ft 



7i 
7» 



-KftTal 



2a d / 

(2 26 e 

/ c 2c 

ff h k 

2aft + dft+/ft 



2A 
D 
F 
G 



D 
2B 
E 
H 



F 
E 
2C 
K 



G 
H 
K 

2L 



«! 


^2 


Oa 





8 


2a 


d 


f 


9 


ft 


ft 


ft 







d 


26 


e 


h 


7i 


7a 


78 







f 


e 


2c 


k 











1 




9 


h 


k 


21 



9 
h 

k 

21 

doi + 26aj + ea, /aj + eaj + 2caj, 

d/3i + 26/3a + eft /ft + cft + 2c/5s 

d7i + 267s+n'8 /7i + «72 + 2c78 

h k 



^Oi + Aa, + ifcos 




gpi + hpi + kfis 




gyi + hyt + ky^ 




21 


9 



if in multiplying we use | aipiVil &g&iii in its altered form. 

It IB also apparent from this that the complementary minors of 2L and 21 
are connected in the same way by the multiplier ( o.^^'y^ f. 



Exercises. Set XII. 

Perform the following multiplications, giving the results as determinants 
1. 



3. 



X y 1 




2. 


a 6 





a h 




^ Vi I 


laiftjCsl. 


e d 


c (f 




^ Pi I 




€ / 


<5 / 


• 


1 a a" 


a* -a 1 


4. 


a + 6 c e 


a + 6 + Jc -Ja -J6 


1 6 6« 


6« -6 1 




a 6 + c a 


-ic h + c^^ -Jft 


1 c <? 


<? -c 1 


• 


h 6 C-* 


•a 


-i<? 


-ia c-^a-\-\h 



5. By changing ai^ + y", 3/* + 2", 2^ + 0" into determinant form and multiplying, 
find an expression for their product as the sum of two squares. 

6. Find the product of 



a 


a 


a 


a 




-1 


1 








a 


b 


b 


b 


and 





-1 


1 





a 


b 


c 


c 










-1 


1 


a 


b 


e 


d 




1 


1 


1 


-1 



and thence resolve the former determinant into simple factors. 
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7. Prove the identity of Ex. 14, Set VIII., by using 



1 

1 

-1 



-1 1 
1 -1 
1 1 



as a multiplier. Write down the corresponding multiplier in the case of Ex. 15, 
Set VIII. 



Give the quotients in the following cases as determinants : — 



8. 



/3* + j8a + a3 3/3^ y + 7j8 + /32 



1 
1 
1 



/5 ^ 

y y 



9. 



2xy y^ + x 


a^+y 




X 


y 





a^+y 2xy 


x + y^ 


• 
• 


y 





X 


x+^ y + a^ 


2xy 







X 


y 



10. Use the multiplication theorem to find the simple factors of the deter- 
minant of Ex. 24, Set VII. 



11. Find the product of 

a + hV-1 -c-^dy/-l 
c + dV-1 a-bV-1 



and 



a + fty/-! -7 + 5V-1 
7+aV-l a-j8V-l 



and thence show how the product of two sums of four squares is itself expressible 
as a sum of four squares. 



12. Show that 






















2{a + h + c) a b 


c 




a2 6« 


(^ 




a b c 




ab be ca 




a b c 




b c 


a 


- 


b c 


a 


+ 


^ c« o« 


+ 


b c a 


+ 


ah be ca 




1 1 


1 




1 1 


1 




111 




111 




111 



13. Show that the identity of Ex. 12, Set VII., follows from finding the 
product of 



<h 


&1 


Cl 


1 




<h 


b. 


Ci 


1 




as 


h 


c. 


1 




1 


1 


1 





> 



1 









1 









1 





1 



1 








1 
1 



^1 ^h ^ 







1 



14. Find the expansion of 

a-\ h 



9 



h b-\ f 
g f c-X 



a + \ h g 
h 6 + \ / 
g f c + \ 
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according to descending powers of X, showing that the coefficients are alternately 
negative and positive. 



15. Find the product of 

Oi 02 dz 

Oj O] Oji 

&i &2 &8 

hi h bt 



and 



&8 &s 

ds 

-Oj -10 

-Oj -Oj -1 



and thence show that the former determinant is equal to 

I Ol 62 I I Ol ^8 1 

I Ol ^8 I .\<hbi\ 



Resolve into determinant factors — 



16. 



a* + be ah bd 
ac bc + de df 
ee ef de+f* 



17. 



Ol biXi + CiVx 61^2 + Ci^s 

«8 ^aJi + Csyi ftgO^j + Caya 



la 



axi^czi fi^-^gzi 

0x2 + bp2 + cz2 dp2 fxi+gzi 



bfft + cZi dpt 



9^ 



19. Prove that 



-4 



1 «! yi ^^Vi 
1 Xa ya a^^ + yj* 

1 a;4 y4 «4* + y4' 



iPh-x^Y^yi-y^Y (x,-x,)U{y^-y^y (aJi-ajJ'+lyi-y*)' 

(a;i-a:a)« + (yi-y2)» {x^-x^Y-^iy^-y^'' (a^-aJ' + Cya-y*)' 

(xx-iCsP+Cyi-ya)* (iCa-a^* + (ya-y»)' (a58-a54)'+(y«-y4)" 

(2^-054)2+ (yi-y^)^ (fl5a-a;4)*+(ya-y4)« (a?8-a;4)*+{y8-y4)' 



20. Prove, as in Ex. 15, that 

Ol Oa ^8 04 

Ol Oa Os a4 

Ol Oa Oa 04 

&i &a 2>8 &4 

&i &a &a ^ 

&i &a 2>8 64 



ioi 6a 


<h hz\ 


\(hb,\ 


\aih\ 


\(h h\ + \(hbt] 


\<h h 


\<hh,\ 


lothl 


(h k\ 
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21. Prove, in the same way, that 



Oi Og (Zg 04 

Oi 03 03 04 

&i &s ^8 

bi &2 2>, 

&i &s &8 



r" - 



ki^l loi^sl -042»i 

|0i6j,| -0461 + 10268! -04^8 
-04 61 - 04 62 - (I4 63 



^ (-^4) = 



Ox 6x Oj 62 ^63 

0162 101681 + 0262 0263-04 61 

0163 0263-0461 0363-0462 



Oj. 



22. Show that the proposition of § 53 may be established by using the multipli- 
cation theorem. 



23. Find the quotient of 



{s-€tif Oi' Oi* 
02* (a - 02)* 0-2' 



Oi» 
02« 



ffls^ 



Oj" {a-Otf 03* 



On* 0«* On* 



8-0,1 Ori Oj 

02 9-02 02 

03 Os » - Os 



Oi 



Ctn Ctn On 



a-On 



(«-On)* 

where « = Oi + O2 + ....+ On » 

24. Prove that 

02(01)8 + a/5i) - 2/92001 0,(017 + *7i) - 272001 

/32(/3oi + /3ia)-202/3/3i ^^^ly^M-'^ifi^ 

72(710 + 70i)-2o277i 72(71^ + 7/5i)-2ft7>i 

o/9i7i + aij3i7 - 2oij8yi ojSj": s + c'a/387 " 2o2i57a 

tti/S / + o/S yi - 2aj9i7 oAla + o^7i - 20218172 

j/3y + ai872-2a)3a/ 0^8171 + 01)8172- 2oii3,Vi 

■ 

Establish the three following identities : — 



25. 



a + 6 + c + ic{ -Jo -i6 -Jc 

-Jd 6 + c + d + Jo -i6 -Jc 

-i<2 -Jo c + d + a + 46 -ic 

-Jd -Jo -i6 d + o + 6 + 4c 



J(o + 6 + c + d)\ 



26. 



(o + 6 + c)* cP 



cP 



a' 
6« 
c2 



(6 + c + d)* o* 



d2 



o'' 



6« {c + d + aY 6» 
c« c» (d + o + 6)2 



2(o + 6 + c + d)*2:o«6c. 
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27. 3d 8-i-d $ + d $ + d 

8+a da $+a »+a 

8 + h i + b ib i + b 

8 + c • + C 8 + e 3c 

if »-a + 6 + c + d. 



- -122a*6r, 



§ 74. If, in a determinant of the n^ oi^der the nihmr 
formed of the elements common to the fird m rows and the 
first m columns be rmdtiplied by its complementary, the 
product gives m! {n - m)! terms of the original determiiuint. 

Let the determinant be 



\ 6, 63 .... b^ 



6j fcj i^ ,,,, l^ 



"Pm-k-l Pm-i-2 • • • • jPii 



iC 



m+l 



•^m+3 •••• ^,1 y 



or D, say, 



where no elements are represented unless a few of those in 
the two minors referred to, and denote the minor 



and its complementary 

lPm+l?m+2' 



.X, 



by a- 



If any term of ttj^ be taken and any term of Ui the product 
of the two terms must contain one and only one element 
from each row of D, and one and only one element from 
each column, and must therefore, setting aside the question 
of sign, be a term of D. 
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Further, suppose that the numbers whose inversions of 
Drder fix the sign of the term taken from i7|^ are 

the number of the said inversions being r\ and suppose 
that the corresponding numbers in the case of the term 
taken from \ are 

the number of inveraions being s. Then the sign-factor of 
the product of the two terms would be 

(-1)- X (-1)'. 

But the series of numbers for fixing the sign of it viewed as 
a term of V would be 

and as each of the numbers m + ^, m + 7r, ..., m + T is 
greater than any one of the numbers j8, S, ..., k, and the 
number of inversions in m + ^, m + 7r, ..., m + r is the 
same as in ^, tt, . . ., t, the total number of inversions in the 
series must therefore be r + s. Consequently the sign-factor 
of the product viewed as a term of D would be 

(-1)'^'. 

which, as we have just seen," is the sign it actually bears. 

Thus the product of any term of V{ and any term of r{ is 
a term of D ; therefore if iTi. which consists of m! terms be 
multiplied by ri which consists of (^i-m)! terms, there will 
result m! {n-7n)l terms of D. 

§ 75. Ifyi/na determinant of the n^^ ordevy the minor 
fur^ied of the elements common to m rows, viz. the h.^, k^, 
F*, ...., aiid m columns, viz, the r'^ s*^ u^^ , be multi- 
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plied by its complementary, the product taken with the siffh 
(_l)b+k+i+..+r+.+u+... g^^^ ^jj (n-m)! terms of the oriffinai 

determinant 

Let the determinant be D, the minor ill, fti^d its comple- 
mentary T\.. 

Making the h^^ row pass over the h-l rows which precede 
it, then the A;*** row over k-2 preceding rows, then the 
^th j.Q^ Qygj, f_3 preceding rows, and so on, we have a 
determinant D' whose first m rows are the A***, k^, P'^, .... 
of D, and such that 

i)'=:(-l)*-^+*-»+'-»+-xi). 

Again, by treating the r*^ «*^ u^, columns of this deter- 
minant in like fashion, we obtain a third determinant D', 
whose first m rows and first m columns are the m rows and 
m columns of D out of which v\ is formed, and such that 



or 



__ / 1 \»+*+I+...+r+«+a+... ^ T\ 



since -1-2-3-.. .-1-2-3-... is even. Now (§ 74) 
the product ttix^ gives m\(n-'m)\ terms of 2)^; therefore, 
taken with the sign-factor («i)»+*+«+.-h^*+-+... it will give 

ml {n-7n)\ terms of D. 

Example. Taking the first, second, fifth rows, and the third, fourth, fifth 
columns of 



we have the minor 



th 


<h 


(h 


«4 


«« 


bi 


ht 


h 


64 


b, 


Ci 


Ci 


Ct 


C4 


c$ 


di 


dt 


dt 


^4 


ds 


ci 


C2 


Ca 


«4 


«» 




oa 


"4 


as 






hz 


^4 


6« 






fs 


fi 


«5 


> 
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'wh.ose complemeotaiy is 

di di 

hence (_i)i+»+8+«+W ^a^he^ | |cidj| gives 31 2! terms of |ai6jCid4««l. Similarly, 
lCief2^| Ia4&i| and -|&2^<^sl(<h^l c<^ gi'^o twelve terms: and, as we already 
loiow (§ 46), -hilariC^dittl and ^(os^iC^c^cl each give twenty-four. 

§ 76. The proposition of § 75 is equivalent to the statement that the co-factor 
of a minor of a determinant is the complementary minor, the sign to be taken 
-with the product being + or - according as the sum of the numbers indicating 
the deleted rows and columns is even or odd. As however the sign €i the 
product of the two minors must be the same as the sign of the product of their 
principal terms, it is evident that we have another and perhaps easier mode of 
fixing it, viz. by determining the sign of the latter product as a term of the 
original determinant. Thus, taking the first example above, the sign to be 
prefixed to 10364^11^1 (2s | is the sign of a^b^eiCidi or (hb^Cidie^ as a term of 
\chbtCt^4^6\f Aiid therefore (§ 14) is (-1)^. 

§ 77. If any m rows of a deterrrmvant be selected and 
every possible minor of the m** order be formed from them, 
and if each be mvZtiplied by its complementary and the 
sign + or - be affixed to the product according as the sum 
of the numbers indicating the rows and columns from 
which the min/yr is formed be even or odd, the aggregate of 
the prodAicts thus obtained is equal to the original deter- 
mi/nant 

Let the given determinant, D say, be of the n^^ order, 
and let the m selected rows be 

1 2 ^a * * * * O/fn • • . . Cv,! 

1 3 3 * * * * ^m • • * • ^n 



^1 *a ^8 •••• ^m •••• ^n 

•C. SCa ***• • • . • t^in • • • • M/|| . 



The number of different minors of the m^ order that can 
be formed from these rows is clearly the number of sets of 
m columns that can be formed out of n, and therefore is 

H 
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n\ 



ml (n - m)! 



Now (§ 75) the product of each of these minors and its 
complementary gives, when its sign is fixed in the manner 
stated, 7ril(n-m)l terms of D. Using all the different 
minors, therefore, we obtain 

m!(7i-m)! x — 77 — ^ — rj or n\ 
different terms of D, i.e. the full expansion. 

Examples :— Taking the first two rows of 

Oi a^ Os a^ 
61 62 63 \ 

Cj C% Cs C4 

dii d% d^ d^ 
we have in all six minors, viz. 



oi Oa 




Ox a, 




Oi a^ 




(H <h 




(h a* 




«8 «4 


61 6a 


> 


61 6. 


> 


hi h 


t 


b^ 6, 


t 


h h. 


9 


^8 64 



hence 

loi^jCsdJ - loift,! M4I - K^l M4I + K64I |(V^1 + loAl |cid4| - |aa64| Idd,! 
+ \a^i\\Cid2\. 

By selecting any other pair of rows except the last pair or any pair of columns 
we should obtain a like development : by selecting one row or three the develop- 
ment is that of § 46. 



Similarly, we find 



loi^aCil IdjjC&l + loih^il \d^^\+\aJ>^^\ \d^t\ - \(hh^»\ Id^il 



§ 78. If any m rows of a determinant he selected, andj 
every 'possible minor of the rhf^ order he formed from them, 
and if each minor he multiplied hy the complementary of 
the correspondi/ng minor forrfied from other m rows, and 
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the sign + or - he affvxm to the product OjCcordvag as tlw 
suunm of the nvmhers indicating the rows and columns from 
'which the complementai^ is formed be even or odd, the 
aggregate of the products thus obtained is equal to zero. 

Let |ai„| be the determinant, then the aggregate of pra- 
ducts referred to is equal (§ 77) to a determinant of the n^^ 
order having for m of its rows the m rows from which the 
first factors are found, and for its other rows the n-m rows 
from which the second factors are found. But the rows of 
the latter set cannot be all different from those of the 
former ; for, if from n things a set of m be taken, and from 
the same n things another set of m, the n-m left the 
second time must include one or more of those taken the 
first time. Hence (§ 27) the aggregate of products is equal 
to zero. 

Example. Taking the first and second rows of [oi^iCid^l, we have the minors 

\<hh\f \aM, \aihi\, \<hh\, \(hWt \asW\; 

and the corresponding minors formed from other two rows, the second and 
third, being 

l&iCal, Ihcsl, I61C4I, \biCti\y Ihc^l, Ihc^], 

we have as their complementaries 

losdj, \(hd4\, \(iM* I«i<^4l» \<hdaU \<hdiU 
then 

|oi6,l|a,d4[ - \ai^\\(hdi\ + loiftjlosc^l + lasftsllait^J - |aa&4l lai«^»l + MiW^M = 0, 
being, in fact, equal to 

The theorem here exemplified is seen to include that of § 52, as the theorem of 
§ 77 includes that of § 46. 

§ 79. If in any determinant of the n** order there be m 
rows all having in the same places n - m zero-elements, the 
determina/nt is expressible as the product of two of its 
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minora, viz. the minor, whose elements are the remadTiing 
elements of the m rov)8, and its complementary; ihe sign of 
the prodvAit being •{■ or - according as ihe &wnh of the 
numbers indicaiing the rows and columns from, which the 
minor is formed be even or odd. 

Seeking to find a development of the determinant as an 
aggregate of products of complementary minors (§ 77), we see 
that there are in the m rows only m vertical lines of n<Hi- 
zero elements, and that consequently there can be formed 
only one non-zero minor of the m}^ order. The products 
therefore all vanish except that arising from this minor ai^d 
its complementary. 



Example:— 



Ai os Og a4 a^ 

&i 6s 6s 

Ci C8 Cj 

di d^ di d^ di 

ei es e^ 



(h 


Oa 


«8 


O4 


«• 




di 


d^ 


dn 


d. 


d, 




h 





h. 





b, 


— 


Cl 





Ct 





Ci 




«i 





«8 





«» 





Oji 04 Ox ^ ^5 

d^ d^ di d^ di 

61 (s 6s 

Cl Cs Cs 

fi ^ ff 



«a 04 
d^ d^ 



61 6| 64 

Cl Cz Ci 

«i ^ «« 



§ 80. If, in any determinant of the n^ order, there be 
m rows all Jiavi/ng in the same places more tha/a n-m 
zero-dements, the determinant vanishes. 



§ 81. In like manner we see that, conversely, the prodtud 
of two determinants of the r** and s^ orders may be 
expressed as a determinant of the (r + s)** order whose 
elements are (1) the r* + s^ elements of tlie two determinants, 
so placed that the said determinants may be complemsntary 
minors of the new determinant, and (hM the sum of the 
numbers of the rows and columns they occupy rfiay be even, 
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(2) rs zeros completing the rows in which the elements of one 
of these minors stand, and (8) any r^ finite elements what- 
e^e>nr for the remaining places. Thus 



«! 


«, 




«! 


«, 




\ 


K 


X 


2/i 


y. 





«i 


a. 


«i 


ft). 




«. 





«« 





&x 


&, 


w, 


ft), 




•""i 


^'l 


X, 


a's 








a^i 


a;. 




6. 





«>, 







• • • • 





2/i 


y. 


9 


IT, 


2/i 


'T, 


y. 



Example. Prove that 

himi kx^i Aifii hiZx 
h^m^ hgXi h^fii k^^i 

PlWl, QiXi PiUt 9i2i 

p^Mt QiXi p^n^ qtz» 
From the preceding we have 



" 


^1 *1 


Pi Qi 
Pi <h 


nil % 


Xt Zi 






Pi Qi 
Pi 9a 



hi ki 

^ its 

pi gi 

Pi Qi 



and 






Xi Zi 

x% 2a 



wii mj 

flJi 0^ 

Wi «a 

01 £2 



whence by multiplication (§ 67) the desired result is at once obtained. 



§ 82. The two different modes which have thus beeu 
found for expressing the product of two determinants as a 
determinant suggest the possibility of deriving the result 
ot)tained in the one case (§ 67) from that obtained in the 
other (§ 81). This can really be done, and the process of 
transformation is sufficiently instructive to merit attention. 
Taking the particular case (§ 66) in which the two deter- 
minants to be multiplied are of the third order, viz. 

\A.^Bf^\ or A and \aXc^\ or A', 

we have (§ 81) 
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AA' = 



h 


\ 


c, -1 








\ 


K 


c, 


-1 





\ 


K 


", 





-1 








A^ 


^. 


\ 








B, 


A 


A 








C, 


G. 


c, 



where there is specially to be noticed the nine particular 
elements chosen for the places which may be filled by any 
nine finite elements whatever. Then, increasing each element 
of the first column by a^ times the corresponding element of 
the fourth column, a, times the corresponding element of 
the fifth column, and a^ times the corresponding element 
of the sixth column, and increasing each element of the 
second column and each element of the third column in a 
similar fashion, but with the multipliers 6^, \^ \ in the one 
case, and c^, c,, c, in the other, the product takes the form 


















-1 





-1 





-I 



aj^i + a^j + a,^. 



b,B, + b,B, + b,B, c,B,+ c^, + c,B, B, B, B, 
b,G, + b,C, + b,C, c,C,+ c,C, + c,C, C, C,C, 



Hence (§ 77) it is equal to 

a,A, + a^^ + a^, b,A^ + b^^ + b^^ c^A^ + cJ.^ + c^A, 

a,B, + a^B, + a,B, b,B, + 6, 5, + 6,5, c,B^ + c,B, + c,£, 

a,C, + a,C, + a,C^ b,C, + b,C, + b,C, c,C,-t c^C,+ c^G^ 



-1 
-1 




which becomes at once the result of § 66. 
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§ 83. In § 67 the product of two determinants of the 

rt*^ order is given as a determinant of the «* order ; in § 81 

it is given as a determinant of the 2n^ order. We can, 

lioinreTer, further express it as a determinant of each of the 

intermediate orders, so that the forms of §§ 67, 81 may be 

viewed as the extremes of a series. Thus we have, firstly, 

6. c. 



\Afi,C,\ \a,\c,\ = 



a, 



















secondly, we have 



1^5,(7,1 1 aAc,| = 



«, 
a, 

























a. 



a, 
• a. 





6. 










A. 









A. 









A. 



J?, J3„ J?- 

1 2 3 

C, 0. c. 



-1 




A, 







A. 









A. 



B. B. B. 



C, C. G. 







"3 



C. 



a 

-1 





A, 



3 




A. 








a,il, bj^A^ Cj^j j1, 
a,5j 6,5, c,5, 5, 
a,C, 6,C7, c,(7, a, 






^, 

G. 









A ^, ^, 

c a c. 



(1) 



• • • •• •^^^ 



120 



THEORY OF DETERMINANTS. 



CHAP. 



thirdly, we have 







«i ^ 


c, -1 









1 






a, 6, 


c, -1 







1 


A,Bfi, a,h,c 


'» " 


«8 ^ 





c, 
^, ^. 
B, B, 




5. 













(7, C, 


c. 


> 













-1 


Oj 











-1 







«. 


6. 


c. 










aj^j + a,4, 


M,+M. 


"A+cA 


A A 


^. 




a,B, + a,B, 


\B, + \B, 


C.A+C.5, 


A A 


J». 




a,C, + a,C, 


bA+hc, 


cA + c,C, 


<?. c; 


^sl» 


«. 


6. 


c. 









Mi + «A 


Mi+M. 


Ci-^i + C.^, 


^. 




(8) 


a,B, + a,B, 


bA + hB, 


«i A + cA 


A 




tti (7, + a, C, 


b,C 


\ + b,C, 


e,C, + e,C, 


c. 


• 

9 







and, fourthly, we have the natural conclusion to these, 
namely, the procedure and result of § 82. 

The general theorem, to which we are in this way led, and 
which can be proved in the manner indicated, is — 

The 'product of two detei^minants of the n** order may he 
fov/ad by aubstituting zero-colvm/ns for m colv/m/m m ^e 
one and for the corresponding m columns in the other, 
multiplyvng the tivo determinants thus obtained, i/ncreasing 
the nv/mber of the columns in the result by appendirig in 
order the deleted columns of the first determinant, yiv- 
creasimg the number of rows by superposing the deleted 
colv/mns of the second determinant after changing (hem in 



EC. 84. determhstants in general. 121 

>nrder into rows, putting zeros in the places al>ove the added 
*.alv/mms and to the right of the added rows, a/nd prefixvng 
'o the determimant thus formed the sign-factor (-1)"^"*^^ 

The maltiplication-theorem of § 67 is the case of this where m»0. although 
strictly to include it the word "multiplying'* here would have to give place to 
& phrase descriptive of the process intended. 

§ 84. Since either of the determinants in each of the 
products referred to in the theorem of § 77 may itself be 
expressed as an aggregate of products of complementary 
minors, we see that by repeated use of the theorem we can 
develope a determinant as an aggregate of products of rriore 
than two minors. Thus 

= K&All^A/sl-kiVJ 1^36,/.! + 

where each term is a product of three minors, one of the 
first, one of the second, and one of the third order. 

§ 85. The product of two determinards of the same order 
is equal to the swm of like products obtai/ned from the 
original by interchanging a particular column of the on>e 
determinant with the columns of the other in succession. 

Let lai^l, l&i^l be the two determinants, and, first, let the 
particular column fixed upon be the first column of \a^n\' 

If a determinant of the 2n^ order be formed, having 
joinl for the minor situated in the first n rows and first n 
columns, a determinant of n zero elements for the minor 
situated in the last n rows and first n columns, and \bi^\ 
for the complementary of both of these : and if the first 
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column of \ai^\ be then interchanged with the column of 
zeros below it, we have the determinant 

U ^^2 • • • • ^In ^11 12 • • • • ^in 

t/tn i^QQ • • • • t/Q— 







^33 • • • • ^1 





Oil 

(hi 








a. 








6ai 



0„a • • • • 0„„ 
Oi2 .... Di„ 

^22 * ■ ■ • ^2ii 



a 



Ml 



.... 6«1 &«a . . . . & 



'fi2 



'^im 



or A, say. 



> 



Looking to the first n rows of this, and seeking to 
form from them all the minors of the nf'^ order, with a view 
to obtain the expansion of the determinant as an aggregate 
of products of complementary minors, we see that we need 
only take those minors into which enter the n-l columns 
surmounting the zeros, for every other minor has a com- 
plementary which vanishes. Consequently all the minors 
worth attending to are got by taking along with these n-l 
columns the columns of \bi^\ in succession: and thus the 
expansion referred to is 



(-1)- 



Cti2 .. 


.. din 


6u 


(Z22 • 


..ajh, 


6a 


a„2» 


•• (^nn 


fc»i 



o-u 612 .. . 6i„ 

^21 ^22 • • • ^2» 



Ovmi O-o ... 0, 



^nl 



nn 



+ (-1) 



n+1 



^2 • 


•• (hn 


612 


O^s. 


■•«Sn 


&22 


d^ .. 


'•««« 


b^ 



«u Ki K 

^1 ^21 ^S" 

• ••••• • ••••■ 

O'fd 6«i 6d ■ 



+ +(-ir- 



^2 • • • ^n ^m 



CvoQ ... dl 



"22 



2n *'2n 



0^1,2 • » • d, 



tm *^nn 



ttil 611 ... 6j„^i 
0^21 O2J . . . 02,„_i 

^nl 0„i ... O^^.j 



the index of the sign-factor of the first product being 
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(1 + 2 + 3 + .. .+7i) + (2 + S + ...+n + n + l), 
i.e., ^-^1(7^ + 1) + ^n(n + l) + n, 

for which n has been put, since n(n + 1) is even. Making 
tlie b column of each of the first factors pass over the 
columns before it, and making the a column of each of the 
second factors pass over to the place of the missing b column, 
"^^6 have 



1 



^11 ^2 •••• ^f 



'21 ^22 



CvOQ .... (a/< 



2n 



'«1 «^n3 



Ct-o .... (t. 



rtn 



^11 ^12 • • • • ^In 
^*51 ^23 • • • • ^2n 



a„, b 



nl ^na 



'rut 



13 ^^2 * * * • ^^n 

1^22 ^^^ • . • • C«2ii 

^n2 ^«2 • • • • ^nn 

^In ^12 • • • • ^n 

^2n ^22 •••• ^^ 



0-- Ct-o .... (t, 



'nn ^na 



n» 



^11 ^1 ^18 • • • • ^In 
Ojl (X/21 O28 • • • • ^2» 

C^nl ^nl ^«3 • • • • ^tm 

Oil •••• ^l,n-l ^1 
Oji .... Oa^n-l ^ 

0„1 .... Ott,n-l ^nl •) 



the sign of every product being now - , since the number of 
changes of sign caused in the fii'st is n-l, in the second n, 
in the third n + 1, and so on. 

Again, returning to A, and subtracting each element of 
the {n + iy^ row from the corresponding element of the 
first row, each element of the (n + 2)*** row from the corre- 
sponding element of the second row, and so on, we have a 
determinant from whose first n rows it is possible to form 
but one non-zero minor of the 71*** order, viz. - la^l ; hence 
it is seen (§ 79) that 

A^ — |ai„||&iH|. 

This and the former expression obtained for A at once 
give the required identity in the special case under con- 
sideration. 
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Secondly, let the particular column fixed upon be not the 
first of loi^l, but some other, the A;*** say. Then it is readily 
seen that to establish the theorem we have only to make 
this Jfi" column pass over the fc - 1 which precede it, apply 
to the product of the resulting determinant and |6i,| the 
already established case, and in every first factor of the 
result make the first column pass over the next k — l 
columns. 

EZAMPLX. Taking the determinaDta |ai&i<^i, IxiVthU >acl makixig each 
oolumn in ita torn the column for interchange, we haye the aix identitiea — 












an 



Vi 

y% 

Vt 



Z9 



Xi bi Ci 


<h Vi h. 




Vi fri Ci 


Xi Oi Zi 




2l 61 Cx 


flBi jfi ax 


Xt bt Ct 


Oi y% H 


+ 


y« 6« cj 


Xt Of Zt 


+ 


H h Ct 


^ y% Oi 


Xz ht Ct 


<H Vt H 




Vl &8 Ct 


Xt Ot Zt 




H h H 


^ Vt <h 



\<h^Cz\Wy%H\ 
\<hhtXt\\ciytZt\ 

\xxhtet\ \aiytt%\ 
lyi&sCsl \xi<HZ%\ 
\zihtCt\ \xiytat\ 



+ 

+ 



\<hy%Ct\\xihtZt\ 

\<hhyz\\«^ct_^ 

\fh.XtCt\\hiytZt 
\<hy%Ct\\xxbtH 
fh.HCt\\Xi^ytht\ 



\<hHCt\\xiyiht\, 
\<h^Zt\\x^yxCt'u 

\(hhyi\\^ctZtU 

\<hhH\\xiytC^\. 



These are not all independent, any one being deducible from the other five by 
addition and subtraction. The number of different products thej connect is 
seen to be ten. 



§ 86. The product of two detei^minanta of the same order 
is equal to the sum of like products obtained from the 
original by interchanging k chosen columns of the one 
determinant with every set of k columns of the oiker in 
succession ; the interchange of k columns with k columns 
being effected by interchanging the first column of the on^e 
set with the first column of the other, the second of the one 
with the second of the other, cmd so on. 
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^^t lOin |, \bi^ I be the two determinants^ and, first, let the 
; columns fixed upon be the first k columns of |ai,»|. 

If a determinant of the 2n^ order be formed exactly as 
XL § 85, and the first k columns of its minor |ai„| be then 
interchanged in order with the k columns of zeros below 
tliein, we have the determinant 

U .... <^,»+i • • • • C^in Oil Oia . . . . Oi„ 

vl .... \f ^y2,ik4-l • • • • v«^ "21 Oj^ • . . • t/jif 



.... 



^n,»+l • • • • ^« 



'nl 



0„3 .... 0„^ 



Cvij • . • • fl^t vl • . • . v Oil 12 • • • • O 

V/ • . . . V/ C/qi C/qa .... C/< 



fZ'Qi .... €vti 



w«i .... Cv, 



^Nl 



'nk 



.... 



21 



'nl 



0„a • • • • 0„^ 



or A, say. 



Preparing to express this as an aggregate of products of 
complementary minors of the n^ order formed from the first 
and last n rows, we see that the first factor of any non-zero 
product of this kind must contain the last n-r columns of 
(Oinl and a set of r columns from |&i„|, and that the co- 
factor must contain the remaining columns from |ai^| and 
|6i„|; in other words, that this product is derivable from 
Ichnll^ml hy transferring the first r columns of \(ti^\ to 
|6i„| and a set of r columns of [6i^| to |ai„|, — the trans- 
ferred columns occupying the last r places in the first factor 
and the first r places in the second. If the columns taken 
from |6,«1 be the d^^, 6^^, ...., dr^\ the index of the sign- 
factor of the product is 



L + 2 + ... + 7i) + (r +l + r + 2+... +71 + 71 + 0j + 71 + 0, + ...+71 + 0^); 
i.e. J72(7l + 1)+ U('^-r)(7i + r + l) + 7^ + 0j + 0j+... + 0^|; 
i.e. j7i(7i + l) + j7i(7i + l)-Jr(r + l) + 77i- + 0j + 02 + ...+0^. 
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Now, were it not for the positions of the transferred colomns, 
the series of products thus obtained would be that referred 
to in the statement of the theorem ; and if, in each case, we 
pass the b columns of the first factor in order over the n — r\ 
preceding a columns, and in the second fiEu^tor transfer t^e 
r^ column to occupy the 6r^ place, the (r-l)^ column to j 
occupy the Or^i^ place, and so on, we obtain the said series 
of products exactly. The number of changes of sign caused 
by these transferences of columns is seen to be 



r(ti-r)+(d^-r+...+0j-2 + 0j-l); 
ie., r(n-T) - ir(r + l) + 6^ + d^ + .., + 6^. 

Consequently the index of the sign-factor of the product 
will now be the sum of this number and the former index ; 
so that, those parts of the sum being neglected which are 
even, the sign-factor is found to be 

(-1)-^ i.e.' (-1)'' i.e. {-ly. 

Hence A is equal to the aggregate of the products referred 
to in the theorem each taken with the sign-factor (-1)'' . 

Again, subtracting each element of the (n + 1)**^ row of A 
from the corresponding element of the first row, each element 
of the (n + 2)^ row from the corresponding element of the 
second row, and so on, we have (§ 79) aLso 

A = (-ina..||6„|. 

Hence, by equating these two expressions for A, we have 
the required identity established for the particular case 
under consideration. 

When the k columns fixed upon for interchange are not 
the first k columns of \a^„\, we may prove the theorem by 
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making them the first k columns and then using the already 
proved case, exactly after the manner of § 85. 

Example. Taking the determinantB \(iibiCtdi\ and \xiytZtWi\, and selecting 
the first two columns of the former as the columns for interchange, we have 



§ 87. From the elements of two determinants loi^l, |6i» 
a number of different zero-determinants of the 2n^^ order 
can be formed resembling A in § 86, and thus a correspond- 
ing number of identities similar to the one there established 
can be at once obtained by expanding in terms of products 
of complementary minors of the 7i*^ order. Any one of the 
first 71 columns of such a zero-determinant is formed by 
taking for the one half of it the corresponding column of 
joi^l and for the other either a repetition of this or n zeros ; 
the last n columns are foimed in like manner, but from \bj^\; 
and the number of columns independent of zeros is not less 
than -Ji + l, this being necessary in order that the deter- 
minant may vanish in accordance with the theorem of § 80. 
K, in the determinant, |ai«| and |6i^| are complementary 
minors, the resulting identity may be expressed like that of 
§ 86, namely, so as to give an equivalent for the product of 
\ain\ and \bij. 

Example. Taking the determinants \aihcsU (aiS's^sl, and seeking to express 
their product as an aggregate of like products, in which the first factor shall 
contain the column of 6's and the second factor the column of x*b, we form the 
determinant 



«8 





















y% 
y% 
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which (§ 78) 11 equal to 

\<h}hCz\\^y%^\ + \<h^yz\\c\Xi^\ - |aiWlCi«iyil + Aetyi\\<hXtH\ - \^Ct8t\}ih^9i 

-|&i»82»llaiC««sl. 

But hy Buhtraoting each element of the last three rows from the oonespondinr ; 
element of the first three rows, it is at once seen to be also equal to 0; hence j 

- \(h^yt\\^CtH\ + \(h^\\^y%Cz\ + Iyi6i<^ll«ias28l + l2i6i<%l kyjo,! - \yxhtz^\\x^atc%' 

§ 88. If the two given determinants in the immediatelv 
preceding theorems have one or more columns in common, 
the number of products in the resulting identity is less 
(§ 27) than it would otl\erwise be. Special cases of this 
kind are of sufficiently Irequent occurrence to merit the 
student's attention. 



§ 89. It is readily seen that identities, similar to those 
of § 87, but having for the fiustors of each product two 
determinants of different orders, might also be established. 
They do not admit of very simple statement, but are often 
of use. 



Example. Since 














&i 


h 





h. 


ft* 




Ci 


Ci 





Cs 


Ca 




h 





bt 


h 


h 




Cx 





Ca 


Ct 


Ca 




di 





d. 


dz 


di 


it at once follows that 













0, 




\biCi\\biCsdi\ - IbiCjilbiddil - \hcA\\hCid^' 

§ 90. The product of a determinant and any one of its 
minoi'8 ni. is expressible as an aggregate of prodvAnts of pain 
of minoi's: the first factors of the products being obtained 
by taking q rows in which the rows of ni are included and 
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'orraing from them every miifior of the q*^ ordsr which 
^^ontavns t\ ; the second factor of any prodv/yt being that 
minor which includes n^ and the complementary of the first 
jfcictor; and the sign of any prodrict being fuced by trans- 
formAng the second factor so as to have its principal 
(Ziagonal coincident with titose of the two minors which it 
'uxjs formed to include, and then taking •\- or - according 
<t8 the suTTb of the numbers indicating the rows and columns 
front which the first factor was formed is even or odd. 

Let joi^l be the given detenninant, i«i^«-p+i,^+i...<x^J the 
chosen minor t\, and let the q rows of |ai„| taken to include 
the rows of ni. be the first q rows. 

We have at once an equivalent for the product of |ai„| 
and its minor vi, by forming a new determinant in which 
|«i„| and rti are complementary minors, the former being 
situated in the first n rows and first n columns with nothing 
but zero-elements below it. Such a determinant is 



•^ tv9o • » • (a/'2 p—1 O'tp ... a^ a^ ? + 1 • • • ^2» ^ • • • v/ 



'»! 



a 



V2 



••• ^QfP-l ^VP **• 



^nl a„2 ••• ^n,p-l ^np ••• ^Ttg ^^n,q-H ••• ^ 

) ... ... ... 



nn 



-np 



) ... ... 

I 



h-hl^^p-l,*-i " ^P-l,P~l^p-l,p " ^p-lA^p-Lq+J *' ^p-hn^ ••• 
^pl Ctp2 • • • ^P.p-1 ^pp * • • ^pg ^p,q+l • • • ^'p,n . . . U 



M ^9,9 + 1 •" ^9,n ... U 



^ + 1,1 <^« + l,2 •• ^tf+l,p-l^g+lj> •• ^q+1,9 ^9+1,9+1" ^q+L,n^qi-l.p" ^q+1,9 



a^n • . • a, 



nq 



PP *** P9 



... U ^qp • • • ^^qq 



or A, say, 



:m.3: *■ 
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where it has to be specially noticed that the q chosen rows 
of Icij^l are prolonged with zeros, and that each of the other 
rows is prolonged by repeating in order the elements of ifc 
which are in the same column with any of the elements 
of ni.. 

In A the minor ir^ occurs twice. Adding each element of 
the first set of rows to which in. belongs to the corresponding 
element of the second set, and then subtracting each element 
of the second set of columns to which tr\ belongs from the 
corresponding element of the first set, we find 

Oil tti2 ••• ^lj»-l ^Ip ••• ^q ^l,tf+l ••• ^In ^ ... U 
Cl-21 ^22 • • • ^*?,p— 1 l'» • • • ^'2q ^2 (? + l • • • ^^^^ ^ . . . v' 



A = 



^p-l,l^P'l,2 ■• 


^p-lj>-l<^p- 


• • • • • 

I J* •* 


«^_ 


i,q^P'i,9+l *' 


^p-l,n" 


• • • • 




^p\ ^p2 * • • 


^p.p-1 ^pp 


* » p 


«i>7 


^p,«+i ••• 


a^ ... 





(^ql Ct^ • • • 


^qj>-l *\p 


• • • 


«W 


^q,q+l ••• 


dqn ... 





^q+1,1 ^q+1.2 • • 


a^+Lp-i 


• • • 





^q+l,q+l •• 


^g + l,n^g + l,p»» 


a«u. 


a„i a„2 • • • 


a«.p-i 


. • • 





^'n,q+l • • • 


^nn ^np • • • 


«», 


O/pi Ctpz • • • 


«P.P-i 


... 
1 • • . • . 





^P.q+1 ••• 

• ••••••••••••fl 


^pn ^pp • • • 


• a . ■ 



Ctgl €L^ ... ^JJ)-1 ^ ... U 



a, 



M+l 



• • • ^jn ^gp • • • ^^ju ' 



If now we take the first q rows of this determinant, and 
form every minor of the g*^ order preparatory to finding the 
expansion of the determinant as an aggregate of products of 
complementary minors, we see that, although the full list of 
minors would be exactly the same as if we had been dealing 
with |ai„|, we need only take those which include the 
selected minor v\, because all the others have here comple- 
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lentaries which vanish; also, we see that each of the 
Dmplementaries of those thus taken includes the comple- 
lentary of the same minor in |ai„| and the selected minor 
•esides, and that each is itself a minor of |ari„|, being formed 
corn those Qi-p + 1 rows of |ai„| which are made up of the 
h — q rows not included in the chosen q rows and the 
H — p + 1 rows in which rti is situated. 

But this aggregate of products is exactly the aggregate of 
products specified in the enunciation of the theorem, and as 
it is the equivalent of A and therefore of |ai„| x iti_, the 
theorem has been established. 



Examples :— Taking the determinant 

Ax Oi a^ a^ a^ j 
61 6a bs 64 ^5 

Ci C3 Cj C4 f 5 

di d.2 d^ d^ di 
\ €1 e^ e^ €i e^ 
and its minor 

Cs C4 I , 
we have 

[hzCiWoihCid^eil = laiftjC^jdJIftjCiCj - loihcMlbiC^etl + '{(hhcMlbsCieil, 

'—loibiCiC^WbiCM + loihCienWbtCidil - \(Hhc^e&\%cMy 



the factors of the fourth order heing formed in the first case from the first, 
second, third, fourth rows, and in the second from the first, second, third, fifth 
rows. 

Taking a minor of the next lower order for the co-factor of {aib^Czd^e^l, 
we have 



di\aibiC^d^ei\ = \cido€z\\aJ)id^\ - \Cld^e^\\a^b^d^\ + |ci<iiCfi| 10364^31 
+ 102^864110165(^2! - Wid^eiWoibM + {c^d^e^Woxb^di 



), 



'-'.die^WozbicM + 'd^e^WoihcM - \<h^i\\<'tihcs^\) 

+ \d2ee\\aibsCidi\j, 
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If the co-faotor of \aihcad4es\ be of a lower order still, namelj, the order 
and as such be taken equal to unity, ve have the theorem of § 77, wliicli in tbj 
way wo may view as being here generalized. 

• 

§ 91. At the opposite extreme from the theorem of § 7T 
viewed as a case of the foregoing, we have another theorec 
of sufficient importance to be specially noticed. This is the 
case in which, the original determinant being of the m^ order. 
its co-factoni\ is of the {n-2y\ Here the rows from whict 
the first factora of the development are formed most be 
n-1 in number, and as the said first factors must include v[, 
there can be only two of them, so that the development 
must consist of two terms which are each the product oJ 
two determinants of the (n-l)^ order. 

Examples:— 

,0162^,110162^8^4^41 - \aihicM\aibtCtei\ - laihCtdgWcLih^c^e^U 
Denoting \aih2Cidi€f\ by D, we may (§ 60) write the first of these in the form 

similarly, the second ; and, quite generally, we have 
— the form in which the theorem is commonly quoted. 

§ 92. The theorems of §§ 77, 90 are connected in another 
way, which it is of still greater importance to observe. As 
iin instance of the latter theorem we have (p. 131) 

If now, in place of each determinant here, we substitute the 
co-factor which it has in \(i^h^c^d^e^\, we obtain the statement 
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i?'hich is at once recognised as an instance of the theorem of 
I 77. The identities 



^1^3^ A I ~ 



kAII^Al 



•+ l«AI 1^4^81 i". 



- |ct,&.|lc,65j 

I 1 411 3 1 



are similarly related; and generally it is found that to every 
instance of the one theorem there corresponds in this way 
an instance of the other, so that the two may be spoken of 
as complerrientary theorems. 



§ 93. If the first k elements in the first k - 1 rows of a 
determinant A„ be taken with the first k elements of the 
other rows in succession to form as determinants of the 
k** order the elements of the first column of a new deter- 
Tninant A^.^+j , and if the determinants formed in like 
manner from the second k consecutive columns of A^ be 
TYiade the dements of the second column of A^.k+i, and so 
on, then A^ is equal to A„_k+i divided by the product of all 
the determinants of the (k - 1)'* order, eoocept the first and 
last, formed from the first k - 1 rows and any k - 1 con- 
secutive cohim^ns of Aj^. 

The case of this in which k=2 has been already estab- 
lished (§ 53) ; so that if A„= |ai„|, we know that 



^21 ^22 ^33 ••••^2n 
^31 ^82 ^88 ••••^3n 



(-f^nl ^ni ^nS""^nn 



^12^13 • ••• ^l,n-l 



1^11^221 1^12 ^23 1 ••• l^,n-l ^2n\ 
1^11^321 1^12^831 ••• l^.n— 1 Ct^nl 



1^11 ^nsl l^^rtsl ••• |^,n-l^fln 

f 
I*. 



(1) 
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Transforming the second determinant here by means of thr 
identity in which it occurs, and putting 



«u«a 


»i.«a 


«u«a 


«12«» 


«!»«« 


"tt^M 


«!.«» 


«!»«« 



= a 



12 



%«2D«»U 



= «« a«Gt„a3, , 



as ^ 91 entitles us to do, we obtain the result 




I ^12^2al I ^13^34 r • • • I ^,n-2^2.n-l | 

so that by substitution in (1) we have 

I^H^22^Sal 1^12^28^841 *'• |^l,n-2<^2.n-l^| 
1^11^22^481 1^12^28^441 •'" |^l,n-2^.n— l<^4n| 



K»l = 




^12 ^28 1 I ^13^24 1 • • • • I ^1,»»— 2 ^«— 1 1 



....(2) 



which is the next case of the theorem. 

In exactly similar fashion it follows from this that 

1^11^22^33^441 ••• |^l,»»-8^,«-2<\n-1^4n| 
1^11^22^83^641 ••• \^hn-S^,n-2(h,n~l^\ 



l«l«l = 




I ^12^28^84 1 • • • • I ^l,n-S^2,n-2<^n-l | 



. ...(3) 
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nd. so on ; the extreme case being the identity repeatedly 
sed in the demonstration, viz., that of § 91. 

Similarly an extension of the identity of Ex. 20, Set X., might be established, 
iving 



KnI 



\(Jhi<hi<ha\ I«ufla2<*n4l •••• Ifltiiflaafltwn 



-f laiiOffl 



in-3 



and so forth. 



§ 94. The determinant each of whose elements is the co- 
factor of the corresponding element in another determinant 
is called the determinant adjugate to that other. Thus 



^JC. 


-aA 


a,b. 


- h<^» ^iC, - aA 


b^c, - a,c, a^ 


i adjugate to 




«! h "l 






a, 6j, c. 






a, K c» 


• 
9 



and using the notation of § 49, 

\A^^A^....A„^\ or |^i„| or JJ(A^„) 
is the determinant adjugate to 

or loij or 2)(ain). 



1^11^22 •••• ^nn\ 



When the elements of the adjugate determinant are spe- 
cified as above by means of the complementary minors of 
the corresponding elements in the original determinant, 
negative signs must appear (§ 59) in the places whose row- 
number and column-number have a sum which is odd. 
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These signs may however (Ex. 22, Set VII.) be deleted 
without altering the value of the determinant; hence, in 
the definition which has been given we might substitute 
"complementary minor" for "co-factor." 

§ 95. The determinant adjugate to a determiTiant of the 
n** degree is equal to the (n-1)** power of the latter. 

Let the given determinant be 



«11 


«12 


^18 • • • • ^n 


«ai 


^22 


^23 • ' * * ^^8" 


«81 


«a3 

• • • • • • 


(Xjg .... a^ 



Q'mi a^a tt-o • • . . a. 



'nl 



''n2 



nS 



"tin > 



or Oin 



Multiplying it by its adjugate 



-^1, -^lo -^,o .... -4 



11 



13 



21 
^81 ^J 



22 



IS • • • • — * In 
^ M • . • . ^ 



■nl 



«2 



nS 



2fi 



A A 

-"•33 •••• -^^Sn 



■^•,1 -^mQ -^n* .... XL 



•fvn 



or -4 



In » 



after the manner of § 67, the first column of the new deter- 
minant is 

«ll4ll + ^12^12 + ^13^13 + .... + am^ln 

^21-^11 "•■ ^22-^12 "•■ ^28-^13 "•" "•" ^2n-4ln 

^81-^11 + ^82-^12+ ^83-^18+ •'•• + ^^Sn-^ln 



^nl-o-ii + C^n2-4i2 "f" ^fiS-^is + • • • • + a^^A 



"nl-^ll 



nn-^-'ln 



the first expression of which is (§ 46) equal to |ai„|, and 
each of the others (§ 52) equal to zero. 
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In like manner the elements of the second column axe all 
sero, except the second element, which is |ai„|; and so on. 

rhus 

ai„\ .... 
|tti„| .... 
|ai,J.... 



Ki\ X M 



In 







....lOinl 



« . 



~ "in > 



Ln.,- — Id 



In 



■ n-l 



as was to be proved. 



§ 96. If the dete'i'minant adjugate to a given deterTninant 
be fm^raedy any minor of it of the m*^ order is equal to 
the product obtained by mvZtiplying the co-factor of the 
corresponding minor in the origiTial determinant by the 
(m-l)** power of the original determinant 

L When the minor of the adjugate is \A^A^.,,A 
the original determinant being 



«11 


«12 


«13 


... Orin 


^,t»+l 


... Gin 


«21 


^22 


a^ 


. . . (Xa^ 


^2,»fi+l 


... Cl2n 


a>l 


«82 


«83 


. . . a^f^ 


^8.m+l 


... (X3,, 

• 



^ml ^tii2 ^w8 ' • • ^mm ^m,m+l • • • ^ 



mn 



^m+1,1 ^m+l,a ^m+l,S • • • ^m+l,m ^m+l,m+l • • • ^tn+l,n 



a. 



ta 



a, 



fi2 



a^ . . . tt„^ ^n,»»+l • • • ^nn 



mm ) 



Taking the adjugate determinant and changing the elements 
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of all the rows after the m'^ those occupying the principal I 
diagonal into 1, and all the others into 0, we have 



-zljj -Ajj ,,,, JL 



A 



31 



•^22 * * • * -A 



Im 



2m 



-^l,m+l ■^l.w+S ••••-^l.t 
.^Lq cm^q • • • • JuL 



2,m+l 



2.m+2 



2,n 



>4 i4 i4 >1 

.... 1 
.... 



A 
m,m+l ■*^m,m+S 



..A 




1 



tUtn 










.... 







.... 1 



which is clearly equal to the chosen minor \A^^:...A^ 
Multiplying the original determinant by this, there results 



|«l«|x|Am| = 



«1« 


... 








... 





(hn ... 








... 





Oi, ... 







I.......... 


... 



... |ai„| ... 

^l,m+l ^,m+l ^,m+l ••• ^fi»,m+l ^m+l,m+l ••• ^«,m+l 
^,m+a ^2,m+2 ^a,m+2 • • • ^m,m+2 ^m+l,m+2 • • • ^«,m+2 



J ^l,n ^2,n ^.n ••• (^m,n ^m+l,n ••• ^' 



nn 



— [din] |^m+l,m+l ••• ^nn|j 

• • |-^lm| ~ \(hn\ |^m+l,»»+l ••• ^nn|5 

and |a^+i,n,+i .... ct,,«| being, in the original determinant, the 
co-factor of the minor corresponding to the chosen minor, 
one case of the theorem is established. 

II. When the minor of the adjugate is any other than 

l"^ll'^22 • • • '^»»»»i • 
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Let the rows from which the elements of the minor are 
taken be the 'b>\ h^, l^\ .. ., and the columns the r*^ 8***, u***, 

, so that the minor may be denoted by \Aj^Aj^Ai^..,,\, 

and letA + A; + i+.... + r + 8 + u+.... = cr. 

Translating the said rows in order upwards and the said 
columns in order towards the left, the chosen minor will 
occupy the place at first occupied by \A^^A^,,,,A^J^\ and 
if we change the elements in the rows after the m***, making 
those 1 which occupy places in the principal diagonal and 
all the others 0, we have as before a determinant of the 
n^ order, which equals the chosen minor 

Also^ translating in the same way the corresponding rows 
and columns in the original determinant, we have a deter- 
minant which (see § 75) is equal to 

(-irK„|. 

In the former of these two resulting determinants each A of 
the first m rows occupies the place which the corresponding 
a occupies in the latter determinant ; consequently on mul- 
tiplying the two together we have as before 

loi^l** X co-factor of I a^,at,a,„.... I in (-l)*'|ai„|, 
and on division by (-l)'|ai„| there results 

\Ai^Aj„Ai^,...\ = loj^l"*"^ X co-factor of \(ij„aj^,.,,\ in |ai„|, 
as was to be proved. 

If we write A^^ for the complementary minor of cLj^ in [oj^l, then since 
-4j^^ = (-!)*■'■*■ A;^^ &c., and the co-factor of Iflj^-'^fa^iu-l '^^ l^m' ^ equal to (-1)' 
multiplied by the complementary minor of |a;^aj^a{u---l ^ l^inl> ^^^ result just 
obtained becomes 

|(_l)»+rA^^ (-!)*+• Ajj ...'. I = |ai„l"»-i X (-1)*' X complementary of \af^^ a^^, .... i; 
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8o that, multiplying the rows of the left-hand member of this by (-1)* , {-If 
.... respectively, and the columns by (-1)*", (-!)■ , .... respectively, aAdmul^] 
plying the right-hand member by the same, yiz. by (-1)^, we have 

lAkrAteAiM.... I =• loin'*""^ * complementary of |aj|r<*»«*ia ••••!• 
Example. The adjugate of 



IB 





a, a. 


a, a^ 








61 h. 


h 6* 








Ci <Jj 


Ci Ci 








di d. 


d. d. 






Ib^c^dil - lhc»di\ 


IhiCtd^l 


- ^c^(h\ 


<hcM \i 


llC,d4 


-01M4I 


loic^dt 


Oihid^ - Oib^di 


|ai 6,(^4 


-Oiftads 


(hhiC^ ( 


hhidl 


-Oi^iCi] 


OihCt 



and if the chosen minor be 

lai6,C4l -\aihCi\ 

we take the adjugate and by transposition of rows and columns obtain 

lai^adj -\(hC2d4,\ -\(hcM \(hCidi\ 

\<h^sC4\ -101^3^4! -\(hhc4,\ loi^aCal 

-\liCsd^\ \biC2di\- 1^8^41 -l^iCid^] 

-{aihid^] loi^^^^l kifts^^*! -I^i^a^^sl 



then altering the elements, of the last two rows we have 

|aiC8rf4| -10162^4! "laiCtdil [oiCsC^I 
|ai&8C4l -I0162C4I -IchhaCi,] loi^s^al 



Multiplying this by 











1 
















1 




h h 


&i 


64 




* 


di di 


di 


d. 






(H (h 


<h 


^4 






Ca c. 


Cl 


Ci 
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tre results 



\hd»f^iC*\ 



la^Cadi] -\aiCidi 
«i2>aC4| -|ai6aC4 



k68f4l 



{oiCidil 





OibiCf^di 







dihCidil 







6i di Oi 


Cl 




&4 (;i{4 a4 


Ci 


= ai6aC8rf4 * <hCi ; 




ta 


ai&2^8^4 0^^4 • 





This example serves also to illustrate the fact that the special case of the 
theorem of § 90, noticed in § 91, is at the same time a special case (m»2) of the 
prefient theorem. 



§ 97. It immediately follows from the preceding that, in 

the case of a determinant which is equal to zero, all the 

minors of the adjugate which are of a higher order than the 

first must also be equal to zero. Thus, taking minors of the 

second order, 



if |ai„| = 0, 



A.. A 



Ajti A 



h2 



Aja Aj^ 

Ajo. Aj^ 



.... ~~" v , 



anci . . A.J^l : A.ja, ii Af^2l Aj^ ii -"w* -^ts • • 



or 



-^»l • -^A2 • -^ftS • •• -^*1 • -^*2 • -^^*3 • 



that is to say, in the case of a zero-determinant the co- 
factors of the elements of any one row are in order propor- 
tional to the co-factors of the elements of any other row. 



§ 98. To every general theorem which takes the form of 
an identical relation between a number of tfoe minora of a 
determinant or between the determinant itself and a number 
of its minors, there corresponds another theorem derivable 
from the former by merely substituting for every minor its 
co-factor in the determinant, and then multiplying any 
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term by 8uch a power of the determinant as will make c^ 
the terms of the same degree. 

Let the established identity in regard to \a,^\ be 



M^Mf M(. . • 4* = Mp Mo Mt • • . 4* 



where M^ is used to denote some minor of \ai^\ of the order 

7', and where consequently r + s + t+ .... = p4-<r4-T- -+- 

Now since the identity holds in regard to every deter- 
minant, it holds in regard to |-4i„| this adjugate of jai. - 
hence if vi stand for the minor of |-4i„| corresponding to 
the minor M^ of loi^L it follows that 



lllr1Ti,%. . . + = HlplTl.ain.T . . . + 



Substituting for every vi its equivalent as given by the 
theorem of § 96, and, in order to do so, denoting the co- 
factor of M,. in |ai«| by m'^.,. we have 



^n M n-r • r^ln ^ n-« • K*!" M„_j...+ 






~ l^nl^ "^n-p • \(^ln ^ u-a • ^n ^n-.T'»' + 



whence, on division by the lowest power of |ai„| contained 
in any term, there results the identity which was to be 
established. 

This is the Law of Complementaries incidentally exemplified in § 92. 

§ 99. By the application of the Law of Complementaries, 
some of the already established theorems furnish new 
theorems of considerable interest. As an example the 
identity of § 53 may be taken, a particular case of which is 





<^A 


\c^ 


c,d. 


a,b,c,d, ftjCj = 


<^A 


he. 


<^A 




a^b. 


b,c. 


cA 
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The complementary of this with respect to |ai6aC,cZ^| is 



|a,c,dJ|a»^cZJ = 












oA\ \(^A\ \<^A\ 



(A) 



an identity not hitherto noticed, but which when known 
can be established otherwise. The complementary with 
respect to \(ij)^c^d^e^\ is 



4^5\<^2^sd4^\Kh<^4^\ = 












(B) 



and by inserting "/gg^y..." after every e^ in this we have a 
result which includes (A) and (B), viz. the complementary 
with respect to \a^b^... g^ ...\. A still more general theorem 
will be got by taking the complementary of the theorem of 
§ 93, of which that of § 53 is a particular case. 

The student wiU find it instructlye to take every theorem to which the law is 
applicable and find the complementary theorem. Even where no new result is 
obtained, some new tie of relationship may be made apparent. 



Example. Prove that 



a 


h 


9 


h 


h 


f 


9 


f 


c 



{aa? + b^ + cs^ + 2,fyz + 2gzx + 2kxy) 



X y z 

x A H Q 

y H B F 

3 G F C 



where A, H, .... stand for the complementary minors of a, k, .... in the first 
determinant. 

Developing the right-hand member by § 62 as a quadratic in x, y, z, ..,., we 
have the co-factor of a^ in it 



(§96) 









a 


h 


g 


B 


F 








my 






^ a h 


b 


f 


F 


C 








w 








9 


f 


c- 



as it should be. Similarly it is seen that the co-factors of y^, s^, .... are the 
same in both members. 
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Exercises. Set XIIL 

1. Show that the sum of the numhers indicating the rows and columns from 
which the elements of a minor are taken and the sum of the corresponding 
numbers in the case of the complementary minor are either both even or both odd. 

Resolve the following into determinant factors : — 



2. 


Zi 


3. 


2l 













Z2 Pi Xi 







2i 





Pi 




28 y, 










2« 


1/, 




2« ^8 28 ya Vi Pi 


!0 

1 


23 


22 


Vi y» 




2i yi 




28 





2l 


vi 




Z.2 Zl Pi Xi 


• 


^i 


2l 





Pi 


•5. Use § 77 to show that 













<h 





a^ 




61 





6. 


&s 







Ci 





C4 




di 





d. 


d^ 











di 





64 






4. 







358 




Xi 




asi 







■ 



fli 








«4 











tta 








«« 











Os 








06 


hi 








64 











b. 








hs 











«'» 








h 



0. 



6. Show that if m elements of one row of a determinant of the n^ order 
contain a common factor, which is also contained in the corresponding elements 
of other n-tn rows, this factor is a factor oi the determinant. 

7. Use § 77 to show that 







aa 


• ^'a 


( 


Ca 













<h 


h t^s 









ttiAi 


&X-^l ^1-^1 -^8 


^z 


■= AiB^C^ fli ft* Cg . 




aiBi 


^1-Si Ci^i i^a 


Bz 






OiCi 


6iCi CiCi Ci 


c. 




8. Expand in 


a series of terms of the form {pi -p^) {a^ -0^X1X2 th 








054 


1 oi 










aJs 


1 a.i 










Oa 


1 as 













«! 1 a4 










111 


10 








I Pi Pi Pi 


p, 


m 


1). Show that 










«i 


di 


flg a^ 








hy 


I b. 


63 64 




ai + a4 


Oj + ttj 




Oi - a4 rti - ctj 




^ 


k ^3 


62 bi 


ES 


61 + 64 


6a+6a 




61 - 64 62 - 6j 




Ui 


as 


Ui ai 















. 99. 



DETERMINANTS IN GENERAL. 



U5 



9. If a determinant of the n^ order be developed as a stun of products, the 
boTS of 'which are a minor of the a^ order, a minor of the /3^ order, and a 
lor of the 'y^ order, how many terms will there be in the development? 

1. IDeduoe the identity- at the end of § 87 from three of those on p. 124. 

2. Prove that 



\<h^4 



Os 0, 


- 0|W 


Oi a^ 


6i 6. 6, 




6i fta 64 


Ci Ci Ct 




Ci Ct Ci 



oM<hhCil 



13. Prove that the product of the adjugates of two determinants of the same 
der IB equal to the adjugate of the product of the said determinants. 

14. Prove the identities (2) p. 119 and (3) p. 120 by altering the forms of the 
.ctors and using the ordinary multiplication theorem (§ 67). 

15. Prove that if |ainHO, then 

^riAir : Af^A%r : Ar^Atr I :: An : A^ : Ag^ : 

16. Prove that 

(hMtCil-OiloihtCil - |aiCii|M4l - loiWIoscJ. 

17. If loodtl + \boCi\ - K^^l + \hCi\ - \<hds\ + I hc»\ ■= \<hdt\ + \h%Ci\ - 0, then 

\<hds\\aidt\ " \hoCi\\biCiU 

18. Prove that if |a|„| » 1, then lo^^l and l^^^l are mutually adjugate. 

19. Prove the theorem of § 72 after the manner of §§ 82, 83. 

20. Prove that 



\(hhz] 









(h 


Oi 


ftl 


hz 


h 


h 


Cl 


Ci 


Ct 


Ci 


di 


d. 


ck 


d. 



<h 



21. Using the notation of § 98, prove that 



hi 6, 






2>8 

dz 






di 






(2, 



04 
h 
d. 



\Ain\ 



rtir^n-r+l 



^'n-r^V-1 

22. Prove that if in |ai&s(;sd4| the co-factor of 6s be equal to zero, then 
i^^<<s<24l|6ic{4l - loi^clil l<h^<24l* State the same theorem in regard to ja^^l. 

23. If |a«di|+|2^|-0-|acei,|+|6oC2|,then \aA€A\'{ IM»KIV«I } { loidsl+lftiCal }. 

24. Prove that 

25. Prove that if {(hb^Czdi} - 0, then 

|ai6,||aiCj|Cf4l - |ai6a||aiC,d4l + \aiW\\<hC%dt\' 
K 
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26. Resolve into deteiminant-f acton of the second order the determinant 

a* ab ab l^ 
ac ad be bd 
nc he ad hd 
i? cd cd d^ 

27. From a determinant D^ the minors consisting of four adjacent elements are 
taken in order to be the elements of a new determinant D^; in Z>t every minor 
consisting of four adjacent elements is divided by the corresponding element in 
the minor of Di obtained by deleting the first and last rows and columns, and 
the quotients are placed in order to form />« : in like manner D^ is obtained from 
the elements of D^ and Z>s : and so on. Prove that the final result is equal to A' 

28. Use the process of Ex. 27 to perform Ezs. 1, 2, 3, 4 of Set X. 

§ 100. If i^i^i^ ... i„ = 1 and i^, ig, ... he symbols subject to 
the laws of ordiTiary algebra except that iri,='i,ir cii^ ir='^» 
then 

• . • ^w,|]^£| + ^ns's T* • • • T ^iw|fn/* 

Writing in a column the factors 



dfnlh + ^tah + ^mS's + • • • + ^im<n> 



it becomes evident that the identity to be established is but 
a symbolical statement of the definition (§ 16) of a deter- 
minant. For, firstly, owing to the constitution of the factors, 
the product must consist of all terms of the form 



^^r^rSSi^^^Vtt *** ^nz ^r'f'tt *** ^zf 



which can be got by taking one and only one element from 
each row of the determinant: secondly, the condition ir^ = 
necessitates the disappearance from this of every term con- 
taining two or more elements from the same column ; and; 
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irdly, the conditions iji^ij ... i„ = l, £,£, = -£,1^ ensure that 
e sign -factor of any term shall be + 1 or - 1 according as 
e number of inversions of order in the suffixes of its £*s, 
at is, in the second suffixes of its a% is even or odd. 

Example:— {aii + hii + ct^) {dii + ei^+fit) feti + ^ta + Atj) 

-{(a«-W)tit,+ (a/-<xf)ti«$ + (6/-C6)«at8} (fl'ti + ^«« + *«») , 
-fl'(6/-cc)(s«8*i + h{af - cdjiiitii + Mae - hd)i^i^iit 

a h c 
d e f 
g h k 

§ 101. In coming thus to a close with the general 

theorems on determinants, the student will find it instructive 

to retrace his steps, and, taking in all the theorems at one 

view, to observe how simply and naturally they flow out of 

the definition, and how, indeed, when the definition has 

become thoroughly known to him, several of the theorems 

appear self-evident. Other definitions might have been 

started from with the like result; in fact, owing to the 

lengthiness of that here adopted, and more especially to the 

cumbersomeness of its ' rule of signs,' attempts to build up 

the theory on a diflFerent basis have more than once been 

made. Of course, in any two of such diflFerently founded 

systems what is given as the definition in the one appears, 

or might appear, as a theorem in the other. The theorems 

of the present work which have been taken as the definition 

by other writers are those of §§ 46, 100, 118. A definition 

has also been based on the theorem involved in Ex. 3, p. 75. 

§ 102. Two notations remain to be noticed, which have 
not been employed in the preceding, but which are often 
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found in writings on determinants. The first of these i« 
important, and may be viewed as the next step in advance 
after the notations of §§ 20, 56; It consists in omitting the 
a's in writing the elements of \a^\', so that (r^) or (rs) is 
put for a,,, and 



for \aj. 



Sylvester, who calls this his umhral notation, writes also 



(1.1) 


(1.2) 


(1.3) 




(11) 


(12) 


(13) 


(2,1) 


(2,2) 


(2,3) 


or 


(21) 


(22) 


(23) 


(3.1) 


(3.2) 


(3.3) 


a 


(31) 


(32) 


(33) 



and generally 



1 2 
1 2 



3 
3 



for |a,3|, 



a h c 
a P y 



for {iX^aa^pX^ 



cy 



§ 103. From the rectangular array of elements or matrk, 



«! (^2 ^8 ^4 ^6 
K K ^8 ^4 \ 
^1 ^2 ^3 ^4 ^6 



ten determinants whose columns are columns of the array 
can be formed. To indicate, if need be, that these all vanish, 
it is customary to write 



ttj ttj ttj a^ ttj 
^ \ h K h 

Cj Cg Cg C^ Cj 



= 0. 



To the left-band member by itself no meaning is attached. 



CHAPTER III. 



DETERMINANTS OF SPECIAL FORM. 



§ 104. Determinants, which are of special form by reason 
of a number of the elements being interdependent, e.g. the 
determinant 



a 
b 
c 



a- 






or by reason of a number of the elements having particular 
values, ejg. the determinant 

a 6 
c d 
e f 

have properties peculiar to themselves. The more important 
of such special forms, the simplest first, will now be referred 
to, several of them under the specific designations which it 
has been found convenient to give them. 



CONTINUANTS, 



§ 105. A determinant which has the elements lying out- 
side the principal diagonal and the two bordering minor 
diagonals each equal to zero, and which has the elements of 
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one of these minor diagonals each equal to negative unity, is 
called a Continuant. Thus 



«! 


6, 








-1 


a« 


6, 








-1 


a, 


6. 








-1 


a. 



is a continuant of the fourth order. 

The origin of the name will appear from an identity to be established later 
(pp. 157, 158). 



§ 106. The minor diagonal whose elements are not fixed 
by the definition (e.g. 6^, 6j, 63 in the above) may be spoken 
of as the variable miTior diagonal, and the other (-1, —1, -1) 
as the invariable minor diagonal; and since the orderly 
change of rows into columns only transposes these two 
diagonals, it is immaterial (§ 24) on which side of the 
principal diagonal either of them is written. 

A continuant being evidently a function of the elements 
of the principal diagonal and the variable minor diagonal, 
and of these alone^ a shorter notation may be adopted for it 
which shall take note only of these elements: The above 
continuant, for example, may be written 

6, 6„ b. 



K( ^1 ^» ^3 ) 



§ 107. A determinant differmg froTn a contvrmant only 
in having, i/mtead of the vnvariable minor diagonuL, a 
diagonal with non^zero elements other than -1 may he 
expressed as a continuant by changing each such element 
into -1 and alteHng the corresponding element in ih 
variable minor diagonal so that the product of the two 
elements may remain wachanged. 
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Let the determinant be 



»1 


h 








0... 


Ci 


a. 


K 





0... 





c. 


«. 


6. 


0... 








c. 


a« 


6,... 




. . . ■ 




• • • • • 





c« 


ag... 



or G, 



the elements c,, c^, c,, .... occurring where -1, -1, -1, .... 
occur in a continuant. 

Multiplying the first column by -1/Cj and the first row by 
-Cj, the second column by -1/Cj, and the second row by -c^, 
and so on^ we have the continuant 





-V, 

a^ -b^c^ 



«1 


-6a 





-1 


a. 


-fe,c, 





-1 


«. 








-1 












-1 



a. 



But as each pair of these operations leaves the determinant 
unaltered in substance^ it follows that the resulting con- 
tinuant is equal to 0; and as 

(-Vi) ^ (-1) = ^ ^ ^v (-^a^a) ^ (-1) = h^<^2> > 

the theorem is established. 



§ 108. Any continuant is equal to the continuant got by 
reversing the order of the elements in the two variable 
diagonals; 

ie., k( ^ ^« ^-^ U ZC ^-^ ^1 ) . 

\^i a, a«-ia«/ \a» ttn-i «a ^i/ 

Thii follows at once from §§ 24, 39. 
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<H 


61 










-1 


<H 


ht 










-1 


<H 


6. 










-1 


a* 





oi -1 

&i a, -1 

6, d, -1 

&| 04 

04 ^ 

-1 Og 6, 

-1 a, &i 

-1 Oi 



(§24) 



(§39) 



§ 109. Any continuant may he expressed in terms of 
continuants of lower order whose diagonals are portions 
of the dmgonals of the original conti/auant; thus — 



6n-l 



K-i 



\ K-i 



\a^a^...a^^ian/ ^ \a^a^..,a^.^aj ^ \a,...a„_ia»/ 



or, more generally, 



'^\a^a^...a^.ianJ \a^a^...aj,/ \a^+i ...o^ 



\ci^ • • . ci'p_2/ ^a/p^2 •••vt'tt^ 



where p<n. 



Expressing the continaant 



a. 







-1 a, 6, 
-1 a. 








-1 a. 










... -1 a. 



in terms of the elements of the first row and their comple- 
mentary minors, we have 
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a. 



«2 

-1 

O 

• • • 

o 



-1 




a. 









... -1 a. 



-6. 



-1 6. 







a. 6, 
-1 a. 









... -1 a. 



and expanding the latter determinant of this in the same 
way, there results 



a. 



-1 



a 







«. h 



-1 a. 









... -1 a. 



+ 6. 



«. h 



-1 a^ 6^ 








... -1 a. 



or 



as was to be shown. 

Again, writing the given continuant in ftiller form, thus- 

la, \ 







-1 a^ 6a 

-1 a, 63 









0.. 
0, 
0. 



-1 a« b 



'p 

-1 







a 



'j)+i "r+i 







-1 



a. 



'p*i 



6,,,0 






















-1 (h 

let US try to find all the minors of the p^ degree which can 
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be formed from the first p rows, so that, multiplying every 
such minor by its complementary, we may express the 
continuant in terms of the products thus obtained. 

First it will be seen that we need only consider the 
minors of this kind which have for their first p-l columns 



-1 




-1 







a. 





6. 



0... 
0... 



a, 



-1, 



for those which do not contain any one of these colunins 
must have complementaries which vanish. Secondly, there 
are only two of the former sort which do not themselves 
vanish, viz. those whose last columns are — 






a„ 



and 










ihe lastvcplamns of all the others containing nothing but 
zeros.,- Hence we have the following expression for the 
contintiaQt :- — 



-1 







a, 
-1 







a. 



-1 



'p+i 



a, 



>+a ^p+2 



-1 




6. 



a. 



'p+t 



-1 o. 







-1, a 
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a 



1 

1 



a. 







-1 



«3 K 













-1 6„ 



-1 h 





>+l 







^p+a ^ji+2 



-1 



a 



'j»+S 



-1 a. 



But each of the last two determinants is expressible as the 
product of one element and its complementary, and these 
changes being made, we have the result required. 



Examples:— 



§ 110. The first of the results in the preceding is important 
as affording an easy means of finding for a given continuant 
its ordinary expansion in non-detenninant form. Thus, if 
the continuant be 

Z^(a"b*CT)*'e), 
we first note that 

= C(DE + d)+CE 
= CDE + dC +CE; 

thirdly, that 

= b(cde + dc + cE) + 6(de + 

= BCDE + BdIC + BCE + bDE + 

and fourthly, that 




d) 
bd; 



166 THEORY OF DETERMINANTS. chapui. 

Z(A"B»(riyE) = AK(B*(fD^E) + aK{(fD^E) 

= A(BCDE + BCd + BEC + DE6 + 6d) 

+ a(CDE + cd + EC) 
= ABODE + ABCd + ABEC + ADE6 + CDEa 

+ A6d + cad + Eac, 

each of the successive results being got by the help of the 
preceding results. 

§ 111. The prod/iict of a (xmtvrmcmt and one of its con- 
ti/n/iiant minors is expressible by means of four other mi/nors 
of tiie same ki/ad ; ihus — 

\a^a^,,,. Ojnf Vofc.... Op) 

Va^ .... apf Va^.... a»/ 

where, of course, h < p < n. 

Writing out the continuant ^(^,1, a^) ^ ^"^ *® * 

determinant, and, in accordance with § 90, forming from its 
first p rows all the minors of the p^ order which contain 

the minor kI^^'" '^ V and taking with each of these its 

proper co-factor, it is seen that, on account of zero columns, 
only two of the products do not vanish. One of the two is 

^(lr:yi)4t:^:a)' ^^ «g^ ^^ += *te actors 
of the other are transformable into 6»-i6* ... bpKl^ *'" *"' ) 

and - ir( _ ****" "'^ ) by § 46, the sign proper to the product 
being (-1)^"**^ Thus the theorem is established. 
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An important particular case is that for which p^n-1 
BJid h=^2, the theorem then being 

Example: — 
the truth of which may be tested by what is given in § 110. 

§ 112. When each element of the variable minor diagonal 
is unity^ the continuant may be called aimple: and in 
denoting such continuants by means of the symbolism 
explained in § 106, we may agree to omit the elements of 
this diagonal, so that, for example, 

K{abcd) =^ K{a^V&d^). ' 

§ 113. Two simple continuants, the elements of whose 
principal diagonals are the positive i/ntegers a^, a^, ..., a^.i 
and a^, a^, ..., a^ respectively, are prims to each other. 

^(<^v ^2> •••' *«) = <^nK{a^, ttj, ..., a^.^ + K{a^, ^a,..., ^n-O ; 
•. G.C.M. of K{a^, a^, ..., a„) and K{a^, a^, ..., a„_i) 

= G.C.M. oi K{a^, a,, ..., a^_i) and K[a^, a^, ..., a^.j) 
= G.C.M. of K{a^, a^y ..., a„_a) and K{a^, a,, ..., a„_s) 

= G.GM. of jK'(a,a^ and ^(aj 
= 1. 

Example 1. Prove the identity 

Ox . VOi Os Og . . . . an' 

' On— 1 
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The right-hand member ^gg-gJL^-i- ^^ ^^ "- ^^ (§ 109) 

Vos Og . . . . fl«/ 

\<h <h * • * * *»'' 
61 . 



ai + 



«r/ 6j .. &11— 1 \ 
VOg Og . . . . On/ 

W 68..6n-l \ 
VOs .... On/ 

Next, treating the quotient of the two continuants here as the original quotient 
was treated, we find 

the right-hand member - Oi + -^ 



6, 



where g,- ^\- "' "^^ 

\a^ .... On/ 

Continuing this process, we at length come to the quotient 



which 



On 

Hence the identity is established. 





K(an) 


On- 


-lOn + ftn-l 




a» 


"Cbn- 


i + ^-V. 



I 



Example 2. Prove that the periodic continued fraction 

^ A A» ^ *s A I ^U Oi aa....a^ «i ^/ 

J-./ Og .... O2 \ 

\ai Oj .... Oa Oi/ 



ai + aa + a8 + .... +a» + ai +2-4. + .... " 

» * 




where the asterisks are used like the superposed dots in the notation of decimal 
fractions to indicate the recurring portion or period. 

Denoting the left-hand number by Xy the portion which foUows the second 
asterisk will be a;-^, hence we have 

01 + 05+ .... +<i2 + ai + 2A+x-A 
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^f 6j 6» •••• 6« ^i \ 
.-. a,„ U a. «,.....a. oi^tar/ (Example 1) 

\ Oi Cb^»,»,<l^ Oil A.-¥XJ 

kIJ^ 6, .... h ^ \^xk{J^ ^ "" ^ ) 



(§109) 



Multiplying both sides by the denominator, and rejecting a common term, there 
'esults 

^jr/ 6i ... 6a \^jb:( .^^ '" ^ ^A. 
Voi ai...a^ OiJ \A a^ aj...aa a^ AJ * 

whence the identity required. 

Exercises. Set XIV. 

L Write out the theorems regarding simple continuants which are included 
in those established in §§ 109, 111. 

Prove the following theorems : — 

VfTiOi Oa Os / Voi Oa 0^ / 

3. ir{0. Oa, <Ib, ..., On) = Jr(a„ ..., a«). 

4. iir(..., a, 6, c, 0, e,/, ^, ...) = J:{..., a, 6, c + e,/, ^,...). 

5. 2r(..., a, 6, c, 0, 0, 0, ej/, ...)-ir(..., a, 6, c + e,/, ...). 

6. -Br(0, 0, Os, a4, ...» On) «- JTIos, a4, ..., On). 

7. ^(.,, a, 6,0, 0, e, /, ...) •=• JE1[...) a, 6, €, /, ...). 

o. Jr(oi, Oa, ..., On, On, ... Oa* *i) " ^<hi <Hi »•• «n— i)* + K^fli, Oa, ..., «»)'. 
9. K(ai, Oj, ..., On-i, On, a«-i, ..., Oa, Oi) « jr(<ii, Oa, ..., On-i) >« 

I Jr(ai, Oa, ...» fltn-s) +^aii Oa» ...» On)}. 

\l Oi Oa Osi ■'•/ \^'*'0i Oa Os, .../ 

11. ir^ 6i 6a... 6«-i \«(_i) ij-/ 6i ... 6n-i \ 

\-fltl, -CBa, ... -Ctn-l, -On/ * ' Vfltl flj ... <*n-l On/* 

12. an^Oj, Oa, ... On-i, On, an~i, ... Oa, fli) = Jr(ai, Oa, ... Onf - i^Cai, Oa* ... <*»-2)*. 

13. Jr(«ti, Oa, ..., On-i, 2a», On-i, ... <hf <h)'='2K{ai, a^, ... an-i)ir(ai, a^ ... cin). 

Wl <^ «» <W V fti V ^ \t>4 ...U-tbn-lI 

X ... in-sin-l. 
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16. Kiojx'^, a^t f^'K a^ •••* a«^~^^ ) - Ml{<Ii, a^ a^ ..., On) 

or - Kioy Oa, Og, ..., On) x « -i 
aooording as fi is even or odd. 

17. E(€h, Ot, Oa, ..., oii.i, On) is prime to K{<if, ..., Om-i, Oh), to 

E{ai-1, a^ ..., On), and to K{ai, a^ ...» On-l). 

18. 

jf/ ^ ^ ... 6t 6i \ »•/ &i 6j ... 6j &i ^ ^ ... &| 6x \ 
\Af Oi, flg ... Of, Oi, ^/ \^, g^ fLf, ... Oa, Oi, 2^, Oi, a^, ... q^, ctx, ^/ ^ 

jj./ 6} ... 6j \ jgr/ 6, ... 6, 6i 6i 6, ... 6, \ 

19 k( »'*'<h^ M-fo^ ^bW '"'^'^''^ M + <%K \ 

VOi + X Of ) ....) On/ \0>i CEf « .... tht^Xf * 

21 jj-/ -».l -(»-l)2 -(n-2)3...-l.n \ 
\a a a ....... a/ 

-(a+») (a+n-2) {a-n+2) (a-n). 

22. Plx>yethat 

did^d^ . . . ^ d^ — Cj 

^^^••' (<^-gg)<^gi 

^^ ,. (di"ei)(d,-e^)daea 



20 



l^fi-di 



(e,-d8)diei 
^^^ jj (gi-di)(c,-d,)d,eg 

23. Show that 

^(o,-a,'^\-o,"'\-o.„..) -°>«-- (<h - a. + o.-<»4+ ....); 
and thence, with the help of Ex. 14, prove that 

Oi-aj + aj-....+ (-l)*~^o„-^ 

l+-55i_ 

OiOs 



• + 






ttH-l-On 
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24. Prove that the number of terms in the expansion of a continuant of the 
^ order 

= l + (n-l)+ J--2 + j-y-^ +...., 



/gjci+wsr'-ci-ivsr'j 



V5 

Establish the identities — 

„^ ^ 1 1 1 1 1 1 . hc + 2 1 1 bc + 2 

a + b + c+b + a + 2A + ... <ibc + 2a + c + b + abc + 2a + c+ 2A + ... 



11 1 1 J:_ 4 K{hc...ch) (-1)^-1 K{hc...ch) 

* « * » 

27. Prove that the general expression for every integer whose square root 
-wlien expressed as a continued fraction with unit-numerators has Ox^a^^ ...a^^ax 
for the symmetrio portion of its cycle of partial denominators is 

{iJr(ai ... ai)M-(-l)'iir(ai ... a^ K{a^ ... a^Y + K{a^ ... a,)M - (-1)' Jr(a8 ... Os)', 

I being the number of elements in the cycle. 

28. Prove that the condition that any periodic continued fraction 

. «! fl^ dn ' 1 On 

6l+ 6a+ ... + 6n-l + fcn+ ... 

« » 

may represent a quadratic surd is 

V.4i 6x.... &n--2 &n-i/ V^i 62 .... 6«-i 6rt-.4/' 



ALTERNANTS, 



§ 114. When the elements of the first row of a deter- 
minant are all functions of one variable, the elements of the 
second row the like functions of another variable, and so 
on, the determinant is called an alternant : for example, 



smaj 


cos 05 


1 


sin 2/ 


cos 2/ 


1 


sin0 


cos 2; 


1 



or the first determinant of § 104. 

L 
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§ 115. Every alternant of the n^ order is evidently a 
function of n variables. To interchange two of these 'would 
be the same as to interchange two of the rows of the deter- 
minant, and therefore would have the effect of merely 
changing the sign of the function ; and as a function having 
this property is known as an alternating function, the 
origin of the name alternant is apparent. 

§ 116. Eveiy alternant with rational integral elements 
contains as a factor the difference-product of its variahles. 

Let the variables be a, 6, ...., r, p, q, k, I. 
By substituting for I any of the other variables, we should 
cause the determinant to vanish, hence it follows that 

l-k, l-q, l-p, l-r, , l-by l-a 

are factors of the determinant. Similarly 

k-q,k-p,k-r, , k-b,k-a 

are seen to be factors, and in like manner 

q-py q-r, , q-b, q-a, 

p-r, ...... p-b, p-a, 

, r-6, r-a, 



b-a. 

Hence if from every variable there be subtracted every 
variable preceding it, and the differences thus got be mul- 
tiplied together, the result — ^known as the difference-product 
of the variables — is a factor of the determinant. 

Sylvester, who uses t{a,bfCy ...) or ^a&c.) for the second power of the 
difference-product of a,&,c, ..., denotes the difference-product itself by 
f*(a,6,c, ...) or ^^{abc...). 
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§ 117. A difference-product is itself expressible as an 
ilteimanfvt, viz,: 



f {a^a^a^ ..,. cu) = 



1 


«1 


fltj ••.. 


«1 


1 


a. 


Un • • • • 


«2 


1 


«i 


Ug .... 


«8 


1 


«« 


a 

On •••• 


On 



Tfor the alternant on the right has ^^{a^a^a^ ... an) for a 
factor (§ 116), and the co-factor is readily seen, as in the 
particular case given at p. 41, to be unity. 



§ 118. If the expanded form of the difference-product of 
the n letters a, b, c, .... 1 be multiplied by abc.l, and in 
the result eveoy index to a letter be wude a suffix to the 
same letter, the expression obtained is the determinant 

This is self-evident on writing the difference-product in 
its determinant form. 

In coimectioii herewith see § 101. 

§ 119. The quotient of an alternant by the difference- 
frodAict of its variables is a symmetric function of the 
variables. 

On the interchange of any pair of the variables both 
dividend and divisor change sign. Consequently when such 
an interchange is made the quotient remains unaltered, and 
therefore is by definition a symmetric function of its 
variables. 



KXAMPLE: 



1 


a 


a« 




1 


a 


a« 


1 


h 


6» 


- 


1 


h 


6^ 


1 


e 


c» 




1 


c 


c« 



(a+ft+c) » <^{ahc) x Ta. 
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§ 120. An alternant of the n^ order being known w^hen 
we know in order its n functions and n variables, we maj 
suitably use for it a notation in which only these 2n things 
are specified. Such a notation is obtained by taking the 
principal diagonal term, enclosing it in brackets, and pre- 
fixing an J.. Thus 

represents the alternant whose variables are x, y, z aD»3 
functions 0^, ^g, ^3, that is to say, the alternant 

^^k^) <t>l^) <f>,(^) 

<l>i{y) Uy) Uy) 
4>i(^) H^) ^sC^) 

The alternants requiring first to be considered are those 
in which the functions are powers, such as 



,m 






,m 



a" 



or A{arh"c^). 



They may be spoken of as simple alternants, and as they 
are of common occurrence, a shortening of the notation for 
them may be made, when there is no possibility of confusion, 
by leaving out the variables : thus we may use 

A(m,n,p) for A{arh''c^), 
and ^(0,1,2) for A{a'h'(?) i.e., for ^\ahc). 

The form of alternant, for which the symmetric quotient 
referred to in § 119 is most readily obtained, and which 
may be viewed as the second simplest form, is that in which 
all the powers except the last are in order the same as those 
of the difference-product alternant. 
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§ 121. The qvA)tient of the alternant of the second avmpleat 
'arm by the corresponding/ difference-product is expressible 
t8 the 8um of a series of fractions, viz. : 



n-8 _r> 



M«-<>:) _ 



a 



« 



a 



n-l 



-^("1^2 ••• "1^1"""^) C««"«n-i) (a„-an-2) ••• (on-aj 

+ 
+ 
+ 



(a»-i - On) (a„-i - On.a) . . . (a„.i - aj 



a. 



(«! - "a) («i - «s) - («!-««) 



Expressing 



1 


a' 


a' 


• • • • 


a"- 


-2 


a' 






1 


1 




1 




1 




1 


a" 


a' 


• • • • 


< 


■2 


a' 






2 


2 




8 




2 




1 


a' 


a' 


• • • • 


a**- 


-2 


a' 






n-l 


n-l 




n- 


-1 


n- 


■1 


1 


a' 


a' 


• • • • 


a" 


-2 


a' 






ft 


n 




n 




n 





in terms of the elements of the last column and their com- 
plementaries which are all difference-products, we have 

^'«f (ai«2-««-l)"~«n.lf («ia2-««--2««) + «n.2f («l«2-««-8a«-ian) 

- + (-l)""Xna2«a-««-i«")- 

Hence dividing by the difference-product of a^ a^, ..., On-i, a„, 
and legitimately altering the signs so as to have in the 
second denominator a„_i in every case the minuend, in the 
third denominator a„_2, and so on, there results the identity 
as stated. 

§ 122. The quotient of an alternant of the second simplest 
form by the correspondi/ng difference-product is expressible 
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hy mecma of two aivipler like qv/ytienta, viz.: 



\ 1 2 n-1 ti/ 



■**\ 1 i n-l n / , '^^V 1 a w— a «— 1 / 

f*(«i«2---«n-ia«) f*(aiaj...a„_2a„-i) 



From J 28 we have ^«a'^...a;;:^a;} -a,^(a;ai...a;;:^a;-') 



1 


«; 


< 


n-a 
...a 


< 


— a a 

n 1 


1 


«; 


< 


...a 


< 


— a a 

n a 


1 


«»-. 


a' 

n- 


^n-a 
...a 
■1 I»-l 


tl- 


.1 -«-««-. 


1 


a' 


a' 


...a 








and (§ 121) the right-hand member of this divided by 







(0-an.O(^-«»-2)-C^-«i) 
a' -a a^-; 

J n-l n n~l 

= -< (On-l-OLn) {an-l-Ctn-2) '''{On-l-fil) =< 



0. 



a 



r-l 
n-l 



(a„_i-an-2)-- (on-i-ai) 



< - a <-' 

1 n 1 



, («! - eta) («i " «8)---(«i - «n) 

whence the required identity. 
Example:— 



a 



r-l 



, (ai-a^) (a^-a^). . .(a^-a«.J 



1 a a^ 
16 6* 
Ice* 

1 a a^ 
1 6 68 
1 c c« 



1 a a' 

1 6 6« 

1 c c« 

1 a a* 

1 6 6» 

1 c c« 



1 
1 



a' 
68 



1 
1 



a 
6 
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-c(a + 6 + c) + ^^^, (§U9,Ex.) 

b-a 

= a^ + i^ + c^ + ah + bc + ca = Sa* + Sa6. 
Similarly "witli the help of this result we may find the like expansion of 

i^iabc)' 
fheiLce that of 

i^iabc)' 
and so on. 

§ 123. The quotient of an alternant of the second simplest 
fonri by the corresponding difference-product is equal to 
the sum of all the terms which can be formed by multiplying 
together such positive integral powers of the variables that 
the sum of their indices may equal the excess of the last 
index of the one alternant over the last index of the other. 

Let the quotient referred to be 

Since the dividend consists of terms like its principal 
diagonal term 

^0 «1 ^2 «»*-2 r 

and the divisor, similarly, of terms like 

«0 ^1 ^a ^"-2^n-l 

a.a^a^,»-a ,a , 

we see at once that the quotient must consist of terms of 
the kind specified in the statement of the theorem, and of 
no others. It thus only remains to be shown that all poss- 
ible terms of this kind occur, and that, unlike the terms of 
dividend and divisor, all are positive. 
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As an instance of such a term, viz., one the sum of whost 
indices is r-n + l, let us tjike 

a^ a^ ...alala** 

n n-I SSI 

By repeated use of the theorem of § 122 we have 

f •(«, ... a„.i Un) r(«i ••• «n-l) " f*("i ... a„_i) 

+ ^2 Vj :.:^!Lil.^ + ....+«-n Vi l^(+a. 

the quotient we are concerned with being thus separated 
into r-n + 2 groups of terms, viz., those independent of a„, 
those containing ai, those containing a^, and so on. Now 
the third, if any, of these groups must contain the term in 
question. Taking it, therefore, and developing the co-factor 
of aj, acc()rding to ascending powers of a„.i in the same 
way, we see that the co-factor of a^aj^.^ is 

\ 1 n-3 «-2/ 

f*(ai ... an-sttn-a) 

Expanding this co-efl5cient in like manner, and so on, we 
shall at length come to the coefficient of a^aj^^ ••• ^s* which, 
as it must be of the seventh degree and must contain only 
tto and Op must be 



This, however, 



f '(«1 Oj) 



a" -a' 

2 1 

«2-«l 



= a^ + ... + a* a* + . . . + a^ . 

^ 2 1 JL 
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Thus + a^ a^ ...a" a* a* is a term of the expansion, and 

n n-1 3 2 1 * 

evidently the same may be proved in regard to any other 
term of the kind. 

The quotient specified in this theorem is known as the " complete symmetric 
function of a^, a,, Og. .... a^ of the degree r-n + l," and is denoted by 
(ai. Oa, 013, ..., an)*""**"*"^, or, when there is no doubt as to the variables, by 
( )*•■"+ ^ or -ff^ . „+!• The theorem thus simply is 



Examples :— 



1 


a 


a« 




1 


a 


a^ 


1 


b 


¥ 


• 


1 


h 


62 


-1 


c 


c« 




1 


c 


c^ 



B-2 



{a,h,c) 
(a* + h^ + c^) + {a% + a^c + b^a+brc + (^a + <^)+abc. 



and 






7-! 



= 2a* + 2a»6 + Za^ft* + Sa^fec + ^abcd , 



§ 124. From the preceding it follows that every known 
theorem regarding complete symmetric functions becomes a 
theorem in alternants. Of these known theorems the 
simplest flow readily from the law of development 

established in § 122 in regard to the functions in their 
alternant form. 

Thus, developing the first term of the right-hand member 
^f (1) l>y means of (1) itself, we have 

(«i-'.a„)* = a;; + a^-Xai...a«-i)' + <"'(ai...a„J'+ ... +(a,...a„.i^^^ (2) 
as has already been incidentally seen in § 123. By develop- 
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ment of the secorid term of the right-hand member in the 
same way, there results 

+ a„_2(ai. . .On-a)*'^ + . . . + aj . (3) 

By developing both terms, and making a third use of (1) to 
combine two of the terms resulting, we have 

(ay . .an)' = (04. . .a„_2)' + {cLn-ianYioL^- ' -an-i)"^ + a*(ai- • -a J*"^ , 
and thence 

(oi- . .a„)' = (Oj. . .a„>s)* + (a„_2an-ian)Xai« • -ttn-a)"^ 

+ (an-ianfia^ . .a„_i)'"^ + al(a^. . .a„)'"^ 
and, finally, 

(a^ . .cLn)' = «!* + (oj. . .anfia^a^"^ 

+ (a,. . .an)\a,a^a;)'-' + + <-\a,. . . a„y-"^\ (4) 

Again, returning to the first term of the right-hand member 
of (1), and altering it by means of (1) in another way, we 
have 

(ai...a«)* = a„| (ai...a„+i)'"^-an+i(ai...a„+])'"'{ + («i---an-i)'5 
Similarly 

(a^. . .a„.ian+i)' = a„+i } (a^ . .anti)'"^- OnCar • -an+i)*'^ | + (or * •«„-!)* ; 
and therefore by subtraction and division 

(04. . . an-iaw) - (g^. . «an-i«n+i) _ /„ ^ ^ v-J /'^\ 

§ 125. TAe quotient of any simple alternant by the cor- 
responding difference-pivduct is expressible as a deter- 
minant whose elements are complete symmetric functions 
of the variables, viz.: 



JEC. 124. DETERMINANTS OP SPECIAL FORM. 



171 



^K 



"a' 



<)_ 



S*Cc4«a ...<0 



(o^.^.a^)** {a^.,.any (aj...a„)' 

(a^...a^'^ (ai...an)'"^ (ai»"«n)'" 

• •••••••••••••••••'•••••••••••■•••••••••••••■•••••a 



Subtracting each element of the first row of the given 
altexnant from the corresponding element of all the following 
rows, we see that the factors a^-Oj^t a^-a^, . . . . , a„ - a^ may 
be taken out, and that this being done the resulting deter- 
minant is 



1 



a! 



a 



s> 



{a,a:r'\a,any-\...(a,any-' 

Treating this in the same way, the elements of the second 
row being now the subtrahends, we can (§ 124 (5)) remove 
the factors a^-a^, a^-Oj, ..., (on-a^; and continuing the 
process we find finally 



JHOiOa--- On) 



1 



at 



a. 



»-i 






-2 



(a,...an^'**Xa,...a„)*-'•*^... (ai...a„r"^^| . 



Multiplying columnwise the right-hand member of this by 
unity in the form 







.... 



(a3...(Xn) 1 .... 

(a3...a„) (a3...an) 1 .... 



a 



n-l 



a 



n-2 



a 



n-i 



* • . . Jl 
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and using (4) of § 124 we obtain the result required. 



If p be other than it is better to remove the factor 0^1% "d^- before 
applying the theorem. 



EXiiHPLE :- 



1 a» a* 




1 ft« 6* 


-i\ahc) 


1 c8 c* 





= i-*(a6c) 



(a, 6, cf (a, 6, cf (a, 6, c)* 
(a, 6, c)« (a, 6. c)» 

(a,6,c)i {a,6,c)« 

2a* + Sa6 Sa^ + Sa«6 + Saftc 
2a Sa*+2o6 



-2a6 -Za*6-22ae>c 
2a 2a'» + 2a6 



l:\alc) 
f*(a6c)x(2o26 + 2a5c). 



= i-*(a6c) 



-2a6 2a6c| 
2a '-2a&|, 



§ 126. An alternant in which the elements are polynomial 
may often be expressed in terms of a simple alternant. This 
is evident when we consider that the converse is true, viz., 
that the mere transformation of a simple alternant or the 
multiplication of it by a non-alternant expression may lead 
to an alternant with polynomial elements. For example, we 
obtain an alternant with polynomial elements if we multiply 
^(af aj .... a*) row-wise by |ai„|; the multiplication column- 
wise gives of course the same alternating function, but the 
result is not an alternant in form. 



EXAMPLB: — 



\a^ + /ija* + Pi \^ + /Xf 1 



= X, 



a' 



Xia» 



1 
1 



(§32) 



Wl^iahc) 



if ( )" ( )» 

{^ iY 



— XiXai^(a6c) 



2a 2a« + 2a6 
1 2a 



■-XiXaf*(a6c) x 2a6. 
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§ 127. In an alternant with rational integral elements 
the co-factor of the difference-product is expressible as a 
detemninant whose elements are (1) the co-efficients in the 
elements of the alternant, (2) those symmetric functions of 
the variables which are linear with respect to each variable, 



vxz. : 



^{/l(«l)/a(«2)'-'/«(«n)} _ 

^\a^a^ . . . a„) 



c,. 


Cu 


"a 


. . . c„i 


^n+1,1 


.••^r-l,l^rl 


Coa 


c« 


c^a 


...c^ 


^n + 1.2 


•••^r-l,2^r2 


Con 


^In 


^2n 


• . • ^nn 


C«+i,« 


•.•^r-l.n^m 


0. 


C»- 


.C7„. 


2 • • • ^0 





... 





G„ 


C„. 


.1 . : . Cj 


^0 


... 








c„ 


...Gj 


C', 


... 











. . . (^r- 


«Pr^n-l 


... (7j Cq 



where 



/,(aj) = Co, + Ci,a3 + C2,a? + . . . + c„a;'" , 



and Cq = 1, C^i = - So^, C^a ^ 2«i«2' ^s == "" 2«i«2«3» • • • 

Denoting the right-hand member by A, and multiplying 
it row-wi3e by f * (04 . . . a„Wo^i • • • ^r-n)} ^^ ha,\e 





. 0(ai) ai0(ai) 
0(03) a20(«2) 


... ap*0(ai) 
... aJ-Xaa) 


/l(«n) /aCon) ... fniOn) 

/iW /2W ••• /«w 

/iK) /aW ••• /nW 


0(an) a„0(aj 

0W Wi0(ft>i) 


... a^'Xttn) 


/l(«r-») /a(ft)r-n) • • • /«(tt>r-fl 


) 0(«r-n) W^.n0(tt>r- 


.n)... «)rl«0(ft>r-n) 
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where for shortness we put 

In this result, however, 0(ai) = = 0(aj) = . . . = ^(ou), hence 
(§ 79) it may be retransformed into a product, viz. : 



0W «)o0W ••••K'VW 
0W «i0W ....«i'VW 



0(ft>r-n) «r-n0(o>r-n)---.a)|!i;|0(«r-.)' 



/iW /a(o2)----/«(a2) 

/l(an) /?(an)..../n(an) 

and therefore (§§ 26, 117) into 

Putting now the original from which this came, viz. 



AfHOi ••• On«>o«i ••• ^r-n) 



into the form 



Af*(ai ... a„) fVo^l ••• ^r-n) 0(Wo)0(ft>i) ••. ^(ft>r-«), 

and removing the common factors, we have 

^{/iW/aW -/n(an)} = f*(«i> «!,» •••. O >< A» 
as was to be proved. 



Example:— 



then 



Taking /i(x) -yi+AtiCC^+Xiaj*, 

"i /tti Xi 

ft, Xa 

10 

C^ Q C/x t/Q 



A{A{a)A(l>)Mc)} 



— XjXjCji "= — XjX^Sflft, 



as we have already fonnd (§ 126, Ex.). 
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§ 128. The foregoing theorem, though evidently much 
more general than that of § 125, does not include the latter 
as a Darticular case. There the result is obtained in terms 
of complete symmetric functions of the variables, here in 
terms of simgle symmetric functions. Applying the general 
theorem to the case considered in § 125, viz., where 

f^{x) = aj^ f^{x) = iZJ», ... ., f„(x) = x% 

we see that in A the elements of the first n rows are all 
except the element in the first row and (p + Vf^ column, 
the element in the second row and (q + 1)*^ column, and so 
on up to and including the element in the z^ row and 
(z + 1)^ column, the excepted elements being 1. Consequently 
A may be reduced to a determinant A' of the (0 + 1 - n)^ 
order with the sign-factor 

the columns thrown out from A being the (p + 1)*^ (q + 1)*^, 
&c., or, what is the same thing, the columns ending with 
^z-py 0^_^, &c. Hence the last row of A' will contain all the 
O's except these, and as in any of the other rows the suffix 
of any O is less by unity than that of the C below it, A' is 
thus fully determined. 

Example: — ^Taking the alternant A(aPh^(^), nsed in exemplifying § 125, we see 
that the omitted indices are 2, 1, and that the excesses of the highest index over 
these are 2, 3, &c. Thus the required quotient 



._j^.3 + 4+i(8-l)8 



Cj Ci 



2a6 -Sa 



The final result is thus obtained more simply than before. The advantage, 
however, is not always on the same side. . The determinant in the first case is of 
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the «**» order, in the second case it is of the (z + l-n)*^ order, and of course 
either order may be higher than the other. 



§ 129. Tlie product of a simple alteimant and a single 
symmetric function of its variables is expressible as a sum 
of simple alternants, whose indices are got by arinnging 
the variables in every term of tite symmetric function in 
the same order and adding the indices of each teinn to the 
indices of the original alternant, the first to the first, the 
second to the second, and so on. 

Let -4(a^6»c*....) be the alternant and 2a'*6''c*' .... the 
symmetric function, the number of the variables a,bf c, .... 
being n. 

From the definitions of an alternating and a symmetric 
function it is at once clear that their product is an alter- 
nating function. Consequently, since a^6V.... is here a 
term of the one factor, a^'Vc'' .... a term of the other, and 
therefore (f^^¥^^&^^ .... a term of the product, there must 
occur in the product all the other terms of this tj^pe ; that 
is to say, the alternant A{aF^^b^^*'d'^'^....) is part of the 
product. Taking thus in succession all the n\ terms of 
^a^b^c^.... we have part of the product proved to be the 
sum of n\ alternants. But n\ alternants of the n^ order 
have (nlf terms; and the product cannot contain more than 
{niy terms, for the number in each of the two factors is 7i! ; 
therefore the sum of the nl alternants is equal to the 
product. 

Example :— 

= ^(012){(410) + (401) + (140) + (041) + (104) + (014)}, say: 
= ^(422) + ^(413) + A (152) + ^(053) + ^(116) + ^(026), 
= ^(134) - ^(125) + A (035) + ^(026). §§ 27. 34. 
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§ 130. From this law of multiplication we naturally 
proceed to the corresponding division, viz., to another way 
of finding the quotient of a simple alternant by the cor- 
responding difference-product. 

Example: — 

A(a^}^&) i- Aiaf'b^c') - SaV + 2a«6c (as before). 

Process of Division. 
^(012) I ^(034) I (022) + (112). 

^(034) -^(124) 

^(124) 

^(124) 

Here, subtracting the indices in the divisor from those in the dividend, we have 
0, 2, 2, which gives the first term of the quotient : then we multiply, and proceed 
generally in the usual way of division. 

§ 131. A determinant may evidently be an alternant with 
respect to two sets of variables, the interchange of any two 
of the one set being equivalent to an interchange of rows, 
and of any two of the other to an interchange of columns. 
Such a double alternant is of the form 






or 



Fia^;).F(aA)-nanfi„) 



and is divisible when the elements are integral and rational 
'^y ^K<h^ •••««) f *08 A • • • )8«). An example is readily obtained 
as in § 126 by multiplying row-wise the three determinants 

ko.»-i|fi(a,...a„)f*(i8,.../3n). 

BXAlfPLB:— 






or 



Coo Cio 
XeO,] 



1 o, 
1 a. 



1 A 
1 A 



2 



-'lCoilrtaia,)i-*03A). 
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§ 132. // in a double alternant the function be rational 
and integral with respect to both variables, the co-factor of 
the two difference-products is expressible as a determi/aant 
whose elements are the coefficients in the dements of tlu 
alternant, those symmetric functions of the first set of 
variables which are linear in respect to each of them,, and 
the same symmeti^ fun/itions of the second set, viz.: 

\F{a,^,) ... F{aM 



^i(ax-«")^»(i8x-.i8n) 














^00 ^10 • • • ^»lO 


Cn+1,0 


... c^ 


C'^ 





...0 




^01 ^11 •••^«i 


^n+1,1 


... Cfi 


c;., 


C"„ 


...0 




^On ^n • • • ^nn 


^«-l-l,n 


... Cf^ 


c. 


C[ 


c?i...o 


= (-!)-+»♦' 


Cof. Cif. ... Cf^ 


^n+l.r 


.,.c„ 








... C/0 




C^n C'^.j... Cq 





... 








...0 




a ...c. 


Oo 


... 








...0 




...C, 


0. 


... 








...0 




... 


a.« 


*V C^A 








...0 



where F{xy) = 2(^icX^*2/^) ('^^^•^ " ^^^-^ **) 

^o=l» Cj = -2ai, (73 = 2040,, 

and Ci = l, 0{ = -2A, 0^ = 2/3^ 

The proof of tliis is exactly similar to that in § 127, the starting point being 
the multiplication of the right-hand member by the two determinants 

f*(aiaj ... OnWob^i ... Ct'f— n)» i**03ij8« ••• /SnlToiri ... ITr-n) 



in succession. 



§ 133. When the elements of an alternant are fractions 
with the variables occurring in the denominators, it will 



SEC. 131 DETERMINANTS OF SPECIAL FORM. 



179 



generally be found suitable to clear of fractions and then 
apply one of the theorems already given. The same 
theorems suffice for the treatment of certain classes of 
alternants with transcendental elements, viz. those where 
the transcendentals are sin, cos, ..., sinhy cosh, ..., the ex- 
pressions for these in exponentials being substituted instead. 
In alternants of this kind the product of the sines of the 
halved differences of the variables often makes its appear- 
ance as a factor. 



Exercises. Set XV. 



1. Prove that 



1 
1 
1 



Xi + Xt 

Xz + Xi 

Xi+Xi 



XiXt 

XiXi 



=-i**(aa«2«8); 



and give the corresponding expression for ^^XiXiXiX^), 
Perform the foUowing divisions, giving the quotients in the ordinary algebraic 



notation :- 



2. 



a^ 



tfi 




1 


a 


a« 


3. 


6« 


m 
• 


1 


h 


6» 




<fi 




1 


c 


c" 


• 



a 
b 
c 



a" 



68 



a» 




1 


a 


a^ 


6« 


• 
• 


1 


h 


62 


c« 




1 


c 


c" 



5. |<6V| ^ |a06VI. 
7. |aO:6»;C».d8|-r|a06Vd3I. 



a 

b 6« 

c ^ 

Find the like expansions for 

4. la06Vl -r lo06V|. 
6. |a»6='c«| -T- |a06ic«|. 
where |(»*6*(^| is written for -4(a"*6*c'). 
8. Express |a°6'V*d''|2a as a sum of alternants. 

Prove the following identities, and generalize them in such a way as to leave 
the right-hand mdmbers unaltered in form : — 
9. ,a«6icSd*l-ria<>6VdSl=Sa6. 
10. |a06ic»<P|-f |a06^c^hSa»6 + 22a6c. 
U. |a«6»c«W«| -r \a%^i?^\ » So«6c + 3Sa6crf. 

12. la^'ftVd*! -f \a%^(?^\ = ^a?}^ + ^a%c + 22a6cd. 

13. \i£'b^(?d^\ -r |a«6^c«d»l = ^a% + Sa«6« + "TZa^c + 3Sa6cd. 

U. Prove that 

laOftmcnj _ laOftmcn-ijSa + |a05mcn-2|2a6 - |a«6"»<J»»-3ia6c = 0. 
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15. Prove that 



|a<>6»cWK|(^6VM»h 



Za -Sa* 2a» -So* 

1 2a -2a8 2a» 

2 Za -2a^ 

3 Za 



- 2 Mni(a - h) «tn J(& - c) mi{c - a). 



16. Express {3|a®&*cW| -5\af^l:^(H*\ \ -f |a<'6^AP| as a sum of second powers. 

17. Prorethat 
co8^a-b) coaHb-e) cc»i{c-a) 
co9i{a + b) (»«4(& + c) co»i(c + a) 
«nJ(a+6) «ini(6 + c) wnj(c+a) 

18. Show that {|a«6VW»|+2|aP6i(M»|+|a^6Vd*|}-f |a%»<W| is expressible as a 
third power. 

19. Find the limit of |a«6*(J»(«*|-f |a^&*c»<i'| whena-ft^c-d-l. 

20. Prove that 

{ |a«68c»| + \aPh^\ } |a^W| - |a»6Vi» , 

{ |a«6V| + |a«W| + |d^6Vl } |a<>6V| - |aP6VP ; 
and find a general identity including these. 



21. Prove that 



^0 1 ^«-»-l «-*+l^n-»+2 n 



H-ll 



-Joiajj ... aJJ" |2aias...aj 



22. Prove the identities 

{ |a^6V| + |a«6V| } {a^b't^l = |a«6V| |a06V| , 

{ \aPW\ + Ja«68c«| + |a»6V| } |a<>6ic«| - |a<>6»c*| la«6V| ; 
and find a general identity including them. 

23. Prove that iffjia) = ar + JBrOr-i + . . . + -^ 

1 /i(o) ... /n-i(a) 
1 



fiih) 



/»-i(&) 



1 /i(0 



/«-i(0 



r*(a6...0. 



If the coefi^cient of o^ in /^(a) were ^r, what would the right-hand member 
require to be ? 

24. Prove the identities 

{ |aO&»c^V| + |a«>6VdV| } |a»6ic^g*| = |a«>Wt?»c»| |a06»c«<iV| , 
{ |aO&Vd*c^| + la^WdVI + \aPh^c^^\ } |o<>6ic^e*| «= | aPh^c^e^] |a06Vd«c«| ; 
and give the general identity including them. 
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25. Denoting by Cr^ the ooeffident of o^ in the ezpaniion of (1 + a;)**, find the 
eo-faoior of l^(ab,..l) in 



1 (7.1 .... C^^^.i 
1 Cjj .... Cj^„_i 



1 Cj^i .... C^^»i 

26. Prove that 

('^ ■*■ ^6 "^ ^* w'**"*^*^*' -*»l*"'"**'^*l +n|<**6»-icP*| 

For whftt valaee of m, n, p, g does this vaniah, suppoung m<n <p < g ? 

27. Find the oo-f actor of if (a^ ... Xn)r^(yi -. ^'n) in 



28. Prove that 

29. Prove that 

(<0 O O O V ■• 

;^-+^+;^ + ^^ lo^ft^c^d*! vaniah? 

31. Ptove that 

32. Prove that 

ia"«ticy»| |a*&»«M«| lai'tic^l |afl6»(W| 

|a96"HW| |a06»<W| |o06J'(W| |a?6ffcV| 

ja^6V«<«»| |a»6W?| |a»6icJ'(P| |a«6»c9(P| 

|a«6»cW*| IflOftic^l la^d^c^l |a<>6icV| 

33. Bind the co-faotor of ^(xi_ .... ajii)f*(yi .... yn) in 

(«i-yi)"^ (aji-y«)"^ .... (iBi-yn)"^ 



a«6»(W| la«6"cPd«|. 



(«»-yi)"* {Xn-y^'^ .,„ (Xn-yn) 



-1 
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34. Find the co-factor of the product of the sines of the halved differences uf 
Xi, Xff ...f Xttf in 

1 sinxi cosxi nn2xi cos2xi 

1 ainx^ co8Xi 8in2xi cos2xi 



1 ^^^Csfi-t-i cosx^^i gin2x^^i co82x^^.i 

35. Prove that 



(a52-yi)"^ (a58-ya)"^.. (a^-y")'' 



(icn-yi)"^ (aJn-yj)"'... (aJn-yn)" 






{Xn-yiY^ ... (Xn-yn)'^ 



(ai-yi)"^... (xi-yn)-^ 



(a^-yj*^ ... (jKn-yn)'^ 



the second factor denoting an expression whose terms are formed from the ele- 
ments exactly as if it were a determinant but are all positive. 

36. Find the co-factor of ^{xi ... Xn) fyyi ... Xn+i) in 

(«i-yi)"^ (ai-ys)"^ .... (ai-yn+i)-^ 
(a5j-yi)"* (a^-ys)"^ .... (aJg-yn+i)"^ 



(ajn-yi)"^ {xn-yi)'^ .... (ajn-yn+i)"^ 
1 1 .... 1 



37. Find the co-factor of ^^(xi ... Xn) i^(yi ... yn+i) in a determinant like that 
of Ex. 36, but having the indices - 2 instead of -1. Show that from the result 
and that of Ex. 36 by putting yn+i ° », the identity of Ex. 35 is obtained. 



SYMMETRIC DETERMINANTS. 

§ 134. In any determinant tsvo elements which occupy 
corresponding positions on opposite sides of the principal 
diagonal, and which are therefore such that the row and 
column numbers of the one are respectively the column and 
row numbers of the other, are called conjugate elements. 
In a perfectly similar way we speak of conjugate minors; 
and, going farther, a row and column bearing the same 
number we call conjugate lines of the determinant. 

A minor whose principal diagonal is coincident with 
that of the main determinant is called a coaxial minor,' 
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§ 135. A determinant is said to be symmetric with 
respect to a line or point in it when every two elements 
symmetrically situated with respect to the line or point 
are equal. Of the liTiea with respect to which a determinant 
may be symmetric two are worth taking into account, viz. 
the diagonals: the only point is the centre, that is, the 
intersection of the diagonals. We have thus two kinds of 
symmetric determinants to consider, — axi-symmetric and 
centro-symmetric. 

§ 136. In a centro-symmetric determinaut the r^ row 
reversed forms in every case the r*^ row from the end, that 
is to say, the determinant is the same when read backwards 
as when read forwards. 

r 

§ 137. Every centro-symmetric determinant is express- 
ible as the prodAict of two determinants, of the orders |n, 
Jn if n be even, and of the orders J(n + 1), J(n - 1) if n be 
odd. 

Consider, first, the determinant 

a^ Cttnxi • • • (^f^2m-l ^^^2m 



a. 



a„ 



m 



'm 



^m+1 
^m+1 



^2m-l ^1 



2m 



. ■ • . 






^m+1 • 


• • '2m-l 


^2m 


^m 

• • • « 




'm+1 


L ■ 


^2 





^2m ^2m-l • • • ^»»ai ^ 



a^A.-t a. 



... 6. 



m 



a„ 



a. 



of the 2m^ order. Increasing each element of the first row 
by the corresponding element of the last row, each element 
of the 2°^ row by the corresponding element of the 2°^ row 
from the end, and so on, we have the determinant 
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I 



'2m 



^2m-l 



I 



m+l 



I 



m 



I 



L 



'3m 



^^^ 



^ftm-1 •••• ^m+1 



^^. 



a 



m-i-l 



6m 
dm 



'a 



a, 



a 



a. 



which, if each element of the last column be diminished by 
the corresponding element of the first column, each element 
of the second column from the end by the corresponding 
element of the second column from the beginning, and so 
on, yields a determinant seen to be resolvable (§ 79) into 





tta + ^^-i 
6a + 6a«-i 


.... CLf^ + dm+i 

... . 0^ + Om+l 


Ij+l^m 


^a "*" ^-1 


.... ^m + ^mtl 



and 






Similarly it may be shown that the determinant of the 
{2m + 1)*^ order got from the above by annexing after the 
7n^ column the column a^b^ ... l^l^ ... b^a^ and after the m*^ 
row the row k^k^ ... kjcjc^ ... W is equal to 

7 7 7 7 -L -L ct-L ^i^^am G^a^f^am-i ••• <^«~^«»+i 

Oi + Oa^ Oa + ^2m-i .-.. Om + 0„+i 20(, , 



^l + ^2m ^a'*"^2m-l •••• ^m + ^1 



A;. 



k. 



""m 



m+1 26q 



^1 "" ^am ^a "■ ^2«-i • • • ^« ~ ^«»+^ 



§ 138. A centrO'Symmetric determvaant of the 2m'* order 
is expressible as the difference of the squares of two sums 
ofrainors of the m** order foymied frovn, the first m rows. 
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The product of the two factors, D and 2>' say, in the first 
case of §137 is equal to |j(2> + 2>')}2- {j(2>-2)')}2, and when 
D and d' are expanded (§ 29) in terms of determinants with 
monomial elements, the determinants in the one expansion 
are in magnitude the same as those in the other : hence the 
theorem. 

§ 139. A determinant in which every two conjugate ele- 
ments are equal is an ' axi-symmetric ' determinant. 

'Symmetric,' however, is in common use for 'axi-symmetric/ symmetry with 
respect to the principal diagonal being the form which most conmionly ooonrs. 

§ 140. In the case of an aaoi-aymmetric determinant 
{1) conjugate Unes are alike, {2) coaodal minors are them- 
selves aadr'symmetric, {3) conjugate minors are equaZ, {4) 
the adjugate determvaant is aa^symmetric, 

§ 141. Of the general theorems whose forms are modified 
by the existence in the detertninant of symmetry with re- 
spect to the principal diagonal the only one worth noting 
here is that of § 62. If the selected lines there referred to 
be conjugate (v, example p. 84) then for axi-symmetric 
determinants they are alike, and the development takes 
the form already partly exemplified on p. 143. In symbols, 
tbe change is from 

to 

§ 142. The product of a/a aod-symmetric determinant by 
^he second power of any determinant of the same order is 
^jpressible as an axi-symmetric determinant 
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'riu 



Let the first determinant be |ai„| with aft = a^, the second 
\^nl the product of the two |Ci,|, and |C„||)8i„| = |Di,|. 
Then 

D« = C^Pri + C^p^ + ... + C^p, 
+ 

as is at once seen on changing in order the columns of terms 
into rows and bearing in mind that a^^a^. Hence |DiJ 
is axi-symmetric. 



§67. 



§67. 



§ 143. Any power of an axi-ayrn/metric determma/nt is 
eospressible as an ood-syTmnetric determinant 

This follows at once from §§ 138, 69. 

§ 144. A determinant such that each line perpendicular 
to the principal diagonal has all its elements alike is called 
a PERSYMMETRic determinant In the persjnnmetric de- 
terminant of the n^ order 



«! 


a, 


a» 


.... (Xn 


«» 


a. 


a. 


.... a„+i 


a, 

• • • • 


"i 




•... an+2 



^n ^n+l ^n+2 .... ^' 



"SJn-l 



there are evidently at most 2r^-l distinct elements, viz. 
those of the principal diagonal and one adjacent minor di- 
agonal. It may thus be shortly denoted by 

^(a/'^a,""* .... a^J^rP(a,a,...a^.,). 
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§ 145. The peraymmetric deUrminant of a^, a^, ..., aj^.j, 
is equal to the persymmetric determinant of a^, ma^ + a,, 
m\ + 2ma2 + a,, m'aj + Sm'ag + Smaj + a^, etc. 

This follows from multiplying the determinant row-wise 

by 

10 .... 

1 .... 

2m 1 .... 

3m' 3m 1 .... 



m 



m' 



m 



and repeating the operation upon the product. 

Indicating row-multiplication as practised in the multiplication of determin- 
ftnts by 5, — for example, writing (a, 6, cj|a, /3, 7) for aa + 6/3 + cy, — ^the elements 
of the new persymmetric determinant here found are very conveniently denoted 
byoi, (oi, aj|m, 1), (oi, Oa, OslN, 1)S K, a%* Os, a^Jwi, 1)», etc. 

When m»-l, these elements are the first terms of the successive difference- 
series of C4, Oa, ..., a^n-i' ^ ^^^ ^ ^ special case we have the theorem — The 
versymmetric determinant of a^ ... a^^.i, u not altered by gabttituUng for Ua 
eUmenta the 0«, 1«, 2~«, ... , (2n-2)«* differences of the first of them. 

§ 146. A determinant such that any row is got from the 
preceding row by passing the last element over the others 
to the first place is called a circulant. The circulant 



»1 


«, 


as 


... Gt-,, 


a« 


»i 


«, 


... Ctn-l 




a. 


«x 


... tt„.2 


a, 


«, 


»i 


..• a^ 



whose first row is a^, a^, ttj, ..., an, may be denoted by 
^(ajaj ...ttn). . 

The determinant got by changing the signs of every 
element on one side of the principal diagonal of a circulant 
is called a skew circulant. For it the functional symbol 
C may be used. 
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§ 147. A circulant is evidently (§ 38) a persymmetric 
determinant, viz. 

Also evidently (§ 35) 

G{a^a^ ... cfcn) = (- 1) ■ CCa^ag ... a^aj, 
and (§ 24) 

C(ajaa ... ttn) = 0{a^a^an.^ ... aj . 

§ 148. A circulant contai/ns as a fojCtor the sum of the 
dements of (me of its rows, the co-factor being expressible 
as a persyrmnetric determvnant of the next lower order , viz. 

C(a^.,.an) = (-l)*"^*"''(ai + aa +... + «„) 

X P(a^-a^, ctj-ag, ..., a^-a^, a^-a^, ..., an-t-a^.^. 

Adding to each element of the last column of the per- 
symmetric determinant in § 147 the corresponding element 
of all the other columns, and then removing the factor 
flj + ttg + ... + a» we have 



a, 
a„ 



a„ 



a„ 



a. 



a. 



a, ... (tn-l 


1 


a^ ... a„ 


1 


a, ... a I 


1 



a. 



a. 



a„ 



Ctn-\ 



which passes into the required persymmetric determinant if 
each element of the first n-1 rows be diminished by the 
element immediately below it. 

§ 149. The circulant of a^, a^, ..., a^ is equal to the pro- 
duct of all expressions of the form a^ + Wraj + ... + co^'^ab, 
where wi is one of the n*^ roots ofl. 

Increasing each element of the 1^* column of the circulant 
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by Wr multiplied by the corresponding element of the 2^*^ 
column, col multiplied by the corresponding element of the 
3^^ column, wj multiplied by the corresponding element of 
the 4*^ column, etc., we have an equivalent determinant in 
which the first column is 

«! + tOrd^ + ft)Ja, + ... + Wr'^dn 
Cb^ + (jard^ + wjctj + ... + ft)?"^Ctn-l 



ctj + ovctg + wja^ + ... + oa^'^a^. 

But the second expression here equals the first multiplied 
by oor, the third equals the first multiplied by wj, and so on; 
hence the first expression is a factor of the determinant. 
And as the product of the n factors of which it is the type 
contains the term +aj which is evidently a term of the 
determinant, no additional factor is required ; that is to say 



T^n 



C{a^a^ • • . Gt«) = IE(<^i + WrOtj + a>la^ + . . . + aC'^af^ . 



r=l 



A BOggestive proof of this identity is obtained by viewing the two members of 
it as different forms of the resultant of the equations cti + a^x + a^oi^ + . . . + On^ ~ ^ » 
and 1 - sc» = 0. 

§ 150. The prod/iict of two circvZants of the same order 
is expressible as a circulant 

This is a direct result of § 67. Example :— 

C(aibc) C{a^) = C(ao + 6/3 + C7, ca + o^ + 67, 6o + c/S + arf), 
■» C{aa + c/3 + 67, 6tt + a/3 + cry, ca + 6/3 + ay), 

§ 151. A circvldnt of the 2n** order is expressible as the 
product of two determinants of the n** order, a cvrcukmt 
and a skew drovZant, viz. 
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Reversing the order of the last n rows and then reversing 
the order of the last n columns, the given circulant becomes 
centro-symmetric ; and thus (§ 137) the theorem follows. 

§ 152. A circulant of the 2n'* order is expressible cts a 
oircvZant of (he n** order, viz, C(aj...a2n) = C(Xj...Xn) 
where x, = (a^, — a^, a,, ..., — aanjjajp.i, ^-2i •••» ^+i> *&)• 

From C{a^.,.a^) a determinant equal to (-l)*^"*^'(7(aj...a2„) 
is got by placing first the odd-numbered rows in order and 
then the even-numbered rows in order and altering all the 
signs of the even-numbered columns: another equal to 
(-l)*^*'"^^"C(ai ••• ^) ^ S^^ irom this by deleting the nega- 
tive signs, reversing the order of the rows and then revers- 
ing the order of the elements in each row. Multiplying 
these determinants together and expressing the result as the 
product of two of its minors (§ 79), we have 

{-irC\a, ... o^) = {-\YC\x, ... jr„), 

and thence the theorem required. 

This and the other theorems following § 149 may be proved by using the fun- 
damental property there established. 

§ 153. To almost every one of the theorems regarding 

circulants there is a corresponding theorem regarding skew 

circulants. Thus, following the order of §§ 147-149, we 

have 

C\a^ ... a^) 

= (-l)"a'(a3, ...,a„,-aj); 
= (7(ai,-a„,-a„_i, ,..,-a^\ 

X (ttj - ttj + (Xg - . . . + a„) , n being odd ; 



r=.n 



== J[(ai + a)raj + ft)Ja3+ ... +a);"'««), a)r being an 7i*^ root of -1; 



rol 
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and " skew circulant " may be substituted for " eirculant " 
in § 150. 

§ 154. A dcew circulant of odd order is expressible as a 
circvZanty viz, (J{a^ ... a^+^) = G{a^, -a^, a,, -a^, ..., asn+i)- 

This is at once obtained by changing the signs of aU the elements in the even- 
numbered rows and then in the even-numbered columns. 



Exercises. Set XVI. 



1. If a determinant be symmetric with respect to both diagonals, to which of 
the above-mentioned special classes does it belong ? 

2. Show that any even power of any determinant is expressible as an axi-sym- 
metric determinant. 



3. Establish the identity 



ibc 



2ac 



2ab 
he 



2ac 
be 



= (6« + c^-a«) 



62 + ca 
ab 
ac 



be 



ac 
be 



4. Show that the product of any two determinants of the n^ order is express- 
ible as a centro-symmetric determinant of the 2n^ order. 



5. Find the linear factors of 

a b 



b 
c 
d 
e 
f 

g 

h 



a 
d 
c 

f 
e 
h 

9 



e 
d 
a 

b 

9 
h 

e 
f 



d 
c 
b 
a 
h 
9 

f 
e 



e 

f 
9 
h 
a 
b 

€ 

d 



f 
e 
h 

9 
b 

a 

d 

c 



9 
k 

e 

f 
e 
d 
a 
b 



k 

9 

f 

e 

d 

c 

b 

a 



6. Prove that if the sum of the elements of each row of an axi-symmetric 
determinant vanishes, the primary minors are equal in magnitude : and state 
the law regarding the difference in sign. 



7. Prove that 

aa'-bb'-ccf a'b + db' 
a'b + ab' W-ccf-aa' 
a'c+€uf b'c + be' 



a'c+acf 

b'c+b<f 

cd-aa'-W 



= (a3 + 6«+cS)(a'« + 6'« + 0(aa' + 66' + oc')- 
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8. Prove that if an axi-symmetric determinant vaniahes the co-factor of any 
element is a mean proportional between the co-factors of the principal diagoDAl 
elements belonging to the row and column of the said element. What is the 
alternative hypothesis for the same result? 

9. Express as a continuant 

a+h a a a 

h a+b a a 

h h a+b a 

b b b a+b 

10. An azi-symmetric determinant having been multiplied by itself, prove that 
if the principal diagonal elements of the first factor be diminished by x, those of 
the second increased by as, and those of the product diminished by x*, an identity 
will still subsist. 

11. Prove that the altered product in the preceding exercise when expanded 
according to descending powers of x has its terms alternately positive and 
negative. 

12. Prove that the determinant whose principal diagonal is Ci, Ct, Ct, ...» Cn, 
elements on the one side of this diagonal each equal to a, and on the other each 
equal to 6, isequalto {af{b)-bf{a)] -r- (a-b) where /(«)- (ci-x)(Cj-x)...(cw-«)- 

18. Prove that, if the complementary minor of the first element of an axi-sym- 
metric determinant be zero, the determinant is expressible as a second power. 

14. Indicate in syi^bols the condition for |ainl being persymmetric, and show 
that it includes the condition ort « Ow . 

15. Express in non-determinant notation 



X 


a 


a 


b 


b 


y 


d 


X 


a 


b 


y 


c 


d 


d 


X 


y 


e 


c 


e 


e 


y 


X 


d 


d 


c 


y 


b 


a 


X 


d 


V 


b 


b 


a 


a 


X 



16. If aj; + a^ + a5-2^ + ...-^ + ...-l andiCiyi+{Cjy,+a?,y,-a5i«i+...-yi2i+... 
0, prove that 

Pi Qii Qi» a f e 

Qu Pi Qn - f & <^ 

[Qu Q» Pb e d c 

where P^ = aa;J + 6yJ + c^ + 2dyX + 2ca;,^r + ^«ryr> 

and Qr$ = axroc + byry, + czrZ^ + d{yrZt + Zry») + e(xrs« + 2f«i) +f(x,y + y,«.). 
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17. Show that if ^^ * oj + aj+ ... + ajj and m<9i, P{8o, «i, ..., »2„_2) is express- 
ible as a sum of squares of alternants. 

Establish the identities 

18. C(Sa-ai, Sa-Os, ..., 2a-ai») « (-l)*-i(n-l)(7(ai, ..., an). 

19. C(iS-ai, iZa-cu^f ..., JSa - On) = (-1 )"^^ (in - 1) C(ai, ..., On). 

"(-l)""^iM)'*-^{2a + (»-l)<i}. 

= (_l)n-lan(,.n_l)n-l. 



20. (7(a, a + cJ, ..., a + /i-lc?) 

21. C(a, ar, ..., ar»»-i) 



22. Prove that the differential coefficient of an axi-symmetric determinant 
with respect to one of the elements whose row and column numbers are r and s 
is equal to (-l)»'+« multiplied by twice the complementary minor of that 
element. 

23. Prove that P(ai-aa, 05-03, ..., a«-ai, 01-02, ...» <Xn-s-fl»-2) 

= P(08- 04, O4 — O5, ..., (tn -Oi, Oi-Oj, ..., On-l -CLn). 

24. Find the differential coefficient of C(ai ... Om) with respect to Oi. 

25. Find a general identity including that in Ex. 7, and thence obtain a 
determinant equivalent to (c^ + o.^ + .. . + o^)". 

26. Show that 

1 Ox Ox02 .... (Oj ... On-l) 
1 O3 O2O3 .... (O3 ... Om) 



1 dm Ofidn+l .... {dn.., OSn— 2) 




is expressible as the quotient of a persymmetric determinant by 



_n_n-l-n-2 - 
aQOj O2 ••• "'n-V 

27. Express in non-determinant notation the circulant whose first row consists 
of p negative units followed hy n-p positive units, p being less than Jti. 

28. Prove thatif m^)a„=a„'0, then @'=4^|£. 

29. Find the value of P(o, ar^ a/t^, ..., ar^''-^) . 

30. Show that the product of a circulant and a skew circulant can be expressed 
^ a circulant. 

31. If Un be the number of distinct terms in an axi-symmetric determinant of 
order n, prove that 

cr„-ncrn-i-4(n-i)(/i-2)cr„-8, 

^nd thence calculate U2, Us, ..., Uq. 

32. Prove that the persymmetric determinant of cos a, co8(a + d)y ...., 
co« (a + 2n-ld) vanishes for aU values of n greater than 2. 

N 
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^. Show that a circulant of the {in + 2)^ order is expressible in two ways as 
a ciroulant of the (2n + 1)*^ order. 

34. Prove that 



-!aiA7.r 



a 
b 
c 



b 
d 

e 



c 
e 

f 



a h 


c 


<h 


a 


b 


c 


Ol 


a 


6 


C tti 


b d 


e 


Oj 


b 


d 
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«« 


b 


d 


C 02 


c t 


f 


(h 


c 


e 
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«« 


c 


e 


/ «» 


Ol «« 


<h 





ft 


ft 


ft 





7i 


7a 


7s 


a b 


c 


ft 


a 


b 


c 


ft 


a 


6 


c ft 


b d 


e 


ft 


b 


d 


e 


ft 


b 


d 


e ft 


c e 


f 


ft 


c 


e 


f 


ft 


c 


e 


/ ft 


Ol «« 


th 





ft 


ft 


ft 





7i 


7a 


7, 


a b 


e 


7i 


a 


b 


c 


7i 


a 


.6 


c 7i 


b d 


'e 


7a 


b 


d 


e 


7a 


b 


(2 


6 7a 


c e 


f 


78 


c 


e 


f 


7» 


c 


e 


/ 7s 


Oi o. 


fh 





ft 


ft 


ft 





7i 


72 


78 



35. Denoting jc™ + cia!«-i + ... +Cm by a*, prove that P(ai... aan-i) is equal 
to (-l)**'^*~^U(n-l)!l»» when m = »-l, and vanishes when m<n-l. 

36. Express in non-determinant notation the circulant whose first row consists 
of p positive units followed by n -p zeros. 

37. If- 71 !Fn be the number of distinct terms in an axi-symmetric determinant 
of the n*^ order with zero elements in the principal diagonal, prove that 

nF«-(»-l)Fn-l-F«-2 + iFn-8-0. 

38. Prove that 

C(a. 6r, ct^, dr», er*) - {-l)»»<"-^Jp(6r», cr*, dr», er», a, 6, c, d, 6), 

and writing h for r'' show that P(6A, c^, (2A, eft, a, 6, c, c2, e) is resolvable into 
linear factors,— a result including § 149 and § 163 (5). 

39. Prove that all the m^^ry minors of an axi-symmetric determinant of the 
«"» order will vanish if J(n - m + 1) (» - wi + 2) of them vanish." 

40. Prove that the co-factor of Oif^Oj... +03^-1 i^ 0{ai, Oa, ..., a2n-i) J*®^' 
pressible as a determinant of the n^ order. 

41. Prove that, if co denote one of the imaginary fifth roots of unity, the 
double circulant 



ai + bi 


02 + &2 


03 + 63 


O4+64 


O5 + 65 


as + 63 


oi + fts 


O8 + 64 


03 + 65 


O4 + 61 


0^4 + 63 


05 + 64 


Oi + 6fi 


02 + 61 


O3 + 62 


a, + 64 


04 + 65 


05 + 61 


O1 + 62 


02 + 63 


02 + 6fi 


Os + 61 


04 + 62 


05 + 63 


O1 + 64 
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has for a factor the qnadratio expression 

(oj + loOs + itt^oj + «'a4 + (a*as) (oj + w^Oj + w'oj + w"'a4 + (a'^a^) 
- (6i + wbf + (1^6, + «*64 + «*&a) (ftj + «- 1 6, + w-s 6, + «-*64 + w^ftj . 

5Jr^Tr DETERMINANTS. 

§ 155. A determinant in which every element on one side 
of the principal diagonal is equal in magnitude to its con- 
jugate element but opposite in sign is said to be skew with 
respect to that diagonal. Diagonal elements being sd/'cou- 
jugate^ determinants such as 

a b c 

-a d e 

-b -d f 

-c -e ~f o|, 

which are skew with respect to a zero diagonal, may be 
looked upon as having the elements of the principal diagonal 
conditioned in the same way as the other elements. 

The word tkew as here used is meant to be contrasted with symmetric, every 
kind of symmetric determinant- being matched by its corresponding skew deter- 
ininant. But just as the term * symmetric ' is often used in the narrower sense 
of * azi-symmetric,' so ' skew * is almost universally taken to mean ' skew with 
respect to the principal diagonal.' The slightly different sense in which ' skew ' 
has been employed already in connection with circulants should also be noted. 

§ 156. In the case of a zero-aodaZ skew determinant^ (1) 
conjugate lines differ in the signs of their elements and 
thus only, {2) coaxial minors are themselves zero-axial skew, 
{^) conjugate minors are equal or differ only in sign, 
(^''Ccording as they are of even or odd order, (J) the adjugate 
^erminant is skew if of even order and axi-symmetric if 
of odd order. 

Here, (1) follows from, or is, the definition ; (2) follows from the definition ; 
(3) 18 deduced from (1) ; and (4) from (3). The first part of (4) is made more 
^efiiiite below .(§168). 
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§ 157. A zero-axial skew dderminant of odd order 
vanishes. 

If the signs of all the elements be changed, the deter- 
minant (§ 26) is changed in sign, and yet (§ 24) is uDaltered: 
therefore it is zero. 

Consequently its adjugate, above referred to as being axi-symmetric, is (§ 95) 
also zero. 

§ 158. The o/djugate of a zero-axial skew deterTainant of 
even order is zero-axial. 

This follows at once from §152 (2) and § 157. 

§ 159. A zero-axial skew determinant of even order is the 
second powex of a rational function of the elements. 
Let the determinant be 





-a 
-a 
-a 



a 



12 



a 



18 



a 



14 



12 



13 



14 





-a. 



23 







23 



a, 



24 



• • • • 



^,2n-l 



''2.2n— 1 



^,2« 
^2.2n 



24 



-a, 



84 



a 




34 



a 



S.2n-1 



a 



X2n 



a 



4.2n-l 



a, 



4.2n 



^l,2n-l~^2,2n- ~^8,2n-l ~'^4,2n-l •••• ^ 
■^,2n ~^2,2tt "~^8,2n ~^4,2n •••• ~^2n— l,2n 



^2«- 



2n-l,2n 







ovD, say. 



Then (§ 91 or § 96 IL) 



But (§ 157) 
and (§ 156, 8) 



(l,n 

a 

(n 



= ^!:. 



D = 









Hence, if the theorem holds, for DJJ", which is a zero-axial 
skew determinant of even order n-2,it will hold for the 
next higher case, viz. of D. But it is evident that it holds 
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for a determinant of the second order: therefore it holds 
generally. 



Example :— 





-a 
-b 



a 



-d 



h 

d 



-/ 



e 

f 






a 


b 


c 


3 





d 





-d 


d 



e 
f 


• 
• 


-d 






cP, 



= {adf-bed + cd^f 

a 

- {qf-be + cd) . 

§ 160. A determinant having the complementary minor of 
one of its* comer elements a zero-axial skew determinant, 
like Z) J or the second determinant in the foregoing example, 
is called a bordered zero-axial skew determinant. The 
word is similarly applied in connection with other special 
determinant forms. 



§ 161. Looking at the coaxial minors 







-a 



13 



a 




IS 







-a. 



31 



a, 




34 







^an-l,2n 





of D above, we see that their product 



12 34 



.. a 



2n-l,2n 



is a term of the determinant, and that therefore one square 
root of D contains the term + a^^a^ . . . a2n-i.2« ^^^ the other 
~^i2^34 ••• ^2n-i,2n. That squarc root of a zero-axial skew 
determinant of order 2n which contains as a positive term 
the product of the elements in the places (1, 2), (3, 4), ..., 
{2n - 1, 2n) is called the Pfaffian (function) of the whole 
of the elements lying on the same side of the zero diagonal 
as the elements mentioned. Thus af - be + cd is the 

PfaflSan of 

a b c 

d e 
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Assimilating the notation for PfafiianB to that of deter- 
minanta which in their properties they closely resemble, we 
may denote the Pfiifiian just ^ven by 







a !i c 






d e 




and more shortly 


f 




b. 


J. 


by/Ki'/^or l|a,6,c.|; 


and more shortly still 

l|a„iI„.-o»-u.l by#(<\») or l|a,.„[-. 


Thus the fundamental identity of § 159 may be written 




|ai.j. 


1"""" 11 


»["■ 



The earliest notation and that still in common use is 
umbral ; for example, 

[1,2,3,4] for i|a„|. 
A Ffaffian which is of the n^ degree in its elements is 
said to be of the ti* order: thus, l[a„[ is of the 2"* order. 

§ 162. The first row of a Pfaffian of the ti"" order contains 

271-1 elements: the line through the l"* column and S™" 

row coatsins the same number: eo also do the lines thmugh 

tho 2"'' column and 3"* row, through the 3"^ column and 4"' 

row, and so on to the last column. These 2n lines each 

ooutaininii 2n~-l elements maybe called the frame-lims 

of the Pl'affian and numbered 1", 2°'*, 3'^, etc. in order. 

—s'l'idently eveiy element of the Pfaffian belongs to two 

e-lines, and is fully specified as to position when the 

jers of these are given. In the Pfaffian '[a,jajj .... aj,-ij.l 
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or '|ai,j„|, written more fully, in § 163, the suffixes of each 
element indicate the numbers of the frame-lines to which it 
belongs, the smaller number being always written first. 

The terms minor and adjugatesind the subsidiary terms 
connected with them are used in regard to Pfaffians just as 
in regard to determinants. Thus, if the frame-lines of any 
element be deleted, the Pfaffian whose elements are in order 
the elements left is called a, first or primary minor of the 
original Pfaffian and the complem^entary (minor) of the said 
element. The notation, also, which corresponds to this 
nomenclature may be made quite analogous for the two 
functions : for example, the complementary of the element 
in the place (r, s) of the Pfaffian jf may be denoted by jf^l*", 
and the adjugate o{ff(a^^^) or \\a,^^\ hy ff(A^^^) or •|ili.2„|. 



§ 163. A bordered zero-axial skew determinant is ex- 
pressible as the product of two Pfaffians. 

Returning t6 § 159 we find it shown that 
so that on extracting the square root we have (§ 161) 



a 



12 



a 



13 



a 



14 





■a, 



23 







2S 



a 



24 



21 



-a, 



84 



a 




» 



. . . 6^ a„ 

• • • ^,2n 
. . . a^<2n 



2,!ln-i— (lj2n-l~^4,2n-l ••• ^2n-l,2« 



^12 ^13 • • • ^,2n 



^23 • • • ^2,2n 
• • • ^8,2n 



^2n- 



^2n-l,8n 



^23 ^24* 
^34- 



^2,2n-l 
^.2n-l 



^n-2,2n-l 



That the signs of the roots of D and 2)J[|| have been taken 
correctly is evident on noting that +a^^a^a^ ... a^.i[^ is a 
term on the one side, trndi+a^a^a^. . -a^.i,^{-\-a^a^, • •<^2»-2.2n^i) 
a term on the other. 
In the preceding the determinant is of odd order; but if 
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a 




12 



-a. 



23 



-a. 



24 



we put Oa^.ijjn = 1 ai^d all the. other elements of its column 
equal to 0, the theorem is seen to hold also for even-ordered 
determinants, the result being 



a 



13 



a 



14 



•• ^,2n-l 







33 



a, 



24 



• • • Cbi 



2,2n-l 



-a, 



84 



a, 




34 



■ • • \M 



S,2n-1 



...a, 



4.2n-l 



^12 ^13 ••• ^,2n-2 



^23 *•• ^2,2n-2 



dttn- 



'2n-S,an-2 



^23 ^24 • ' ' ^2h-1 
^34 • • • ^3.2n-l 



a^H.- 



2n-J>- 



~^2,2»i-2 ^8,3n-3 ^4,2n-2"* *^-2.2»i-l 



If the last column in the second identity here given be passed over the others 
to become the first column, the form wiU be still more elegant ; for the line of 
zeros in both identities will then divide the determinant into the two Pfaffians 
on the right. 



§ 164. The complementary minor of any element (aj 
outside the principal diagonal of a zero-axial skew deter- 
minant is readily seen to be expressible as a bordered zero- 
axial skew determinant. Hence every such minor is equal 
to the product of two PfaflBlans. 

Instead however of viewing this as a deduction from the 
foregoing theorem it would be more appropriate perhaps to 
view the said theorem as a particular case of this. For the 
substitution of h and k for n and 1 at the commencement in 
no way increases the difficulty of the proof. The two 
general results are 



(l)If2) = 



a 



l,2n 



a^-Q 



a„= 



««. 



and/=IK.,.,thenDj;^=/x^^^. (h>k) 



(2) If 2)= |«i.--i|"^:.^^^nd/= IK.^.,|, then Dl =/^x/^*. 

« 

If the m^^ row and m^ column of the first D be deleted there results a deter- 
minant like the second D ; hence in regard to the first I) we have 
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§ 165. Any determinant of the 2ii'* order is expressible 
as a Pfajffian of the n** order, viz\ |ai.2n| = ^|Pi.2n|> v^here 

Writing |ai.2„| in the form 



a 



12 



-a 



U 



a 



11 



-a 



18 



a, 



22 



-a, 



21 



a. 



24 



-a. 



23 



^,2n ~^^-l 



^a«,2 ~<^2n.l ^ 



2n,4 



■^2n,S •••• ^2n^ ^^,2n-l 



and multiplying the two forms together row- wise we have 

\n I* - IP I 

|"l,2n| ~ |-^ l,2n|« 

But it is evident that P„ = ~P^ and that P„ = ; hence, 
on extracting the square root, the theorem follows. 

Treating the rows of \o^^ in the same way as the columns have been treated, 
and multiplying the result colxunn-wise by la^ 2„|) we obtain a different but equi- 
valent Pfaffian. 

§ 166. Any determinant is expressible as a Pfaffian of 
the same- order. 

Turning to the identity established in the first part of 
§ 137, and putting the element in the place (rs) of the one 
factor equal to a«, and the element in the place (sr) of the 
other factor equal to -a,„ we have the two factors equal in 
magnitude, and the identity becomes 

Kaii-«ii) Kai2-«2i) •••• Kai2 + «2i) l^Shi^^ 

Ka2I-«12) i(«22-«22) •••• iCa22 + «22) K«21 + "J 



(-iria,„,r= 



KOai + aJ i(a22 + «J •••• K«22-«22) Ka2i"«i2) 

J(«u + «ii) Kai2 + «2i) •••• Kai2-«2i) Kaii-«ii) 

But this centro-symmetric determinant is zero-axial and 
becomes skew with respect to its zero-diagonal if the signs 
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of all the elements in the last m rows be altered : hence, on 
extracting the square root, the theorem is establishei 

It should be noted that the Pfaffian obtained is axi-symmetric. 

§ 167. A Pfaffiun of the n** order may he expressed as the 
aggregate o/2n-l products, obtained by mvZtiplying each 
dement of the first row by its complementary and taking 
the signs of the products olterTiately positive and negative ; 
in symbols, 

ff (a,^) = a^ffp" - a^ff^^ + a,,ff; - . . . + a,„ff ».. 

The second power of the left-hand member is D, the first 
determinant written in § 163. Raising the right-hand 
member to the second power, and remembering (§§ 159, 
164) that 

we have 

^<i^,i - ^<^<^^<^^ + - 2a.,axni)s: 

+ 

In (l,n ' 

which (§ 62; cf § 141) is also equal to D, Hence the two 
expressions a^^ - a^^^ + . . . and ff{a^^^ differ at most 
only in sign. But the first will give the term aj^a^^... ci2n-i,2n 
positive, and in the second this term is positive by defin- 
ition : hence the identity is established. 

The theorem may also be written in the forms 

§ 168. In the preceding we have a first instance of a 
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property of PfaflSans perfectly analogous to a property of 
determinants. The analogy thus exemplified extends with 
varying degrees of closeness almost throughout the range ot 
both subjects. Thus, in the theorems corresponding to 
§§ 23, 34 there is a slight difference of statement, viz. we 
have 

(J) Of the fvll number of terma of a Pfajffian there is 
OTie more positive than negative, 

and 

(^) If two adjacent frame-liTies of a Pfaffoan be tragus- 
posed and their common element he changed in 
sign, the new Pfafian differs only in sign from 
the original; 

in the theorems corresponding to those of §§ 35, 36 the 
divergence increases ; but on the other hand the important 
theorems of §§ 95, 96, 98 may be transferred into the theory 
of Pfaffians without the slightest alteration. 

The student will find it most instructive and interesting 
to return to § 16, and, framing a definition of a PfaflSan 
similar to that there given of a determinant, to take §§ 17, 
18, ... in succession and try to discover the PfaflSan ana- 
logue of every statement that is made. 

§ 169. A skew determinant which is not zero-axial may 
be expressed (§ 63) in terms of the diagonal elements and 
skew determinants which are zero-axial. Thus 





«1 


«B 


«« 


«!« 


= «U «1. 


«14 


' + «ia!,tt^' + x^xy^ 




-«:. 


«, 


«a 


«M 


«ffl 


«M 


+ «i«4«^ + «,«,o!« 




-«« 


-«« 


«3 


«« 




a„ 


+ «»«4< + <^.\(^l 




-^14 


-«M 


-a« 


«4 






+ x^x^x^x^. 



those terms vanishing (§ 157) which have an odd number 
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of diagonal elements ; and 



X, 



-a 



13 



a 

X, 



» 



a 



18 



a 



28 



-«i> -a 



28 



X 



S 



-«,. -a«. -a, 



14 



24 



a 
a 

X. 



J4 



'24 



84 



a 



16 



a 



35 



a 



'35 



a 



46 



-ttiK -«oK -(XoK -a 



26 



85 



''46 



X. 



= ^l1<*28»84«46r + «^2'l«18«84«45r + - 
"r •^1*^2 8^46 1 2*^4 38 ' • • • • 



+ X^X^X^X^X^^ 



those terms now vanishing (§ 157) which have an even 
number of diagonal elements. 

When x^=x^= .,,=x these become expansions according 
to ascending even or odd powers of x with all the coefficients 
sums of squares of Pfaffians. 

Example :— From any three quantitieB I, m, w, form nine others the elements 
of \aiP^y^\, 80 that making 

X - OiX + Oj F + ajZ, 
»=AX + i82F+i8aZ, 
2=7iX+7aF+78^, 

we may have «* + y* + 2? = X^+Y^ + 2\ 
Whatever ^, 17, f may be, if we put 

y= -Z^+ ly+ni-l (I.) 

2 = -TO^ - ni7 + ^ / 
and 

F= ?^+ -n-n^K (II.) 

we ensure that x^ + y^ + s^ shaU be equal to X*+ F*+ ^: and it therefore only 
remains to determine x,y,zia terms of X, F, Z. This may of coarse be done 
by solving for ^, 17, fin (II.) and substituting in (I.) : but the fuUowing method 
is neater. Denoting, for shortness* sake, the skew determinant 

1 I 



-I 



—m —n 



m 



n 



by A, 



we have (p. 73) from (II.) 
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,A--XAg+rAg-^Agl (a.) 

i-A. XAg-FAg + ^Ag) 
liut from (I.) and (II.) by addition there resnlta 

so that on snbstitutmg these values of 2^, 2i?, 2i-in (a) we have 

x = {2Aa _ A}X - 2AJ^2 ^ ^ 2AjJ Z >, 

y.-. -2AgX+{2Ag-A}r- 2Agz . 
2 = 2A5X- 2Agr+{2A§-A}^' 

Hence the required values of ai, Os, Os, .... are 

2AJJ-A, -2A!!, 2Ai!, 

Exercises. Set XVIL 

1. Show that a continuant is expressible as a skew determinant. 

2. "Verify the identity 



I 

c 
9 



n 




\h d 
h 


e 

• 

t 




n 


\c d 
k 


e 
I 




n 



e t 



I 
9 



n 
k 
k 



3. Find the number of terms in a Pfaffian of the n^ order. 

4. Find the product of 

a h c d 

-h a -d c 
-c d a -b 
-d -c b a 



and 



a 


/3 


y 


S 


-P 


a 


-a 


y 


-y 


i 


a 


-/3 


-(5 


-y 


/3 


-a 



and thence show how the product of two sums of four squares may be itself 
expressed as a sum of four squares (cf . Ex. 11, Set XII. ). 



5. Prove that 



|a 6 c 

de 

f 



d e 
f 



+ \atii b c 
f 



+ \a bfii c 
dfji^ e 



+ I a b cfii 
d c/i, 

//*3 • 
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6. Show that the diagonal or axial term of a Pfaffian is always positive. 

7. Show that the sign of a8s»«a«r •••• a2n-2,2n-i«i.2n i'^^K.ai*) " "*"• 

8. Find the differential coefficient of a zero-axial skew determinant with 
respect to one of its non-zero elements. 

9. Express as the sum of four Pfaffians with monomial elements the Pfaffian 

Oi + df Og + Oe di + a^ 

bi + 65 64 + bs 

10. Prove that the last frame-line of a Pfaffian may be passed over the others 
to occupy the first place without altering the value of the Pfaffian. 

IL Show that 



0. 



loifegl loifesl IO164 

\<hbi 

12. Show that the co-factor of Or, injflfl^ J is (-l)'""""!^]''. 

13. Prove that if D be an even-ordered zero-axial skew determinant whose 





• 


' — ' *v» 


K 


■■K 


m 9 
• • 


•^, 


'r-K. 


» 






14. Show that 






















a 


b 


c 


d 


e 


- 


(a 


caa b 


c 


d 


e 




f 


g 


h 


• 






f 


ff 


h 


m 

t 






uo 


tok 

am 


tol 
mn 
top 








• 

3 


k 
m 


I 

n 
P 



What if the elements of the second row of the first Pfaffian were also multiplied 
by CD? 

15. Prove that 

-S^KxiX^XiXi) - («*-a%)» {x^-Xi)^ {Xi-XiY 

(«8-a%)» {X9-X1)* 

and give the general theorem. 

16. Express a Pfaffian with a frame-line of binomial elements as the sum of two 
Pfaffians ¥dth monomial elements, and squaring both sides deduce the theorem 
of §163. 

17. Show that an axi-symmetric Pfaffian is expressible as a determinant. 
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1& Show that 

\a b 
d 



c 
e 
f 



/5 


y 


- 


d 


e 


-aa 


aS 


at 


d 


8 






f 


la 


bd 


he 




i- 








-co 


cd 


Ct 

y 



19. Show that a zero-axial skew Pfaffian of the (2n-l)tt» order vanishes, and 
that one of the 2n"» order is expressible as the difference of two squares of sums 
of Pfaffians of the n^ order. 

20. Express the skew determinant 

X a he 

-a -fiin^x riiC n^h 

'-h -»ic niti^x n^a 
-c -n^h -n^a -rtf^n^x 

M the seoond power of a rational function of the elements. 

Establish the idenUties — 



21. 




-o 
-b 
-c 



a/AiA«a 


d 



hfit 
d 


-/ 



e 
f 



CfAi 

e 

f 




afh. 



22. 



a bfii c 

-a/Ai dfiifit efii 

-b -d f 

-c -e -ffii 



afj^ b c 
dfh eM4 
f 



a/ij 


Ifhfh 


Cfl^ 







a/*, hfit 


Cfhf^ 


-a dfJL2 


e 


X 


-a d 


efH 


-b -d 


f 


T 


-h -d 


M 


-c ~e -ffMi 







-c -e -/ 





h c 


+ 


a 


b/ii c 


+ 


a b 


cfh 


< 
• 
» 


dfH efi^ 




dfit e 


d 


eiH 


• 


f 




ff^i 




M 


/ • 


a b 


CfAl 




a h 


CA*i 


-afi^ d^z 


efhM-i 




-a d 


«/*2 


-b -d 


ffh 


+ 


-bfi^ -^fi^ 


/A*8M4 


-c -e 


-/ 











-c 


-€ -f 









a h cfii 

d €11% 

flH 



\a bfii c 
dfi% e 



a b c/t| 
d efjLi 



23. Prove that a centre-skew determinant of odd order is equal to the centre 
element multiplied by its co-factor in the determinant, and that the said co- 
factor is a centro-synmetric deternunant of even order. 

24. Prove that a symmetric Pfaffian of the 2n^ order is expressible as a 
PfaflSan of the w**» order. 
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Establish the identities — 
25. \ a b c d e 
-b f g h % 
-c -g j k I 
-d -h -k m n 
-e -i -I -71 



c% 



ea 



va 



to 



-ta 


ef 


bee 

9 i 
I 


-la 


-{bee 

9 t 
I 


^ 


-na 


^6 d e 
h i 


-\e d e 
k I 




n 


n 



na 

\b d e 

h i 

n 

\e d e 

k I 

n 

em 



26. 



a b c d e 

-b f g h i 

-c -g j k I 

-d -h -k n 

-e -i -I -n 



na 



\b d e 

h i 

n 

-\e d e 

k I 



\b d e 


\c d e 


h % 


k I 


n 


n 



nf 



-{g h i 

k I 

n 



k I 
n 






27. Prove that the product of two symmetrio Pfaffians is expressible as a 
symmetric Pfaffiau. 

28. If 1.3.5...(2nr-l)Fn* be the number of distinct terms in a zero-axial skew 
determinant of the 2n^ order, prove that 

and calculate F2, Fg, ..., F«. Show also that 

2«F„ = l + l.n + 1.5C«« + 1.5.9C' , + ... 

2d. Prove that any zero-axial skew Pfaffian of the 2n^ order is expressible as 
the product of two Pfaffians of the n^ order : and, conversely, that the product 
of any two Pfaffians of the n^ order is expressible as a zero-axial skew Pfaffian 
of the 2n^ order. 



COMPOUND DETERMINANTS. 



§ 170. A determinant with elements which are them- 
selves determinants is called a compound deterrainaut. 
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Sevend important theorems on compound determinants 
have already been given, viz. the theorem (§95) r^ard- 
ing the determinant of the primary minors (or adjugate) 
of a determinant^ the theorem (§ 96) regarding a minor 
of the said adjogate, and the theorems of §§ 93^ 99. The 
first two of these s,\ once suggest a more general subject 
for consideration, viz. the determinant of the m^-ary 
minora 

§ 171. In the case of a determinant of the n^ order it 
is possible to delete ra rows in (7. ,, different ways, and 
to delete m columns in (7,.^ different ways; and thus the 
number of minors of the (n-m)^ order belonging to a de- 
terminant of the n^ order is (C, «)*. Arranging these 
minors as the elements of a new determinant, and giving 
precedence in any row to that minor of two which first has 
a column number less than the corresponding column 
nnmber of the other, and precedence in any column to 
that minor of two which first has a row number less than 
the corresponding row number of the other, we obtain 
what is known as the determinant of the m^^-ary raiTuyrs 
of the original determinant, or, more conveniently and 
shortly, the (n-m)^ Compound of the original determinant. 
Just as the (n— 1)^ or highest compound of a determin- 
ant is called the adjugate of the determinant^ so, gener- 
ally, the (n-m)^ compound is called the adjugate of the 
m^ compound. 

ExAMPLB: — Tho detemmiaiit of the leeondaiy minora — ^the third oompound 

. «i <*i «» «« <H ! 
b, 6, b^ 64 6»* 

Ci Ct Cg <k Ci 

di d^ dg d^ di> 
ei et et e^ et 



210 



THEORY OP DETERMINANTS. 



CHAP. III. 



IH 



loiftaCsl loihCil [oihiCsl 
laiftjdgj {oibidil loiftadii 
\<hh^\ \<h^i^A\ l«i&2C5| 



\<hhds\ 



kidjCsl kic^e*! Icic^e^l .... {c^d^es 



or 



\aibiCt\ |ai62<^4l I«i&2C«l .— |c«<^4C5(|. 

In the umbral notation (§ 102), which makes more evident the mode of 
arranging the minors, it is 



or 



123 
123 

124 
12 3 

12 5 
12 3 




12 3 
12 4 

12 4 
124 

12 6 
124 




12 3 
125 

124 
12 5 

125 
12 5 


• • •■ 

• ••• 

• »■• 


12 3 
34 5 

124 
3 4 51 

12 5 
34 5 


345 
128 

12 3 
123 


> 


3 4 5 
12 4 

124 
12 4 


i 


3 4 5 
12 5 

12 5 

12 5 


• ••• 


3 4 5 
3 4 5 

345 
3 4 5 



where in any row or column the order of precedence is decided by the order 
of magnitude of the numbers 123, 124, 125, 134, 135, 145, 234, 235, 
245, 345, whose digits are the column or row numbers of the minors. 

§ 172. The m** compound of \a^\ is of the sa/me order as 
tJie (n-m)** compound, (S) conjugate elements in it are 
conjugate minors of \a^j,\, (3) if each element of it he 
replaced by the complementary minor m jaj^l tlie result 
is equal to the (n-m)** compound. 

Here (1) depends on the fact that C^^ » ^n,n-~mf ^^^ (^) upon § 39. 

§ 173. The m** compound of a minor of \b^\ is a mi- 
nor of the m*'^ compound 0/ |aia|. 



§ 174. The m'^ compound of \b^j,\ is equal to |ainl^""^'"* \ 
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Let A^ denote the tti^ compound of A, so that A^ and 
A are the same. If in A« we prefix to each element the 
sign + or - according as the sum of its row and column 
numbers is even or odd, the signs in any row will be 
in order all the same as those in any other row, or all 
opposite, and the signs of conjugate elements will (§ 172, 2) 
be alike; the change made is thus equivalent to altering 
the signs of all the elements in certain rows and after- 
wards all the elements in the corresponding columns, 
hence, the value of the determinant itself will remain 
unaltered. Multiplying A,« as thus changed by An-m ^^ 
the form of § 172, 3 we have a determinant whose prin- 
cipal diagonal elements are (§77) all A, and other ele- 
ments (§78) all 0: hence 

But A has in general no factors, therefore A« and A„_ 
must both be powers of A, Now A« is of the order (7„ 
and each element of it is of the m^ degree in the ele- 
ments of A : consequently the power which A,» is of A 
has for its index mC„„,'^n, that is, C„_i„,_i. 

§ 175. If ike m** compound of |ain| be formed, any 
minor of it of the k^ order is equal to the product ob- 
tained by Tnultiplying the complementary of the corre- 
sponding minor in the adjugate compound by |ai„|^*^"-i™ 

This is related to the theorem which precedes it exactly as the theorem of 
§ % is related to that of § 95. The proof of § 96 with evident modiiications 
need not therefore be repeated. 

§ 176. For certain of the minors (see § 173) of the m*^ 
compound an expression of quite different form from the 
foregoing may be obtained by means of § 174 : new 
identities thus arise. 



m 



m 
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Another special minor is that dealt with in § 93, viz. 



l,2,..,m-l,m 
l,2,..,m-l,m 



l,2,..,m-l,m+l 
2,3,.., m, m+1 



l,2,..,'mr-l,m+2 
3,4,..,m+l,m+2 



which is there shown to be equal to 



1,2,... ,71 
1,2,... ,71 



l,2,...,m~l 
2,3,..., m 



l,2,...,m-l 
3,4,..., m+1 



1,2,...., m-l,'?^ 



1,2, ,m-l 

7i-m+l,...,'n^l 



Still another is that with which the Complementary of 
this theorem is concerned (§ 99) ; and there are many 
more having the like property, viz. expressibility as a 
product of powers of the original determinant and a num- 
ber of its minors. 

§ 177. The compound determinants considered up to 
this point all belong to one class, viz. that in which the 
group of row numbers in the first element of any row 
is repeated throughout the row, and the group of column 
numbers in the first element of any column is repeated 
throughout the column; and in which, consequently, the 
determinant is specified when a diagonal is given. Evi- 
dently there are three other classes which might be pro- 
posed for consideration, viz. (2) that in which the groups 
of row numbers vary neither in rows nor columns and 
the groups of column numbers vary in both, (3) that in 
which the groups of row numbers vary both in rows and 
columns and the groups of column numbers vary only in 
rows, (4) that in which the groups of row numbers vary 
both in rows and columns and the groups of column 
numbers do so likewise. 

Compound determinants of the third and fourth classes 
have not as yet been investigated. The following is an 
important theorem regarding a special determinant of the 
second class. 
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§ 178. If deleting the first set of r colwnns of (a^+L^u 
arid replacing the set in svAxession Jby the C^,, sets of r 
columns of \b^\ xoe take the determvnants thus obtained 
as the elements of the first column of a new determvaant 
D, and deleting ihe second, thi/td, ...., (0^,^)^ sets of v 
columns of |aa+i,2a| we obtain in like manner the re- 
maining columns of D; then D= |ai,^|^""^'~^x |a^+i,2ii|^""^''- 

Expressing each element of D as a sum of products of 
complementary minors, one factor of the product being 
formed from the n-r columns which belong to |a„+i.2„| 
and the other from the r columns which belong to |ai.„|, 
we see that D may be obtained by taking the (n-r)^ 
compound of |a^+i,a«| with its rows in reversed order and 
the r^ compound of |ai,^| with its columns in reversed 
order, and multiplying the two compounds together col- 
umn-wise. Hence (§174) 

If each of the principal diagonal elements of |a„^j3nl he made unity and 
all the other elements sero, this theorem degenerates into that of § 174. 

§ 179. If any identical relation be established between 
a number of the mi/nors of a determinant or between the 
determiTiant itself and a number of its minors, the de- 
ments of the determinant being letters with single suffixces 
and the determvna/nts denoted by means of their principal 
diagonals, then a new theorem is always obtainable by 
merely taking a line of new letters with new suffixes and 
annexing it to the end of the diagonal of every deter- 
minamt, i/ncluding those of order 0, occurring in the 
identity. 

Let (A) be the established identity, and laj&^c, ... Z„| 
the determinant whose minors are involved in it. Taking 



214 



THEORY OF DETERMINA.NTS. 



CHAP. III. 



the Complementary (§ 98) of (A) with respect to \afijjyln\ 
we obtain an identity, (B) say, likewise involving minors 
of \a^b^c^,,,ln\. But these minors are also minors of 
lajbjCg ... Ij'a^a -" ^to\> ^^^ therefore it is allowable to take 
the Complementary of (B) with respect to this extended 
determinant. Doing this we pass, not back to (A), but 
to a new theorem (A') which is seen to be derivable from 
(A) by annexing to the end of the diagonal of every de- 
terminant in it the line of letters ^a%"-^«- ^^^ clause 
"including those of order 0" is necessitated by the last 
clause in the enunciation of the Law of Complementaries. 

This theorem is the Law of Extensible Minors incidentally exemplified by 
{B) p. 143. It might indeed have been enunciated there, as its appUcation is 
not limited to theorems regarding the present portion of our subject. 

§ 180. By means of the Law of Extensible Minors 
every identity which we have given in Compound Deter- 
minants may be made more general. Thus, taking the 
identity (§ 176) 

Kh\ Kh\ KK 
|a,cj KC3I \a,c, 

la^cZJ \a^d^\ \a^d^ 
and adopting the extension e^f^ we have 
Kh^M {(^^h^M l^s^^s/J 



= l«1^2^a^4t«2«»> 



(«) 



K<^2^6fe\ I^Q^s/el las^A/el = laiVs^A/J-l^a^e/eMWel^ 
l^A^fel K<^z^fe\ l^z^A^fe 

or, if we view the elements of lOiba^jdEJ in (a) as them- 
selves determinants of order 1, we have 

1^1^2^5/61 l^a^^s/el KK%f6\ 

l^i^a^s/el |a,c,eJJ |a,c,eJJ 

K<^2^Je\ IMs^fi/el 1^8^4^5/6 



eJs\'^ 
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•|«>«./.|-|«,«5/6 



In corroboration of these new identities we deduce from 
them 



= KV3'^4«j/.l-K/.l' 



«i«5/.l |a,«./,r l«,«./.l |a4«./. 
I&.«5/.I |6,e./.| |&.e./.| |6,e,/. 
|Ci«./.l |c,«./,| |c,e./,| |c,c./, 
l<^iej,| K,e,/,j |rf,e./,| |d,ej, 

which is the Extensional of the manifest identity 



a. 



a. 



a. 



a. 



= l«i^c,rfj. 



dj (ij c?, (i^ 
and has been already proved (§ 96). 



Exercises. Set XVIII. 

1. In what row of the seoond oompoond of |<ii6i4<2«| does the element \btCt\ 
occur? 

2. Find to what row and column the element \eiet\ belongs in the deter- 
minant of tiie tertiary minors of loiltCttfied. 



of 



3. Find the element in the !■' row and 83^ column of the third compound 
123466789 



12346678 91- 



4. Establish the identities 



1 2 
1 2 


> 


1 3 
1 3 


i 


1 4 
23 







2 3 
1 2 



2 4 
1 3 



3 4 
1 4 



5. Show that the second compound of a determinant is equal to the ad- 
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jugate of the latter. Give the general theorem of which this is a case. 

6. Show that to every minor of a certain order in the m^ compound of a 
determinant there is an equivalent minor in the adjugate compound. 

7. Resolve into factors 



123 

146 

123 
245 

123 
345 



123 
146 

1231 
246| 

1231 

346| 



123 
156 

123 
256 

123 
356 



8. Show that any minor of \ain\ of the m^ order is expressible as the 
(Cm-i,<)**^ root of a minor of the (m-t)^ compound of loi„|. 

9. If the last column of each element of the compoimd determinant in Ex. 
34, p. 194, instead of being taken from loijSjTsI ^ere similarly taken from 
Ixij/iZslf what should the left-hand member become? 

10. If M]i be a minor of laml of the h^ order, Jtf"J,_^ being its comple- 
mentary, and there be formed all the minors of \ain\ of the (A+iE;)^ order 
which contain neither all the rows nor all the columns of Mj^, show that the 
determinant whose elements are these minors is equal to 



11. Resolve into factors 



1234 
1457 

1234 
2457 

12341 
34571 



1234 
1467 

1234 
2467 

1234 
!3467 



1234 
1567 

1234 
2567 

1234 
3567 



12. If Mf^ be a minor of |0]„| of ,the h^ order, M'^_j^ being its comple- 
mentary, and there be formed all the minors of |ain| of the {n-h-k)^ order 
such that neither all their rows nor all their columns belong to -Af^.j^, show 
that the determinant whose elements are those minors is equal to 



13. Establish the identity 

1231 1124! 1134 
178l l278l 1378 



234 
456 



0. 



14. Show that if D' be the determinant so related to D (§ 178) that any 
element of it contains those columns of lo,^! and |a^^i.2,J which are not con- 
tained in the corresponding element of D, then 
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DD'={|a,J.|a,,,,j}V 



Establish the identities 



15. 



16. 



14 
12 



16 
13 



24 

14 



25 

15 



34 
23 



35 
24 



45 
25 



34561 124561 
1234 1 J 1356 1 , 



23561 114561 |1356| 
14561, 123461, 123561, 



1256! 
2456! 



12345 
12345 

1123456 
"1123456 



45 
12 



•156 
■126 



56 
34 



561 
56i 



17. If D* be a minor of D (^< 14) of the A^ order, show that the comple- 
mentary of the corresponding minor in D' is equal to 



DETERMINANTS WHOSE ELEMENTS ARE DIFFERENTIAL 
COEFFICIENTS OF A SET OF FUNCTIONS. 

§ 181. If there be n functions all of the same n vari- 
ables, the determinant which in every case has the element 
in its r*^ row and s^ column equal to the differential co- 
efficient of the r^ function with respect to the 8^ vari- 
able is called the Jacobian of the set of functions with 
respect to the said variables. Thus the Jacobian of y^, 
Vij .••> Vn with respect to x^, x^, ..., a?„ is 



^ 92/2, 

dx* dxJ 



3y« 
dx„ 



or 



9^1 
dx^ 



It is usually denoted by 

* 

«^(2/i. 2/2» •••>2/n) 

where there is no possibility of ambiguity in regard to 
the independent variables. 

§ 182. jy Xj, Xj, ..., Xn simultaneously receive the i/ncre- 
rtients ArX^, ArX^, ..., A^x^ respectively, and i/n consequence 
of this simultaneous change the fvmctions y^ty^t ..., Jn 
receive the increments A^y^, A^yg, ..., Ary^ respectively , 



\ 
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then the limiting value of 

WYi' ^272' •••> ^nyul -^ I A^X^, A3X2, ..., AnX„| 

when the elements of the latter determ,in^nt are indefin- 
itely diminished is equal to 

3xj' 3X3* '"' 9Xn 

From § 67 we have 

\dy, dy, ^2^ lAa; A^ A a: I -10 I 

dx' dX * '"' dXn ' '11' ^2**'2» '"* ^n-A^nl — |Vln|- 
1 2 "^ft 

where 

But in the limiting case referred to, we know that this 
sum of products is equal to A,yr, and therefore that | Qm \ 
is then equal to \A^y^, A^y^, ,.., Anyn]* The theorem is 
thus established. 

Either of the two thingB here shown to he equal, viz. 



?ifi "dPt ^»l and /'J^ll^ 



might have been taken as the definition of the Jacobian of the set of functions. 
If the latter instead of the former be adopted, the definition resembles that 
of the Differential Coefficient of a function, the fact at the basis of the resem- 
blance being that the Differential Coefficient is the case of the Jacobian for 
n - L The notation 

d{QDif Xs, ..., Xn) 

for the Jacobian of Vi, Pt, ..., Pn with respect to asi, a^, ..., iTn is valiiable as 
exhibiting this connection. 

§ 183. If jja+if ..., yn he constant with respect to x^... 
Xm o^ Yit •••» ym he constant with respect to x^^i, ..., x^ 
then 

^(Jiy '"yJmyJm+17 «"> yn) ^ d(y^, ''-yjm) ^ d(y^+i, . . ♦ , y^) 
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and in particular 

Q^Xj, •*•» Xm, X^j^j, •••> ^n) ^ V^J •••> Xni^ 

This follows at once from either of the data and § 79. 

§ 184. If y^, y^, ...,y^ be functions of v^, v^, ..., v„, 
and Vj, Vg, ..., Vn be functions of x^, x^, ..., x^, then 

d(yi>y 2> »--,y n) ^ d(y,,y„ ...,yn) ^ dfv,, v^, ..., Vn ) 
d(Xj, Xg, ..., x„) dCVj, Vj, ..., v„) dCXj, x^, ..., xj' 

Multiplying together the two Jacobians on the right 
after changing the columns of the second into rows, we 
have (§ 67) a determinant \ X^^ \ where 

ov^ ox, ov^ ox, oVn ox. 

But this sum of products we know equals -^, 

dy^ dy^ dx^ 
dx^ dx^* '"' dx„ 



as was to be proved. 



§ 185. If y^, y^, ... y„ be independent functioTis of Xj, 
x.^, ...,x^ the Jacobian of y^, y^, ..., y^ with respect to Xj, 
Xj, ..., Xn is the redpi^ocal of the Jacobian ofx^^, x^, ..., x,, 
vjith respect to y^, y^, ..., y^. 

Since y^, y^, -",yn are independent functions of x^.x^y 
..., a?„ it follows that x^,x^, ..., a^n are independent functions 
of y^yy^ -'^^yn' therefore from the preceding theorem the 
product of the two Jacobians in question 

a\x^i x^, ..., Xn) 

= 1. 
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§ 186. If jj, y-g, ..., jn he given implicitly vn terms of 
Xj, Xjj, ..., Xn, m the form 

iv^i * "' > ^n> y^ > • • • > ynj ~ "> -"^ 2\^» • • • ' ^' yi» "' * y^/ ~ ' 

> •'^ nv,^> • • • > Xn> yi > • • • > yny ~ " > 

then 

d(yi,y.,->.>ya) ^ . d(F„F„...,F„) ^ d( F,,F„...,FO 
d(x„x„...,Xn) ^ M(Xj,X2, ...,xj • d(yi,y2, ...,yn) ' 

This, like the identities of §§ 182, 184, is a direct result of the multiplication 
theorem (§ 67) and a theorem regarding differentiation ; the differentiation 
theorem now being 

§ 187. Tlie Jacohian of a set of n fun^ions is always 
expressible as a product of n differential coefficients ; viz. 

d(Xj, ... xj 3x/3x2 3x^ 
where <f>i is a funxition of y^, ..., y^.i, x,, ..., x„. 

Since we have y^ given as a function x^,x^, ...r^n» it 
follows that ojj is a function of y^, x^, ...,iCn, and therefore 
also that y^ is a function of the latter set of variables. 
Again, from this we have x^ a function of y^,y^,x^i ***>^n\ 
therefore also y^ is a function of y^, y^y a?,, ..,, a?n. Simil- 
arly, it is evident that y^ is a function of 2/i> 2/2» Vz* ^4* 
...,a5„, and so on; so that we have 

2/i-^i(^i>^2' •••>^«) = 

2/2 - ^2(2/1* ^2» •••'^») = 

2/8-08(2/i>2/2»«8» — »««) = 



Hence from § 186 there results 

dj y^.y^, ».M y») 

Gt(»Cj, iTgJ •••> "^n) 
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= (-1)' 






dx 




dx„ 






3aj. 







__3^, 303 



^ 1 



3aj. 



dx. 











9^ 

dx^ 







-:^^ 1 



30 

30 



92/i 



92/2 



... 



... 



1 ... 



30n _30n 30, 



^Vi 92/3 92/3 



• • • JL 



__30j 3^ 303 30^ 
oajj oa:^ ox^ oxn 

§ 188. i/ Ji, ..., Jn ^^ itwfopeTwfo-n^ functions of x^, . 
d(Xj, ..., Xn) d(yi, ..., yw) d(x^+i, ..., xj* 



m+li 



For the left-hand member 

a(iCj, ..., Xn) ^(2/i> •••> 2/»»' ^m+l> 
^ C2/l> • • • » Vrnf ^m+1 > • • • > "^n^ 



• • I '^n) 



• • > aJnJ 



(§ 183) 



(§ 184) 
(§ 183) 



§ 189. //^ yi, ..., yn fte functions of n + 1 variables x^, 

9 d(y,,...,yn) 9 d(y^ ,yO ^ ^^^ _^ / j^xn 9 d( y„...,y J^Q 

3xjd(x„...,xJ 3x3d(Xj,X3,...,x^+i) '" '' 3x„^id(Xj,...,x„) 

For each term on the left is expressible as the sum of 
n determinants (Ex. 30, p. 68), and the n(n + 1) determin- 
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ants so obtained vanish in pairs, in virtue of the identity 

dxjdxt dx,dXr\ 

§ 190. If n functioTis of x^, x^, ..., x^ he not indepen- 
dent, their Jacobian with respect to x^, x^, ..., x^ vanishes- 

Let the functions be y^, y^, ..., y^ ^^^ the relation be- 
tween them 

Differentiating with respect to x^,x^, ..,, Xn in succession 
we have 

dy^'dx^ dy^'dx^ '" dy^'dx^ 

a^ ay s^ a^^ a^ a^„ ^ 

^2/1 8^2 ^2/2 3^2 ^y« ^^2 



d\lrdy^_^dylrdy^_^. _^ ^ ^ ^ q 
dy^'dx„ dy^'dx„ '" dy^'dXn 

whence by elimination (pp. 76, 76) of ^ , ^ , . . . , -^ 
the desired result is obtained. 

§ 191. If the Jacobian of a set of functions vanishes the 
functions are not independent. 

Denoting the functions by y^, -^-.yn and the variables 
by ajj, ..., a?„ we have already seen that y^y'..,yn are ex- 
pressible in the forms <t>^{x^, ..., x^y ^P^iVv ^2» •••' ^«)' 
^PsiVv 2/2>^s' ...>aJ«)> '"> <l>n{yi» .-M 2/n.i, aJn) respcctivcly, and 
that 

^(iCp ..., aj„) dx^'dx^ "" dXn ' 
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In the present case therefore one of the factors on the 
left, the m^ say, vanishes. Consequently <pm does not 
involve x„^, that is, y^ is a function of y^y ..., ym~it ^m+i> 
...,«„. But from this it follows that x^^+i ^s a func- 
tion of j/i, ..., 2/m, a?,«+2, ..., «?»., hence 2/m+i, which equals 
0«»+i(yi, ...,2/m.a5m+i, .-.,«„), is a function of 2/1, ...,y«, 
^«+2> •••>^«- Similarly we may show that y^^^ is a func- 
tion of 2/1, ..., y„,+i, cc«+8> •••, ^, aiid finally that y„ is a 
function of J/j, ...,2/n-i> which is what was to be proved. 

§ 192. Closely connected with Jacobians is the deter- 
minant 

whose first column consists of n functions of 71- 1 vari- 
ables and which in every possible case has the element 
in its r^ row and s*^ column equal to the differential 
coefficient of the r*^ function with respect to the («-l)*^ 
variable. Its most important property is that it is ex- 
pressible by means of a Jacobian, viz. we have 

This is an immediate consequence of Ex. 20, p. 77, and 
the fact that 






dx 

§ 193. The Jacobian of the first differential coefficients 
of a function of n variables is called the Hessian of the 
function; in symbols. 



Tff \ _ r{^ ^'^ 9u\ I 9^'M' 

^^^^ " \d^^' 3^' •••' d^J \dc^^' 



dx^' '"* dxndocn 



'a 
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It is axi-symmetric in virtue of the identity 

dxjdx,^ dxtdxr 

§ 194. If there be n functions of one and the same 
variable a?, the determinant which has in every case the 
element in its r*^ row and s*^ column the (r-1)^ diflTer- 
ential coefficient of the s*^ function may be called the 
Wronskian of the functions with respect to x. Thus 
the Wronskian of y^^y^y 2/, with respect to x is 



y^ 


y. 


y» 






dy, 

dx 


dy, 

dx 


dy, 

dx 


or 




A, 


d\ 


d^y. 


A 


da? 


da? 


da? 


- 





It may be more shortly denoted by 

^«(2/i> 2/2« ^s) or |2/i(o,2/2(u 2/8(2,1, 
the enclosed suffixes referring to differentiations. 

§ 195. The differential coefficient of a Wronskian is got 
by differentiating each element of the last row. 

For, of the determinants, whose sum is in general tlie 
diffiirential coefficient, all vanish {§ 27) except the last. 

§ 196. If y^, ...., yn be functions of x, awZ x be a func- 

tion of t, then 

/dt x**'^"-^^ 
WxCy^, ..., yn) = {^) Wt(y,, ..., yO- 

Changing the independent variable in each element of 
the left-hand member we readily obtain the result on the 
right by the application of §§ 26, 32. 
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§ 197. If having n fundicms we form three Wronskians, 
firstly that of all the functions except the last, secondly 
that of aU eoccept the second last, and thirdly that of all 
except the last two, tlien the quoticTit of the Wronskian of 
the first and second of these by the third is equal to the 
Wronskian of the n functions. 

Taking, for shortness, the case of four functions we have 
(§ 91 or pp. 140, 141) 

y 



u 



V 



W 



%) ^(1) ^tt) VCL) 

^(2) v<a) ^(2» y(2» 



u« v^ Wf^ y^ 



UV(i, 



= F(|ut;a)'M;p)|,|uva,2/(a)I)- KV(i)|(§195) 
= W{W{u,v,w), W{u, V, y)) -f F(u, v). 

This is the most important case of the following widely general theorem in 
Compound Wronskians. 

§ 198. If y^, -.., Jn he functions of one and the same 
variable, then 

" wi' • • • > y™> • • • > y^/ 

= W I W(y,, ..., y^ y„+i), WCy^, ..., ym, ym+s), -., W(y„..;,y«,yJ | 

-{W(y„...,y„»)} '""'"'. 

Transforming W{y^, •••> y«) by means of Ex. 20, p. 77, 
and multiplying columnwise the resulting compound de- 
terminant by the determinant of the {n-Vf^ order 

Vi Via) -22/i(„... 
2/1 2^1^!, 2yip, ... 
y^ 3yia, ... 
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in which the coeflBcient of any element added to that of 
the element below equals that of the element to the right 
of the latter, and then, to neutralize this multiplication, 
dividing each element of the product by y^, we obtain 

^(^x. — 2/0 = ^{ ^(2/1 yd> '^iy^ y^)'-' 'W{y, y^) } - yr'. 

The case for which m = 2 being thus established, we estab- 
lish by means of it the case for m = 3, and so on, exactly 
as in § 98. 

§ 199. If a set of functions of the same variable be 
connected by a linear relation with coefficients which are 
constant with respect to the variable^ the WronsJdan 
of the functions vanishes. 

Let the linear relation be 

Differentiating n-1 times we have in all n equations from 
which by elimination of c^^, ..., c^ the required result is 
obtained. 

§ 200. If the Wronshian of a set of functions vanishes, 
the functions are connected by a linear relation with co- 
efficients which are constant with respect to the indepen- 
dent variable. 

Let the functions be y^, ..., j/n. Then from § 198 
W{ W{y,y^, W{y,y,\ ..., Wiy,y„)} =0 ; 

so that, if the theorem holds for the case of Ti-l func- 
tions, we have 

«i Wiy.y.) + a^ W{y,y,) + . . . + a«., W(y,yn) = 0, 
or 
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and therefore by division and integration 

«i(|;)+<|;)+---+M|)+«o=o 

that is to say, the theorem holds for the case of n func- 
tions. But it evidently holds for the case of 2 functions, 
therefore it holds generally. 



Exercises. Set XIX, 

Establish the identities 

1. /(Utti, Ullf, ..., UUn) " 1*"/(t*i, Us, ..., «„) ; 

2. J(uui, tt«a, ..., win) - 2u^J{ui, ..., tt„)- M»»-i/(ti, til, ..., Un) ; 

3. J[Ui, «j, ..., Uh) -iu-»J"(ttt«i, ..., «ttn) + Jt**»J"(tt-lMi, ..., U'^Un) ', 

4. J{2^Xif ..., 2xi2^ ... Xn) = t^((aJi, ...i aJ«)S ...» {^9 ...> a^n)") 

5. Show that if ^1-^(^8, ..., y«, Xi, ..., yn), yj- 0a(y«, ...,yiii ^i, ..., Xn). 
, jfn "■ ^(xi, ..., Xm) then 

d {Pv ..., yw) _ <^(^, ..., 0n) 
d(Xi, ..., X«)"d(Xx, ..., Xn) ' 

6. If « be a fnnotion of Xi, ..., Xn, li, ..., |n show that 

d(|i, ..., |«) d(Xi, ..., Xn) 

7. If li be a function of Xi, ..., Xn and Xi, ..., Xn be independent functions 
of li, ..., ^, show that 

"^K^X^ ?Xn/ ^V-ag/ ?^n>^ ^V-(lx/ ^xJ ^ V(j^i' ?^ n/ 

<^(^> •••> l«) C^C^J •••» ^) d(Xi, ..., Xn) * C^(fn — > !») 

Establish the identities 

9. ira, 2y, 3y», ..., wy^'i) - n!(n-l)l ... l(^)*"^""'^ . 



CHAPTER IV. 

HISTORICAL AND BIBLIOGRAPHICAL SUMMARY. 

§ 201. In dealing with the solution of a set of simul- 
taneous linear equations with literal coefficients any 
inquiring student might experience a desire to find the 
law of formation of the functions which appear as numera- 
tor and . denominator in the resulting values. The first 
mathematician who when thus occupied had genius enough 
to obtain a glimpse of the possibility of a Theory of 
Determinants was Leibnitz. His idea, published in 1693, 
does not however appear to have been developed by him, 
and it soon sank into oblivion. In 1750 Cramer, inde- 
pendently of Leibnitz, came somewhat nearer the full 
conception. He gave a rule (§ 19), long afterwards known 
by his name, for the formation of the said functions; but 
like his predecessor he failed to make the most of the 
discovery. A simpler rule (§ 15) than Cramer's was 
given by Bezout in 1764, when studying the allied subject 
of Elimination: in other respects no advance was then 
made. In 1771, however, new ground was broken by 
Vandermonde, who made the first step towards a Tiotaiion. 
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for those of the second and so on, he then denoted the 
functions by 



a 



p 



a 



a 



P\y 



6 |c ' 



and wrote the law of development in the form 

h abba' 
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&C. Yandermonde also gave the theorem (§36) 
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noted the result of making 'two letters of the same 
alphabet equal' (§ 27) ; and gave the development equation 
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and other instances of the theorem stated in modem form 
in §77. Nearly simultaneously with Yandermonde, 
Laplace made the very same important advances. He 
gave the same theorems, and indeed it is his name which 
one of them (§ 77) still bears : he introduced a make-shift 
notation, writing 

(abc) for a6V + a^6c' + a'6"c-a''6'c-a'6c''-a6V, 

and he made a beginning of a nomenclature, calling such 
functions as the said {abc) resultants. In 1773 some 
service to the subject was rendered by Lagrange, who 
incidentally gave in the ordinary non-determinant notation 
certain identities which are now easily recognizable as the 
special case of § 69 and of § 96 where n = 3. In the same 
indirect way the subject occurs in 1779 in a second work 
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by Bezout, where there are given many simple special 
instances of theorems, such as that of § 85. Passing over 
RoTHE and other writers of the Hindenburg school we 
next come to Gauss (1801), whose connection with the 
subject was also quite similar to that of Lagrange. The 
terms 'Determinant' and 'adjugate* have their origin in 
Gauss's work. He defined 

62 - ac, 

ab^ + a'6'2 + a'^V^ - rn'oT - 266' 6'', 

as the determmanta of 

ax^ + 2bayy + cy^, 
ax2 + aV2 + a V2 + 26ajV + 2Vaxxf + 2Vocx, 

respectively, and the name thus given to a special form 
of the functions was afterwards adopted for the functions 
in general Under the name of the "fonctions Schin" 
(v) the subject was apparently familiar to Wronski 
in 1811 : he did not however treat of it directly till 1815, 
and by that time he had been forestalled by the first 
great master of it, Cauchy. 

§ 202. Cauchy's standpoint was entirely different from 
that of any of his predecessors. His memoir (1812) deals 
professedly with Alternating Functions, and at the end of 
the First Part, the subject of which is alternating functions 
in general, he intimates that he will now examine an 
important special class of these functions, instances of 
which have appeared in the solution of simultaneous 
linear equations, in the theory of elimination, and in the 
investigation of the properties of binary forms. He refers 
to Laplace, Vandermonde, Bezout and Gauss, and says he 
will adopt from the latter the name 'determinant' for 
functions of the special kind referred to. The Second 
Part upon which he then enters is nothing short of a 
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methodically arranged treatise on determinants, extending 
to about 60 quarto 'pages. His definition is of course that 
which is founded on the theorem of § 118 : his notation is 

S{± rii.i ttj-j Oj-s . . . an-n) and (ai.«) . 

He arranges Oi.i, Oi.j, ... in a square; speaks of 'lignes 
horizontales ' and 'colonnes verticales'; calls Oj., and Og.j 
*conjugu&'; applies the word 'principal' to a^.^, a,.2, ...» 
a^j^ and to their product ; denotes the co-factor of a^^, by 
6^ , and forming the determinant (bj^) calls it *le systfeme 
adjoint au systeme (OinY- The theorems of §§ 24, 36, 46, 
52, 62 are established by him in order, and the example 
of pp. 73, 74 is given as an instance of the application 
of the theory. Further on we find the theorem of § 95, 
followed by a special case of the theorem of §96, and 
towards the end a more important result still, the 
multiplication theorem (§67). He even enters on the 
subject of the compounds (systhnes derives) of (am) and 
obtains the identity 

which appears on page 211. 

In the light of all this and bearing in mind the isolated 
character of the results obtained before his time, it is not 
to be wondered that Cauchy has been claimed as the 
real founder of the theory of determinants. His predecessors 
had left scattered here and there stones of varied mass 
and usefulness; Cauchy brought them together, laid the 
foundation, and made progress with the superstructure. 

§203. Simultaneously with Cauchy, Binet obtained 
some of the results just mentioned, the most notable being 
the multiplication theorem. He calls the functions 
^resultants', following Laplace instead of Gauss. In 1815 
Wronski discussed the Schin functions at considerable 
length, as has been already stated. In 1821 Cauchy, 
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returning to the subject (which indeed he did more than 
once, even as late as 1847) gave a short exposition of it in 
his Course of Analjrsis for the Polytechnic School; and 
from about this time forward determinants were never 
long lost sight of. Advantage was taken of them in 
analytical and geometrical investigations by Jacobi, Reiss 
(1829, 1838), Lebesgue (1837) and Catalan (1839). 
For twenty years Jacobi's writings alone would have 
sufficed to keep the subject before the world. In memoirs 
on various matters (1827, 1833, 1835 &c.) we find him 
repeatedly using determinants, and at length in 1841 he 
made them the subject of a masterly monograph. After 
Cauchy's his is the next great name. 

§ 204. Interest in determinants would now, doubtless, 
never have declined: but a sudden powerful impulse was 
given to the study of them by the researches which the 
English mathematicians began about 1840 into the theory 
of the linear transformation of quantics. In this theory 
the great instrument is determinants; and men who, like 
Cayley and Sylvester, worked with the instrument from 
day to day were sure to have new properties of it and new 
special forms of it brought before their notice. With 
Cayley, there came into use what we may call * determinant 
brackets', viz. the now familiar pair of upright lines, and 
the determinant of a system of quantities was denoted by 
the said system itself. This facilitated the study of special 
forms: and, speaking generally, the work of the forty 
years from then till now has been work of this kind. 

§ 205. The originator of the theory and application of 
Continuants was Sylvester. A number of the identities in 
Simple Continuants were however first given in non- 
determinant form by Euler, 

§ 206. The first start in the theory of Alternants, as 
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may be inferred from §202 was made by Cauchy. Since 
his time Jacobi, Trudi, Nagelsbach and Garbieri have 
made the most important advances. The name 'Alternant' 
is adopted from Sylvester. 

§ 207. Perhaps the first theorem regarding Axi-sym- 
metric determinants occurs in a paper of Jacobi's : almost 
all that is known of them is due to Lebesgue, Sylvester 
and Hesse. 

Persymmetric determinants were so called by Sylvester. 
They were afterwards studied by Hankel who gave the 
expression in non-determinant notation for a large number 
of special instances. 

The first theorem regarding Circulants was given by 
Catalan : the fundamental theorem (§ 149) however is due 
to Spottiswoode. Additions to the theory have recently 
been made by Glaisher and Scott. 

For the conception of Centro-symmetric determinants 
we are indebted to Zehfuss, who also gave the funda- 
mental theorem regarding them. 

§208. The author of the important theory of Skew 
Determinants and Pfaffians is Cayley. The latter functions 
first occur with their law of development in a paper by 
Jacobi dealing with the subject of Pfaff 's problem ; hence 
the name which Cayley gave to them. 

§ 209. Compound Determinants occur in Cauchy, as has 
been already noted ; the name however and the origination 
of the theory are due to Sylvester. Of subsequent 
investigators the most eminent are Reiss and Picquet: 
the admirable but neglected work of the former probably 
contains all that is as yet known on the subject. 

§ 210. Jacobians were so called by Sylvester in well- 
deserved honour of Jacobi, who was the first to intro- 
duce them and who investigated their properties so 
thoroughly that little has been added to the theory 
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since his time. The second definition of a Jacobian 
(§ 182) is due to Bertrand : the notation following upon 
this to Donkin. 

Wronskians were first used by Wronski and appear 
in his well-known expansion-theorem. After being almost 
unheard of for about sixty years they have recently come 
into marked prominence through the researches of Chris- 
tofiel and Frobenius, to whom in the main we are in- 
debted for the discovery of their properties. Wronski's 
early connection with determinants has been so long 
unrecognised, and it is so convenient to have a short 
name for functions of which we repeatedly require to 
speak, that I think mathematicians will be glad to adopt 
the designation which I have ventured to propose. 

§ 211. The first separately published treatise on Deter- 
minants was written by Spottiswoode, and appeared in 
1851. After this came Brioschi's in 1854, Baltzer s (still 
a standard work) in 1857, Salmon's in 1859, Trudi's in 
1862, Garbieri's in 1874, Qiinther's in 1875, Dostor's in 
1877, Baraniecki's (the most extensive of all) in 1879, and 
Scott's in 1880. During the same time a large number 
of smaller works suited for schools have also appeared; 
good specimens are Mansion's in French, Bartl's in Ger- 
man, MoUame's in Italian, and Thomson's in English. 

§ 212. The student who desires detailed information re- 
garding the History of the subject should consult the 
memoirs of Mellberg and Studnicka and the above-men- 
tioned text-book of Giinther, 

§ 213. Perhaps the fullest possible materials for both a 
complete Theory and a complete History are to be found 
in the chronologically arranged "List of Writings on 
Determinants" (1693-1880) published by me in the 
Quarterly Journal of Mathematics for October, 1881. 
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Set I. 



I. cgm + efl + d?ik-egk-dfm-cM, 2. swx + rvz + tuy - twz - svy ~ rux. 

3. etib^c^ + Oj&iCa + a^bfCi - Oib^Ci - a.2hiCi - Oi&s^. 

4. aek - cdk + hfg-ceg + bdk - ctfh, 

5. 4abc + 96»d - 16acd + 26c* - 2ia^ - 12acP. 6. aeh - 6/j5r + ceg. 

7. ac*y + a;y*. 8. 2(a^ + y* + 2* + 0*^2 + xyh + xyz\ 9. a" + 6" + c* - 3a6c. 
lo. 0. II. 2j-g5. 12. -89. 13. 12. 14. 66. 15. 47. 

16. 6 c (2 17. mi rriq rriz 18. 3. 19. a, &. 

e f g rii n^ ris 

h i j , n r^ r. 



18. 3. 

20. 2(a« + o6 + 6«)-f3(a + 6). 

21. 8a&c. 
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differs in sign. 
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Set II. 

2. They are equal in magnitude, but the second 

3. See §34. 6. See §27. 
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Set III. 



3. 3, 3. 



4. 5, 1. 



a* + ab + l^ 

5* TTT » 



a6 



a + 6 * a + b' 
7. 1, 2, 3. 8. 2, 3, 4. 9. 5, 1, 3. (For '-dx' read *-3z.') 



II. 6, 2, -3. 
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15. 



Oi hi Ci di €1 

Oi hi Ci di Ci 

Cg (^2 62 

Cg c?a es 

Cs (2s e2 

Ca (^ «8 



= 0. 
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Set XI. 

I. \(hCidieifs\. 2. \aohidifi\, 3. lOiftadsCil. 4* loi^^^a/J. 

5. loofeiCfil. 6. iaoCs/al. 7- laiCgC^fil. 8. |ai68./i|. 9. |aoi«i2«44a«6l» l^oiOssaMl- 

14. (6gr-c/+rfe)^ 15. a;^* + a;" + a;^<> + 2x® + aS* + a5* + l. 

16. (/8- 6c)«« + {f-ac)}/' + (^2-o5)2a + 2{hc-gf)xy + 2(a/-5r%2 + 2(6i;r-^/)2a;. 

17. 4{a? + y' + 2* + w* - 2icy - 2aig - 2icw - 2^2 - 2yM; - 2zw). 

19. -{a«2 + 6y* + C2^ + 2^ + 2/i^« + 2fir2a;). 20. {jn(w-l)}2. 

1111 «-* 1 ) 

23. n-1, the number of positive terms being greater or less according as n 
is odd or even. 
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OiX + Osy + Os 6ia; + 6a3/ + 68 CiOJ + Cgy + Cs 



ac 


ae + lf 


3- 


c« + <? 


ce 




df 


ef 


, etc. 



a" 



ah ac ae + oj .*?. a' 

hd 
ae + bf 

c* a 

1-211 

11-21 1/3/32 

111-2 1 7 y 

-2111. 

14. -X* + XV + &^ + c^ + 2/2 + V + 2/r) 



, etc. 



J? 

h" 

{c + ay 

8. 



a^-db + h^ V^ . V^-bc + c^ 

a^-ac + (^ .l^-ab + c^ <? , etc 

6. a{b-a){c-b)(d-c). 



, etc. 
1 a 



X 


y 


1 


y 


1 


a; 


1 


X 


y 



RESULTS OF THE EXERCISES. 



239 



i6. 



> 


h b f 
g f c 


8 

+ 


a h g 
g f c 


2 

+ 


a k g i] 
h b f ] 


+ 


a h 
h b 

g f 


g 
f 

c 


S 

• 


a b 


* i8. |ai6aCs| {xiPil i8. 


a b e 




xi Zi 


c d 




(2 


X 


x^ Vi Zi 


e f 


• 


/ fir 




ys «» 








Set 
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2. ^ilyi^sl Iaiya2sl. 3. -Sil^iya^*! |yi2»l. 4. k^*! laa&»! los^el 
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5. 2a«6» + 2a«6«c+2a«6V. 6. 2a*6 + 2a«6» + 22a«6c + 22a26*c. 

7. 2a»6* + 2a»6«c + Sa«6c6? + 2a2W + Xa^b^cd. 

8. Iai6«»<?»dP| + |a«6«»+ic»<iP| + |a«6»»c»+ic&'| + !o06*»c»*>+il. 16. 2(a-6)*. 

18. (a + 6 + c + c?)«. 19. 4. 24. ^\{db...l)^AiA2...A^_^. 251 {2!3!...(n-l)!}' . 
26. wi-0, n-1, i>-2, «-3. 27. C^^i^jx C^n-i.a'* ••• '^^n-i.n-r 

29. m+n+p+q-6, 33. (-l)*"^"*^^{ttiMi..««}"\ where itr-(a!r-yi)(av-ya)...(flv-y„). 
34. 22»*. 36. (-I)*"^**''^^^{t;ir2...v«}\ where wr-(av-yi)(ajr"y2)-.(«r-yn+i)' 



Set XVI. 

I. Centro-symmetric. 5- {a + h + d + e + b+g + c+f){a+h+d+e-b-g-c-f 

{a+h-d-e + h+g-'C-f){a + h-d-e-b-g+c+f){a-h+d-e + b-g + c-f) 
{a-h + d-e-b+g'-c+f){a-h-d + e+b-g-c+f){a-h-d + e-b+g+c-f), 

9. jn(a + 6~"*,a + 6""*,a + 6""*,a + 6). 14. a«»'=a«±«,,Tf 

(o-6)(a;-y + c-(? )»(<^ -c) (x-y-a + h)* ^ {a + h){x + y-c-d)^-{c+d){x+y-a-b) » 

24. n X complementary minor of ax. 
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= -5«(a2+62+ca+d2)(aS+624<^-«i2) 






25. The next case is 
20103- 5 0168 + 0261 CLiC^ + OiCi aidi + a^di 
ai6a + as&i 26i6|-5 biC^ + bfCi bid^ + b^di 
OiCj + OjCi biC^+b^Ci 2ciC%-S Cidi + Cidi 
OiC^+OjC^ 61^3+62^1 Cidj + Cj^i 2did2-S 
where 5 ■= OiOj + 6i6j + CiCa + didj. 

27. (n-2p)(-2r"\ 29. 0. 

36. p or 0, according as n is or is not prime to p. 
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A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter, Crown 8vo. 
8^. dd. 

THE CALCULUS OF FINITE DIFFERENCES. Third Edi- 
tion. Edited by J. F. Moulton, late Fellow of Christ's College, 
Cambridge. Crown 8vo. loj. dd, 

Chalmers.— GRAPHICAL DETERMINATION OF FORCES 
IN ENGINEERING STRUCTURES. By James B. Chal- 
mers, C.E. With Illustrations. 8vo. 24;. 

Cheyne. — AN ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. Witli a Collection of Problems. 
ByC. H. H. Cheyne, M.A., F.R.A.S. Second Edition. Crown 
8vo. 6x. 6df. 

ClausiuS.— THE MECHANICAL THEORY OF HEAT. By 
R. Clausius. Translated by Walter R. Browne, M.A., 
late Fellow of Trinity College, Cambridge. Crown 8vo. loj. 6^. 

Clifford.— THE ELEMENTS OF DYNAMIC. An Introduction 
to the study of Motion and Rest in Solid and Fluid Bodies. By 
W K Clifford, F.R.S., Professor of Applied Mathematics and 
Mechanics at University College, London. Part I.— Kinematic. 
Crown 8vo. 7^. 6df. 

Cumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. With numerous Examples. By Linnaeus 
Cumming, M. A., AssUtant Master at Rugby SchooL CroviTi 8vo. 

CuthbertSOn.— EUCLIDIAN GEOMETRY By ^^ Cuth- 
BERTSON, M.A., Head Mathematical Master of the City of London 
School. Extra fcap. 8vo. 4^. td. 
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Everett.— UNITS AND PHYSICAL CONSTANTS. By J. 
D. Everett, M.A., D.C.L., F.R.S., Professor of Natural 
Philosophy, Queen's College, Belfast Extra fcap. 8vo. 41. 6d, 

Ferrers.— Works by the Rev. N.M.Ferrers, M.A.,F.R.S., Master 
and Fellow of Gonville and Caius College, Cambridge : — 

AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDI- 
NATES, the Method of Reciprocal Polars, and the Theory of 
Projectors. Third Edition, revised. Crown 8vo. 6s. 6d, 

SPHERICAL HARMONICS AND SUBJECTS CONNECTED 
WITH THEM. Crown 8vo. 7j. Sd. 

Frost. — ^Works by Percival Frost, M.A., late Fellow of St 
John's College, Mathematical Lecturer of King'sColl. Cambridge:—' 

THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
Third Edition. 8vo. 12s. 

AN ELEMENTARY TREATISE ON CURVE TRACING. 
8vo. 12S. 

SOLID GEOMETRY. Being a New Edition, revised and enlarged, 
of the Treatise by Frost and Wolstenholme. VoL I. 8vo. i6s, 

Godfray. — Works by Hugh Godfray, M.A.» Mathematical 
Lecturer at Pembroke College, Cambridge : — 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. 8vo. lis. 6d, 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time of 
Newton. Second Edition, revised. Crown 8vo. 5j. td. 

Green (George),— mathematical papers of the 

LATE GEORGE GREEN, Fellow of Gonville and Caius 
College, Cambridge. Edited by N. M. Ferrers, M.A., Fellow 
and Master of Gonville and Caius College. 8vo. 15;. 

Hemming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS. For the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. 9J. 
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EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. cloth. 4s. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8va 
doth. iQr. 6d, 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the Time of Pascal to that of Laplace. 
8vo. iSs, 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
Principally on the Theory of Discontinuous Solutions : An Essay 
to which the Adams' Prize was awarded in the University of 
Cambridge in 187 1. 8vo. 6s, 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, and the Figure of the Earth, from the time of 
Newton to that of Laplace. Two vols. 8vo. 24s, 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. lof. 6d. 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By 
. W. P. Wilson, M.A., Fellow of St. Jolm's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 
gs, 6d, 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule 
of Subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, late Fellow 
of Christ's College, sometime Fellow of St. John's College, and 
professor of Mathematics in the Royal Indian Engineering CoUege. 
New Edition, greatly enlarged. 8vo. i&f. 

Young.— SIMPLE PRACTICAL METHODS OF CALCU- 
LATING STRAINS ON GIRDERS, ARCHES, AND 
TRUSSES. With a Supplementary Essay on Economy in suppeu- 
sion Bridges. By E. W. Young, Associate of King's College, 
London, and Member of tiie Institution of Civil Engineers. 8vo. 
7j. 6d, 
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Airy (G. B.). — popular astronomy, with inustrations. 
By Sir G. B. Airy, K.C.B., Astronomer Royal. New Edition, 
fcap. 8vo. 4J. dd, 

Balfour. — a treatise on comparative embry- 
ology. By F. M. BAX.FOUR, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. la 
Two Volumes. 8vo. VoL I. i8j. VoL II. 2\s, 

Bastian.— Works by H. Charlton Bastian, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, London, 
&c.: — 

THE BEGINNINGS OF LIFE : Being some Account of the Nature, 
Modes of Origin, and Transformations of Lower Organisms. In 
Two Volumes. With upwards of lOO Illustrations. Crown 8vo, 7.%s, 

EVOLUTION AND THE ORIGIN OF LIFE. Crown 8va 
dr. 6^. 

Bettany.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., B.Sc, F.R.S., Lecturer on Botany 
in Guy's Hospital Medical School. iSmo. ix. 

Blake.— ASTRONOMICAL MYTHS. Based on Flammarion's 
"The Heavens." By John F. Blake. With numerous Illustra- 
tions. Crown 8vo. qj. 

Blanford (H. F.).— -rudiments of physical gec 

GRAPHY FOR THE USE OF INDIAN SCHOOLS. By 
H. F. Blanpord, K.G.S. With numerous Illustrations and 
Glossary of Technical Terms employed. New Edition. Olobe 
8vo. 2s. 6d, 

Blanford (W. T.).— GEOLOGY AND ZOOLOGY OF 
ABYSSINIA. By W. T. Blanford. 8vo. 21s. 

Brodie.— IDEAL CHEMISTRY. A LECTURE. By Sir B. 
C Brodie, Bart., D.C.L., F.R.S., Professor of Chemistry in 
the University of Oxford. Crown 8vo. 2s, 

BruntOQ. — Works by T. Lauder Brunton, M.D., F.R.C P., 
F.R.S., Assistant Physician and Lecturer on Materia Medica and 
Therapeutics at St. Bartholomew's Hospital*. 

PHARMACOLOGY AND THERAPEUTICS : or Medicine I ast 
and Present The Goulstonian Lectures delivered before the 
Royal College of Physicians in 1871. Crown 8vo. 6s. 

THE BIBLE AND SCIENCE. With lUnstrations. Crown 8vo. 
los. bd. 
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Foster.— A text-book of physiology. By MiCHi^KL 
FoSTRK, M.D., F.R.S., Pradector in Physiology, and Fellow of 
Trinity Collie, Cambridge. With Illustrations. Third Edition, 
revised. I 8vo. zis. 

Poster and Balfour.— elements of embryology. • 

By Michael Foster, M.D., F.R.S., andF. M. Balfour, M. A., 
Fellow of Trinity CoU^e, Cambridge. With numerous niustra- 
tlons. Part I. Crown 8va 7^. (>d, 

Galloway.— THE steam engine and its inven- 
tors. A Historical Sketch. By Robert L. Gallowa^y, 
Mining Engineer. With numerous Illustrations. Crown 8vo. 
lor. 6«/. 

Galton. — ^Works by Francis Galton, F.R.S. :— 

METEOROGRAPHICA, or Methods of Mapping the Weather 
Illustrated byupwardsof 600 Printed LithographicDiagrams. 4to. 9;. 

HEREDITARY GENIUS : An Inquiry into its Laws and Con- 
sequences. Demy 8vo. izr. 
The Times calls it ** a most able and most interesting book." 

ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vo. 81. 6d. 
" The book is certainly one 0/ very great interest.^ — Nature. 

Ga,mgee.— A text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. By Arthur 
Gamgee, M.D,, F,R.S., Professor of Physiology in Owens Colle:fe, 
Manchester. With Illustrations. In Two vols. Medium 8vo. 
VoL I. i8j. [Vol. II in the Press. 

Geikie. — Works by Archibald Gsikie, LL.D., F.R.S., 
Murchison Professor of Greology and Mineralogy at Edinburgh : — 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. Fcap. 8vo. 4;, 6d. Questions, is. 6d. 

OUTLINES OF FIELD GEOLOGY. With lUustrations. Crown 
8vo. 3^. 6</. 

PRIMER OF GEOLOGY. Illustrated. i8mo. Xs. 
PRIMEROF PHYSICAL GEOGRAPHY. lUustrated. i8mo. is. 

TEXT-BOOK OF GEOLOGY. 8vo. [Immediately. 
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Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By AsA Gray, LL.D., Fisher Professor of 
Natural History (Botany) in Harvard University. With nmnerous 
ninstrations. 8vo. lor. 6df. 



Green.— A short geography of the British 

ISLANDS. By John Richard Green and Alice Stopford 
Green. With Maps. Fcap. 8vo. 3J. 6d. 

The Times says: — ** The method of the work, so faros real in' 
struction is concerned, is nearly all that could be desired, . . . 
Its grtcU merit, in addition to its scientific arrangement and the 
attractive style so familiar to the readers of GrtefCs * Short History ' 
is that the facts are so presented as to compel the careful stude* t to 
think for himself .... The work may be read with pleasure 
and profit by anyone; we trust that it will gradually find its way 
into the higher forms of our schools. With tMs> text-book as his 
guide, an intelligent teacher might make geography what it really 
is — one of the most interesting and widely-instructive studies.** 



Grove.— A dictoinary of music and musicians 

(A.D. 1450 — 1881). By Eminent Writers, English and Foreign. 
With Illustrations. Edited by George Grove, D.C.L. In 
3 vols., 8vo. Parts I. to XIV. y, 6d. each. Vols. I. and II. 
au..cach. Vol. L A to IMPROMPTU. Vol. IL IMPROPER I A 
to PLAIN SONG. 

Guillemin.— THE FORCES OF NATURE: A Popular Intro- 
duction to the Study of Physical Phenomena. By Am^^d^e 
OuiLLEiHiN. Translated from the French by Mrs. Norman 
LocRYER ; and Edited, with Additions and Notes, by J. Norman 
LocKYER, F.R.S. Illustrated by Coloured Plates, and 455 Wood- 
cats. Third and cheaper Edition. Royal 8vo. 2ix. 

•* Altogether, the work may be said to have no parallel^ either in 
point of fulness or attraction, as a popular manual of physical 
science, " — Saturday Review. 

THE APPLICATIONS OF PHYSICAL FORCES. By A. 

Guillemin. Translated from the French by Mrs. Lockyer, and 
Edited with Notes and Additions by J. N. Lockyer, F.R.S. 
With Coloured Plates and numerous Illustrations. New and 
Cheaper Edition. Imperial 8vo. doth, extra gilt 7\s. ' 
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** A book which we can heartily recommend, both on account of the 
width and soundness of its contents, and also because of the excel' 
lence of its print, its illustrations, and external appearance^* — 
Westminster Review. 

Hanbury. — SCIENCE PAPERS : chiefly Pharmacological and 
Botanical. By Daniel Hanbury, F.R.S. Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engraved by C. H. 
Jeens. 8vo. I4f. 

Henslow. — the theory of evolution of living 

THINGS, and Application of the Principles of Evolution to 
Religion considered as Illustrative of the Wisdom and Benefi- 
cence of the Almighty. By the Rev. George Henslow, 
M.A., F,L.S. Crown Svo. 6s, 

Hooker. — Works by Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L.:— 

THE STUDENTS FLORA OF tHE BRITISH ISLANDS. 
Second Edition, revised and improved. Globe Svo. loj. 6d. 
" Certainly the fullest and most accurate manual of the kind that 
has yet appeared. Dr. Hooker has shown his characteristic industry 
and ability in the care and skill which he has thrown into the 
cliaracters of the plants. These are to a great extent original, and 
are really admirable for their combination of clearness, brevity, 
and completeness," — Pall Mall Gazette. 

PRIMER OF BOTANY. With Illustrations. i8mo. is. New 
Edition, revised and corrected. 

Hooker and Ball.— journal of a tour in marocco 

AND THE GREAT ATLAS. By Sir J. D. Hooker, K.C.S.I., 
C.B., F.R.S., &c., and John Ball, F.R.S. With Appendices, 
including a Sketch of the Geology of Marocco. By G. Maw, 
F.L.S., F.G.S. With Map and Illustrations. Svo. 2is, 
" This is, without doubt, one of the most interesting and valuable 
books of travel published for many years.** — Spectator. 

Huxley and Martin.— A COURSE OF PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D., Sec. R.S., assisted by H. N. Martin, B.A., 
M.B., D.Sc, Fellow of Christ's College, Cambridge. Crown 8vo. 6s, 
" This is the most thoroughly valuable book to teachers and students 

of biology^ which has ever appeared in the English tongue," — 

London Quarterly Review. 
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Huxley (Professor).— lay sermons, addresses, 

AND REVIEWS. By T. H. Huxley, LL.D., F.R.S. New 
and Cheaper Edition. Crown 8vo. 'js. 6d. 

Fourteen Discourses on the following subjects: — (i) On the Achisable- 
ness of Improving Natural ICnorivledge :—-{2,) Emancipation — 
BUick and White : — (3) A Liberal Education, and where to find 
it: — (4) ScientificEducaiion : — (5) On the Educational Value of 
the Natural History Sciences: — (6) On the Study of Zoology: — 

. (7) On the Physical Basis of Life:— {Z) The Scientific Aspects of 
Positivism: — (9) On a Piece of Chalk: — (10) Geological Contem- 
poraneity and PersisterU Types of Life: — (11) Geological Reform: — 
(12) The Origin of Species : —{it,) Criticisms on the ** Origin of 
Species:" — (14) On Descartei ** Discourse touching the Method of 
using On^s Reason rightly and of seeking Scientific Truth" 

ESSAYS SELECTED FROM "LAY SERMONS, AD- 
DRESSES, AND REVIEWS." Second Edition. Crown 8vo. u. 

CRITIQUES AND ADDRESSES. 8vo. lor. U, 

Contents: — I. Administrative Nihilism, 2. The School Boards: 
what they can do^ and what they may do. 3. On Medical Edu<- 
cation, 4. Yecut, 5. On the Formation of Coal. 6. On Coral 
and Coral Reefs, 7. On the Methods and Results of Ethnology, 
8, On some Fixed Points in British Ethnology, 9. Falctontology 
and the Doctrine of Evolution, 10. Biogenesis and Abiogenesis, 
H. Mr, DarwirCs Critics, 12. The Genealogy of Ammals, 
13. Bishop Berkeley on the Metaphysics of Sensation, 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition. Fcap. 8vo. 4;. 6^. 

** Pure gold throughout," — ^Guardian. ** Unquestionably the clearest 
and most complete elanentary treatise on this subject thai we possess in 
any language," — ^Westminster Review* 

AMERICAN ADDRESSES: with a Lecture on the Study of 
Biology. 8vo. 6^. 6d, 

PHYSIOGRAPHY ; An Introduction to the Study of Nature. With 
Coloured Plates and numerous Woodcuts. New and Cheaper 
Edition. Crown 8vo. dr. 

" It would 'be hardly possible to place a more useful or suggestive 
book in the hands of learners and teachers, or one that is better 
calculated to make physiography a favourite subject in the science 
schools, " — Academy. 

INTRODUCTORY PRIMER. i8mo. \s. [Science Primers. 

Jellet (John H., B.D.).— a treatise on the 

THEORY OF FRICTION. " By John H. Jellet, B.D., 
Senior Fellow of Trinity College, Dublin ; President of the Royal 
Irish Academy. 8vo. 8x. 6d. 
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Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor RoscoE. 
New Edition. i8mo. With Illustrations, zs, 6d, 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. i8mo. jx. 

Kiepert. — MANUAL OF ANCIENT GEOGRAPHY. Author- 
ised translation from the German of Heinrich Kiepert, Ph.D., 
Member of the Royal Academy of Sciences, Berlin, &c. Crown 
8vo. ^, 

** Dr. Kiepirfs ^ Atlas of Ancient Geography* is highly esteemed m 
this country, , , , And this volume^ which is intended to serve as 
an explanatory text^ will be welcomed accordingly. . . , Any one 
who will compare it with the text-books that have been commonly 
in use will see a greater precision and fulness given to the non- 
classical portion of the subject — a difference that corresponds to the 
recent development of our knowledge in this direction. He will 
also pet ceive that the distinctions and affinities of race are treated^ 
not exhaustively of course^ but adequately ; thai natural features 
have given to them a prominent place; the continuity of the present 
ivith the pastf or, in rarer cases y the interruption of the two being 
noted ; that, generally, the geography of the ancient world is made 
to assume its proper place as the first part, so to speak, of the 
geography of the world in which we modems are living. All this 
cvdl make the volume very useful cts a text-book for learners" — 
Pall Mall Gazette. 

** Altogether the English edition of the * Manual* will form an 
indispensahle companion to Kieperfs * Aths,* now used in many 
of our leading schools," — The Times. 

Kingsley. — Works By Charles Kingsley, Canon of West- 
minster. 
GLAUCUS: OR, THE WONDERS OF THE SHORE. 
New Edition, with numerous Coloured Plates. Crown 8vo. 6s, 

SCIENTIFIC LECTURES AND ESSAYS. Crown 8vo. 6*. 

SANITARY AND SOCIAL LECTURES AND ESSAYS. 
Crown 8vo. dr. 

MADAM HOW AND LADY WHY; or. Lessons in Earth-Lore 
for Children. Illustrated. Crown 8yo. dr. 

Landauer. — blowpipe analysis. By j. Landauer. 

Authorised English Edition, by James Taylor and W. E. Kay, of 
the Owens College, Manchester. With Illustrations. Extra fcap» 
8vo. 4^. 6d. 
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Langdon.— THE application of electricity to 

RAILWAY WORKING. By W. E. Langdon, Member of the 
Society of Telegraph Engineers. With numerous Illustrations. 
Extra fcap. 8vo. 41. td. 

** There is no officer in the telegraph service who will not profit by 
the study of this hook." — Mining Journal. 

Lankester. — degeneration, a Chapter in Darwinisnu 
By Professor E. Ray Lankkster, F.R.S., Fellow of Exeter 
College, Oxford. With Illustrations. Crown 8vo. 2s. 6d» 

[Nature Series. 

LrOCkyer (J. N.). — Works by J. Norman Lockyer, F.R.S.— 

ELEMENTARY LESSONS IN ASTRONOMY. With nu- 

merous Illustrations. New Edition, Fcap. 8vo. ^s. 6d. 

** The bookis full^ clear, sound, and worthy of attention, not only as 

a popular exposition, but as a scientific * Index.* ^ — Athenaeum. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 
Norman Lockyer, F.R.S. With Coloured Plate and numerous 
Illustrations. Second Edition. Crown 8vo. y. 6d, {Nature Series, 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman 
Lockyer, F.R.S. I. A Popular Account of Inquiries into the 
Physical Constitution of the Sun, with especial reference to Recent 
Spectroscopic Researches. II. Communications to the Royal 
Society of London and the French Academy of Sciences, with 
Notes. Illustrated by 7 Coloured Lithographic Plates and 175 
Woodcuts. Royal 8va cloth, extra gilt, price 31J. 6d, 

PRIMER OF ASTRONOMY. With Illustrations. i8mo. is. 

Lockyer and Scabroke.— STAR-GAZING : PAST AND 

PRESENT. An Introduction to Instrumental Astronomy. By 
J. N. Lockyer, F.R.S. Expanded from Shorthand Notes of a 
Course of Royal Institution Lectures with the assistance of G. M. 
Seabroke, F.R. A.S. With numerous Illustrations. Royal 8vo. 21 j. 
**A book oj great interest and utility to the astronomical student,^^ 
— Athenaeum. 

Lubbock. — Works by SiR John Lubbock, M.P.,F.R. S., D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. Second Edition. Crown 8vo. 3x. 6<i 

[Nature Series, 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 

TION TO INSECTS. With Numerous Illustrations. Second 

Edition. Crown 8vo. 4?. 6^. [Nature Series, 

SCIENTIFIC LECTURES. With Illustrations. 8vo. 8j. 6d, 

Contents: — Flowers and Insects^ Plants and Insects — 77u 

Habits of AnU— Introduction to the Study of Prehistoric 

Archceology, &*c. 
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Macmillan (Rev. Hugh).— For other Works by the same 
Author, see Theological Catalogue. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents in 
search of Alpine Plants. Globe 8vo. cloth, dr. 

FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlarged, with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. dr. 

Mansfield (C. B.). — Works by the late C. B. Mansfield ;— 

A THEORY OF SALTS. A Treatise on the Constitution of 
Bipolar (two-membered) Chemical Compounds. Crown 8vo. 14;. 

AERIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by R. B. Mansfield. With a Preface by J. 
M. Ludlow. With Illustrations. Crown 8vo. ioj. dd. 

Mayer. — sound : a Series of Simple, Entertaining, and In- 
expensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous Illus- 
trations. Crown 8vo. 3^ . td, ^Nature Series, 

Mayer and Barnard.— light, a Series of Sample, Enter- 
taining, and Useful Experiments in the Phenomena of Light, for 
the use of Students of every age. By A. M. Mayer and C. 
Barnard. With Illustrations. Crown 8vo. 2s.*6d. \Na*ure Series, 

Miall. — STUDIES IN COMPARATIVE ANATOMY. No. i, 
The Skull of the Crocodile. A Manual for Students. By L. C. 
MiALL, Professor of Biology in Yorkshire College. Svo. 25. 6d. 
No. 2, The Anatomy of the Indian Elephant. By L. C. Miall 
and F. Greenwood. With Plates, ^s. 

Miller.— THE ROMANCE OF ASTRONOMY. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St. Peter's Col- 
lege, Cambridge. Second Edition, revised and enlarged. Crown 
Svo. 45. (>d. 

Mivart (St. George). — Works by St. George Mfvart, F.R.S. 
&c.. Lecturer in Comparative Anatomy at St. Mary's Hospital: — 

ON THE GENESIS OF SPECIES. Second Edition, to which 
notcb have been added in reference and reply to Darwin's " Descent 
of Man." With numerous Illustrations. Crown Svo. gj. 

In no work in the English language has this great controversy 
been treated at once with the same broad and Tjigorous grasp of 
facts, and the same liberal and candid temper,^^ — Saturday Review. 
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Mivart (St. Gcorge^confinued. 

THE COMMON FROG. With Numerous* Illustrations. Crown 
Svo. 3x. 6d, (Nature Series.) 

** // is an able monogram of the Frog^ and something more. It 
throws valuable crosslights over wide portions of animated nature. 
Would thai such works were more pletttiful" — Quarterly Journal 
of Science. 

Moseley. — ^notes by a naturalist on the "chal- 
lenger," being an account of various observations made during 
the voyage of H.M.S. ** Challenger" round the world in the yeax-s 
1872—76. By H. N. Moseley, M.A.. F.R.S., Member of the 
Scientific Staff of the "Challenger." With Map, Coloured 
Plates, and Woodcuts. Svo. 21s, 

" This is certainly the most interesting and suggestive book, descrip- 
tive of a nafuralisfs travels, which hcu been published since Mr, 
DarwirCs ''Journal of Researches * appeared, new more than forty 
years ago. That it is worthy to be placed alongside that delightful 
record of the impressions, speculations, and r^ections of a master 
mindf is, we d* not doubt, the highest praise which Mr, Moseley 
would desire for his book, and we do not hesitate to say that such 
praise is its desert,** — Nature. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M. B. Coiu-se. By 
M. M. Pattison Muir, F.R.S.E. Fcap. Svo. u. td. 

Murphy.— HABIT AND INTELLIGENCE: a Series of 
Essays on the Laws of Life and Mind. By Joseph John 
Murphy. Second Edition, thoroughly revised and mostly re- 
written. With Illustrations. Svo. its. 

Nature. — ^a weekly illustrated journal of 

SCIENCE. Published every Thursday. Price 6^. Monthly 

Parts, 2s, and 2j. dd, ; Half-yearly Volumes, 15^. Cases for binding 

Vols. \s, 6d, 

" This able and well-edited Journal, which posts up the science of 
the day promptly^ and promises to be of signal service to students 

and savants Scarcely any expressions that we can employ 

would exa^erate our sense of the moral and theological value of 
the work, — British Quarterly Review. 

Newcomb. — ^popular astronomy. By Simon New- 
comb, LL.D., Professor U.S. Naval Observatory. With 112 
Engravings and Five Maps of the Stars. Svo. iSx. 
•* As affording a thoroughly reliable foundation for more advanced 
reading. Professor Newcomb^ s * Popular Astronomy * is deserving 
of strong recommendation^* — Nature. 
Oliver. — Works by Daniel Oliver, F.R.S., F.L.S., Professor of 
Botany in University College, London, and Keeper of the Herba- 
rium and Library of the Royad Gardens, Kew ; — 

B 
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Oliver — continued, 
LESSONS IN ELEMENTARY BOTANY. With nearly Two 

Hundred Illustrations. New Edition. Fcap. 8vo. 4r. 6^/. 
FIRST BOOK OF INDIAN BOTANY. With numerons 
Illustrations. Extra fcap. 8vo. 6t. dd, 

** It contains a well-digested summary of all essential knowledge 
pertaining to Indian Botany, wrought out in accordance with the 
best principles of scientific arrangement.^^ — Allen's Indian Mail. 

Pasteur. — studies ON fermentation. The Diseases 
of Beer ; their Causes and Means of Preventing them. By L. 
Pasteur. A Translation of " Etudes sur la Bi^re," With Note«, 
Illustrations, &c. By F. Faulkner & D. C. RoBB, B.A. 8vo. 2ij. 

Pennington.— NOTES ON THE BARROWS AND BONE 
CAVES OF DERBYSHIRE. With an account of a Descent 
into Elden Hole. By RooKE Pennington, B.A., LL.B., 
F.G.S. 8vo. df. 

Penrose (F. C.)— ON A METHOD OF predicting by 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous metho^ls 
for the Accurate Calculation of Longitude. By F. C. Penrx)SJ':, 
F.R.A.S. With Chaits, Tables, &c. 4to. I2J. 

Perry.— AN ELEMENTARY TREATISE ON STEAM. By 
John Perry, B.K, Whitworth Scholar; Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts, Numerical Examples, and Exercises. New Edition. 

l8mo. 4J. 6</. 

*^Mr. Perry has in this compact little volume brought together an 
immense amount of information, new told, regarding steam and 
its application, not the least of its merits being that it is suited to 
the capacities alike of the tyro in engineering science or the bettir 
grade of artisan" — Iron. 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. Pickering, Thayer Professor of Physics in the Massa 
chusetts Institute of Technology. Part I., medium 8vo. lo^. 6<;. 

Part II., lOJ. 6d. . .„ ^ r , 

" When finished * Physical Manipulation' wUl no doubt be con 
sidered the best and most complete text-book on the subject of 
which it treats.** — Nature. 

Prestwich.— THE PAST AND FUTURE OF GEOLOGY. 
An Inaugural Lecture, by J. Prestwich, M.A., F.R.S., Ac. 
Pl-ofessor of Geology, Oxford. 8vo. 2J. 

Radcliffew— PROTEUS : OR UNITY IN NATURE. By. C. 
B. Radcliffe, M.D., Author of "Vital Motion as a mode of 
Physical Motion. Second Edition. 8va Is. 6d. ^ 
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Rendu.— THE THEORY OF THE GLACIERS OF SAVOY. 
By M. LE Chanoine Rendu. Translated by A. Wells, Q.C, 
Ute President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait and Rus- 
KIN. Edited with Introductory remarks by George Forbes, B.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. 8vo. ^s, 6d, 

RoSCOe. — Works by Henry E. ]R.oscob, F.R.S., Professor of 
Chemistry in the Victoria University, the Owens College^ 
Manchester : — 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chiomo- 
litho of the Solar Spectrum, and of the Alkalis and Alkaline 
Earths. New Edition. Fcap. 8vo. 4s, 6</. 

CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorpe. Fifth Edition, with Key. 2j. 

" Wie unhesitatingly pronounce it the best of all our elementary 
treatises on Chemistry,"-— NLedical Times. 

PRIMER OF CHEMISTRY. Illustrated. i8mo. u. 

Roscoe and Schorlemmer.— a treatise on che- 
mistry. With numerous Illustrations. By Professors 
Roscoe and Schorlemmer. Vols. I. and II, Inorganic 
Chemistry. 

Vol. I., The Non-metallic Elements. 8vo. lis 

Vol; II., Part I. Metals. 8vo, iSs. 

Vol. II., Part II. Metals. 8vo. i8j. 

Vol III., Part I. Organic Chemistry. [Immediately. 

^Regarded as a treatise on the ^Ton-metallic Elements^ there can be 
no doubt that this volume is incomparably the most satisfactory one 
of which we are in possession** — Spectator. 

" // would be difficult to praise the work too highly. All the merits 
which we noticed in the first volume are conspicuous in the second. 
The arrangement is clear and scientific; the fctcts gained by modern 
research are fairly represented cmd judiciously selected ; and the 
style throughout is singularly lucid.— lAncet, 

Rumford (Count).--THE LIFE AND COMPLETE WORKS 
OF BENJAMIN THOMPSON, COUNT RUMFORD, With 
Notices of his Daughter. By George Ellis. With Portrait, 
Five Vols. 8vo. 4/. 14J. 6d. 

B 2 
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Schorlemmer.— A MANUAL OF THE CHEMISTRY OF 
THEC ARBON COMPOUNDS OR ORGANIC CHEMISTRY. 
By C. ScHORLEMMER, F.R.S., Professor of Chemistry in the 
Victoria University, the Owens College, Manchester. 8vo. 14J. 
"// appears to us to be as complete a manual of the metamorphoses of 

carbon as could be ctt present produced^ and it must prove eminently 

useful to the chemical student" — Athenaeum. 

Shann.— AV elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM ENGINE. 
By G. Shann, M.A. With Illustrations. Cro\m 8vo. 41. 6d, 

Smith.— HISTORIA FILICUM : An Exposition of the Nature, 
Number, and Organography of Ferns, and Review of the Prin- 
ciples upon which Genera are founded, and the Systems of Classifi- 
cation of the principal Authors, with a new General Arrangement, 
&c By J. Smtth. a. L.S., ex-Curator of the Royal Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. FiTCH, 
F.L.S. Crown 8 vo. 12s, 6d, 

** No one anxious to work up a thorouj^h knov^ledge of ferns can 
afford to do without it^ — Gardener's Chronicle. 

South Kensington Science Lectures. 

Vol. I. — Containing Lectures by Captain Abney, F.RS., Professor 
Stokes, Professor Kennedy, F. J. Bramwell, F.R.S., Pro- 
fessor G. Forbes, H. C. Sorby, F.R.S., J. T. Bottomley, 
F.R.S.E., S. H. Vines, B.Sc, and Professor Carey Foster. 
Crown 8vo. dr. 

Vol. II. — Containing Lectures by W. Spottiswoode, P.R.S,, Prof. 
Forbes, H. W. Chisholm, Prof. T. F. Pigot, W. Froude, 
F.R.S., Dr. Siemens, Prof. Barrett, Dr. Burden-Sander- 
son, Dr. Lauder Brunton, F.R.S., Prof. McLeod, Prof. 
RoscoEjF.R.S., &c. Crown 8vo. dr. 

Spottiswoode.— POLARIZATION OF LIGHT. By W. 
Spottiswoode, President of the Royal Society, With numerous 
Illustrations. Third Edition. Cr. 8vo. y, 6d, (Nature Series.) 
" TTte illustrations are exceedingly well adapted to assist in mahing 
the text comprehensible" — Athenaeum. "^ clear^ trustworthy 
manual, " — Standard. 
Steivart (B.). — Works by Balfour Stewart, F.R.S., Professor 
of Natural Philosophy in the Victoria University, the Owens 
College, Manchester: — 
LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 4s, 6d, 
The Educational Times calls this the beau-ideal of a scimtifie text' 
book, clear, accurate, and thorough" 
PRIMER OF PHYSICS. With Illustrations. New Edition, with 
Questions. l8mo. \s. 
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Stewart and Tait.— the UNSEEN UNIVERSE: or, 

Physical Speculations on a Future Stale. By Balfour Stewart, 

F.R.S., and P. G. Tait, M. A. Sixth Edition. Crown 8vo. dr. 

** The book is one which well deserves the attention ofthoughtjid and 

religious readers, , , » It is a peijectly sober inquiry^ on scientific 

grounds^ into the possibilities of a future cxistcttce," — Guardian. 

Stone.— ELEMENTARY LESSONS ON SOUND. By Dr. 

W. H. Stone, Lecturer on Physics at St. Thomas* Hospital. 

With Illustrations. Fcap. 8vo. y. 6d, 

Tait.— LECTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A., Professor of 
Philosophy in the University of Edinburgh. Second edition, 
revised and enlarged, with the Lecture on Force delivered before 
the British Association. Crown 8vo. 9^. 

Tanner. — Works by Henry Tanner, F.C.S., Professor of Agri- 
cultural Science, University College, Aberystwith, Examiner in 
the Principles of Agriculture under the Government Department 
of Science. 

FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 

THE ABB01T*S FARM; OR PRACTICE WITH SCIENCE. 
Crown 8vo. 3^ 6d, 

THE ALPHABET OF THE PRINCIPLES OF AGRICUL- 
TURE, being a First Lesson Book in Agriculture for Schools. 
Extra fcap. 8vo. 6d. 

FURTHER STEPS IN THE PRINCIPLES OF AGRICUL- 
TURE. [/« the press. 

Taylor. — SOUND and music : A Non-Mathematical Trea- 
tise on the Physical Constitution of Musical Sounds and Harmony, 
including the Chief Acoustical Discoveries of Professor Helm- 
holtz. By Sedley Taylor, M.A., Jate Fellow of Trinity Col- 
lege, Cambridge. Large crown 8vo. Ss. 6d, 
**In no previous scientific treatise do we remember so exhaustive and 

so richly illustrcUed a description of forms of vibration and of 

wave-motion in /?«ii/j."— Musical Standard. 

Thomson. — Works by Sir Wyville Thomson, K.C.B., F.R.S. 
THE DEPTHS OF THE SEA : An Account of the General 
Results of the Dredging Cruises of H.M.SS. "Porcupine" and 
"Lightning" during the Summers of 1868-69 and 70, under the 
scientific direction of Dr. Carpenter, F.R.S., J. Gwyn Jeffreys, 
F.R.S., and Sir Wyville Thomson, F.R.S. With neariy 100 
Illustrations and 8 coloiured Maps and Plans. Second Edition. 
Royal 8vo. cloth, gilt. '\is. 6d. 

The Athenseum says: " The book is full of interesting matter^ and 
is written by a master of the art of popular exposition. It is 
excellently illustrated, both coloured maps and woodcuts possessing 
high merit." 
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Thomson — continued, 

THE VOYAGE OF THE " CHALLENGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Voyages of H.M.S. 
" Challenger," during the year 1873 and the early part of 1876. 
With numerous lUnstrations, Coloured Maps & Charts, & Portrait 
of the Author, engravedlbyC. H. Jeens. 2 Vols. Medium 8vo. 45^. 

The Times says :— " The paper, printing, and especially the numerous 
illustrations, are of the highest quality, . , , fVe have rarely, if 
ever, seen more beautiful specimens of wood engraving than abound 
in this work, . , , Sir WyvUU Thomson^ s style %s particularly 
attractive; he is easy and graceful, but viscous and exceedingly 
happy in the choice oflanguctge, and throughout the work there are 
touches which show that science has not banished sentiment from 
his bosom." 

Thudichum and Dupr€. — ^a TREATISE ON the 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnology. By J. L. 
W. Thudichum, M.D., and August DuPRfi, Ph.D., Lecturer on 
Chemistry at Westminster Hospital. Medium 8vo. cloth gilt. 25J. 

**A treatise almost unique for its us^lness either to the wine-grower, 
the vendor, or the consumer of wine. Tike analyses of wine are 
the most complete we have yet seen, exhibiting at a glance the 
constituent principles of nearly all the Tvines known in this country," 
—Wine Trade Review. 

Tylor.— ANTHROPOLOGY : an Introduction to the Study of 
Man and Civilization. By E. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations, Crown 8vo. 7^. 6d, 

*^ If all manuals were like this, a generation over educated fir its 

^ intellect would have no reason to complain, , , . A most attractive 

and entertaining introduction to the science of anthropology. . . . 

Bis writing is clear and luminous, and his arrangements masterly. 

.... Mr, Tylor Tstrites with tu much caution as teaming"-^ 

Saturday Review. 

Wallace (A. R.).~Works by Alfred Russel Wallace. 
CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. New Edition, with 
Corrections and Additions. Crown 8vo. 8x. 6d. 

THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
' Elucidating the Past Changes of the Earth's Surface. With Maps» 
and numerous Illustrations by Zwecker, 2 vols. 8vo. 42J. 
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Wallace (A. R.)—conHnu€d. 

Th€ Times says : ^' Altogether it is a wonda^ful and fascinating 
story whatever objections may be taken to theories founded upon 
it, Mr^ Wallace has not attemptea to add to its interest by any 
adornments of style; he has given a simple and clear statement of 
intrinsically tnttresting factSf and what he considers to be legiti- 
mat<: inductions from them. NaturcUists ought to be grateful to 
him for having undertaken so toilsome a task. The work^ indeed^ 
is a credit to al concerned^^he author, the publishers, the artist— 
unfortunately now no more — of the attractvue illustrations — last 
but by no means leasts Mr. Stanford's map'designer.^^ 

ISLAND LIFE ; OR, THE PHENOMENA AND CAUSES 
OF INSULAR FAUNAS AND FLORAS, including 4 re- 
yision and attempted solution . of the problem of geological 
climates. With Maps. 8vo. i8j. 

* ' Island Life is a work to be excepted almost without rese^.vation 
from beginning to end , . . Whoever reads hts book must be 
charmed with itj* — St. James's Gazette. ** The work throughout 
abounds with interest , » . It may be read with equal pleasure by 
those who are already acquainted with the general principles of 
distribution and by those who wiihfor the first time to team some- 
thing about modern biological geography. — Athenaeam ** The 
result of hts work he hcts already given us in more.th n one form ; 
and hts new volume on Island Life contans his latest vtews on 
the subject set forth in a clear and popular manner which should 
make them accessible to many readers who would not venture on 
the persual of his more strictly scientific expositions . . I Mr, 
Wallace has written nothing more clear, more masterly, or more 
convincing than this delightful volume J^ — Fortnightly Review. 

TROPICAL NATURE : with other Essays. 8vo. i2j. 

" Nowhere amid the many descriptions of the tropics that Aavi been 
given is to be found a summary of the past hisfory and ^actual 
phenomena of the tropics, which gives that which is distinctive of 
the phases of nature in them more clearly, shortly^ and impres- 
sively.** — Satuxlay Review. 

Warington. — ^the week of creation; or, the 

COSMOGONY OF GENESIS CONSIDERED IN ITS 
relation to MODERN SCIENCE. By Georgb War- 
INGTON, Author of '*The Historic Character of the Pentateuch 
Vindicated.'' Crown 8vo. 4J. 6cL 

'Wilson. — RELIGIO CHEMICI. By the late George Wilson, 
M.D., F.R.S.E., Regius Professor of Technology in the University 
of Edinburgh. Wi3i a Vignette beautifully engraved after a 
design by Sir NoBL PATON. Crown 8vo. &f. 6^. 
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Wilson (Daniel).— CALIBAN: a Critique on Shakespeare's 
"Tempest" and "Midsummer Night's Dream." By Daniel 
Wilson, LL.D., Professor of History and English Literature in 
University College, Toronto. 8vo. los. td, 

** TTu whole volume is most rick in the doqumce of thought and 
imagination as well as of words. It is a choire contribution at 
once to science, theology, religion, and literature,** — British 
Quarterly Review. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., Lec- 
turer on Chemistry in St. Mary's Hospital School. Extra fcap. 
8vo. 3J, 6d, 

WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Wxrrs, F.R.S. Crown 8vo. 6s. 

" The discourse^ as a resum^ 0/ chemical theory and research, unites 
singular luminousness and grasp, A few judicious notes are added 
by the translator"— VzXX Mall Gazette. " The treatment of the 
subject is admirable, and the translator has evidently done his duty 
most efficiently,** — Westminster Review. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors HuxLKY, RoscoB, and 

Balfour Stewart. 

Introductory. By Professor Huxley, F.R.S. i8mo is. 

Chemistry .^By H. E. Roscoe, F.R.S., Professor of Chemistry 
in the Victoria University, the Owens College, Manchester. With 
numerous Illustrations. i8mo. u. New Edition. With 
Questions. 

Physics.^ By Balfour Stewart, F.R.S., Professor of 
Natural Philosophy in the Victoria University, the Owens College, 
Manchester. With numerous Illustrations. i8mo. u. New 
Edition. With Questions. 

Physical Geography. — By Archibald Geikie, F.R.S., 

Murchison Professor of Geology and Mineralogy at Edinburgh. 
With numerous Illustrations. New Edition with Questions. 
i8mo. IS, 

Geology.— By Professor Geikie, F.R.S. With numerous lUus- 
trations. New Edition. i8mo. cloth, is. 
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Science Primers for Elementary Schools— cmtmmd. 

Physiology — By Michael Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. iSmo. is. 

Astronomy.— By J. Norman Lockyer, F.R.S. With numerous 
Illustrations. New Edition. x8mo. i^. 

30tany — By SkJ. D. Hooker, K.C.S.L, C.B., F.R.S. With 
numerous Illustrations. New Edition. x8mo. is, 

Logic—By Stanley Jevons, LL.D., M. A., F.R.S. New Edition. 
i8mo. IX. 

Political Economy — By Stanley Jevons, LL.D., M.A., 
F.R.S. iSfno. is. 

Others in Reparation. 



ELEMENTARY SCIENCE CLASS-BOOKS. 

Agriculture.— ELEMENTARY LESSONS IN AGRICUL- 
TURAL SCIENCE. By H. Tanner, F.C.S., Pruftssor of 
Agricultural Science, University College, Aberystwith. 

[Immediatefy. 

Astronomy.— By the Astronomer Royal. POPULAR AS- 
TRONOMY. With Illustrations. By Sir G. B. Airy, K.C.B., 
Astronomer Royal. New Edition. i8mo. 4r. 6d, 

Astronomy.— ELEMENTARY LESSONS IN ASTRONOMY. 
With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous lUusti-ations. By J. Norman Lockysr, 
F.R.S. New Edition. Fcap. 8vo. $s. 6d. 

QUESTIONS ON LOCKYER'S ELEMKNTARY LESSONS 
IN ASTRONOMY. For the Use of Schools. By John 
Forbes Robertson. i8mo, cloth limp, is, 6d. 

Botanv.— LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College. London. With nearly Two Hundred Illustrations. New 
Edition. Fcap. 8vo. 4J. 6d. 

Chemistry — ^lessons IN elementary chemistry, 

INORGANIC AND ORGANIC. By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in the Victoria University, the 
Owens College, Manchester. With numerous Illustrations and 
Chromo-Litho of the Solar Spectrum, and of the Alkalies and 
Alkaline Earths. New Edition. Fcap. 8vo. 4?. 6(i. 
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Elementary Science Class-books — eotumued, 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science, Leeds. 
Adapted for the preparation of Students for the Govemment^ 
Science, and Society of Arts Examinations. With a Preface by 
Professor Roscos. New Edition, with Key. z8mo. 25. 

Practical Chemistry — ^the OWENS COLLEGE JUNIOR 

COURSE OF PRACTICAL CHEMISTRY. By Francis 
Jones, F.R.S.E., F.C.S., Chemical Master in the Grammar School, 
Manchester. With Preface by Professor RoscoE, and Illustrations. 
New Edition. i8mo. zr. 6^/1 

Chemistry. — questions on. a Series of Problems and 
Exercises in Inorganic and Organic Chemistry. By F. JONES^ 
F.R.S.E., F.C.S. x8mo. 35. 

Electricity and Magnetism. — By Professor Sylvanu& 

Thompson, of University College, Bristol. With Illustrations. 

[Immediately, 

Physiology— LESSONS in elementary PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Ncir 
Edition. Fcap. 8vo. 4J. 6d. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. i8mo. u. 6(L 

Political Economy — ^political economy for be- 

GINNERS. By Milucbnt G, Fawcett. New Edition. 
i8mo. 2J. 6d. 

Logic— ELEMENTARY LESSONS IN LOGIC ; Deductive and 
Inductive, with copious Questions and Examples, and a Vocabulary 
of Logical Terms. By W. Stanley Jevons, LLD., M.A.y. 
F.R.S. New Edition. Fcap. 8vo. 3^. 6d. 

Physics — LiESSONS IN ELEMENTARY PHYSICS. By 
Balfour Stewart, F.R.S., Professor of Natural Philosophy in 
the Victoria University, the Owens College^ Manchester. With 
numerous Illustrations and Chromo-Litho of the Spectra of the 
Sun, Stars, and NebuUe. New Edition. Fcap. 8vo. 4^. 6d, 
QUESTIONS ON STEWART'S LESSONS IN ELEMENTARY 
PHYSICS. By Professor T. H. Core. i2mo. 2s, 

Anatomy — lessons in ELEMENTARY ANATOMY. By 
St. George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's HospitdL With upwards of 400 Illustrations. Fcap. 
8vo. ts. 6d. 
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Elementary Science Class-books — continued. 

Mechanics — an ELEMENTARY TREATISE. By A. B. 
W. Kennedy, C.E., Professor of Applied Mechanics in University 
College, London. With Illustrations. [In preparation,, 

Steam — an elementary treatise. By John Pekry, 
B.E., Whitworth Scholar; Fellow of the Chemical Society, Lec- 
turer in Physics at Clifton College. With numerous Woodcuts and 
Numerical Examples and Exercises. New Edition. i8mo. 4^. td. 

Physical Geography. — ELEMENTARY LESSONS IN 

PHYSICAL GEOGRAPHY. By A. Geikie, F.R.S., Murchi- 
son Professor of Geology, &c., Edinburgh. With numerous 
Illustrations. Fcap. 8vo. 4r. 6d. 

QUESTIONS ON THE SAME. u. 6^. 

Psychology.— ELEMENTARY LESSONS IN PSYCHO- 
LOGY. By G. Croom Robertson, Professor of Mental 
Philosophy, &c.. University College, London. [In preparation. 

Geography — CLASS-BOOK OF GEOGRAPHY. By C. B. 
CiARKE, M.A.. F.G.S. New Edition, wjth eighteen coloured 
Maps. Fcap. 8vo. 3J. 

Moral Philosophy.— AN ELEMENTARY TREATISE, 
By Professor E. Caird, of Glasgow University. [In preparation. 

Natural Philosophy— natural PHILOSOPHY FOR 

BEGINNERS. By I. Todhunter, M.A., F.R.S. Part L 
The Properties of Solid and Fluid Bodies. i8mo. 3^. 6^. Part 
II. Sound, Light, and Heat. i8mo. 3^. 6d, 

The Economics of Industry. — By A. Marshall, M.A., 

late Principal of University Collie, Bristol, and Mary P. 
Marshall, late Lecturer at Newnham Hall, Cambridge. Extra 
fcap. 8vo. 2J. 6d, 

Sound AN ELEMENTARY TREATISE. By Dr. W. H. 

Stone. With Illustrations. i8mo. 3^. 6d, 



Easy Lessons in Science. — Edited by Professor W. F. 
Barrrtt, . . 

I. HEAT. By C. A. Martineau. Illustrated. Extra fcap. 
8vo. 2j. 6^. 
II, LIGHT. By Mrs. W. Awdry. Illustrated. Extra fcap. 
Svo. 2s 6d. 

Others in Preparation. 
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MANUALS FOR STUDENTS. 

Crown 8vo. 

Cossa. — GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. Luigi Cossa, Profissor of Political 
Economy in the Uftiversityof Pavia. Translated from the Second 
Italian Edition. With a Preface by W. Stanley J EVO«s, F.R.S. 
Crown 8vo. 4.^. td. 

Dyer and Vines — ^the STRUCTURE OF plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and Lecturer of Christ's College, Cambridge. 
"With numerous Illustrations. \jn preparation. 

Fawcett ^a manual of political economy. By 

Right Hon. Henry Fawcett, M.P. New Edition, revised and 
enlarged. Crown 8yo. I2j. 

Fleischer a system of volumetric analysis. 

Translated, with Notes and Additions, from the second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustra- 
tions. Crown 8vo. 7^. 6«/. 

Flower (W. H.) — an introduction to the oste- 
ology OF THE MAMMALIA. Being the Substance of the 
Course of Lectures delivered at the Royal Collesje of Surgeons of 
England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. lar. 6^/. 

Foster and Balfour — the elements of embry- 
ology. By Michael Foster, M.D., F.R.S., and F. M. 
Balfour, M.A. Part I. crown 8vo. 7^. (xi, 

Foster and Langley — a COURSE OF elementary 

PRACTICAL PHYSIOLOGY. By Michael Foster, M.D., 
F.R.S., and J. N. Langley, B.A. Fourth Edition. Crown 
8vo. 6i. 

Hooker (Dr.)— THE STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. loj. 6^. 

Huxley PHYSIOGRAPHY. An Introduction to the Study of 

Nature. By Professor Huxley, F.R.S. Witli numerous 
Illustrations, and Coloured Plates. New and cheaper Edition. 
Crown 8vo. dr. 
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Manuals for Students — conHnued. 

Huxley and Martin — a COURSE OF PRACTICAL in- 
struction IN ELEMENTARY BIOLOGY. By Professor 
Huxley, F.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. dr. 

Huxley and Parker — elementary biology, part 

II. By Professor Huxley, F.R.S,, assisted by T. J. Parker. 
With Illustrations. [In preparation, 

Jevons.— MANUALS. By W. Stanley Jevons, LL.D., M.A., 
F.R.S. :— 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 12s, 6d, 

STUDIES IN DEDUCTIVE LOGIC. A Manual for Students. 
Crown 8vo. 6s. * 

Kennedy.— MECHANICS OF machinery. By a. b. w. 

Kennedy, M. Inst. C.E., Professor of Engineering and 
Mechanical Technology in University College^ London. With 
Illustrations. Crown 8vo. [In the Press, 

Kiepert.— A manual of ancient geography. From 
tiie German of Dr. H. Kiepert. Crown 8vo. 5^. 

Oliver (Professor) — first book of Indian botany. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of the 
Herbarium and Library of the Royal Gardens, Kew. With 
numerous Illustrations. Extra fcap. 8vo. 6j. 6^. 

Parker and Bettany — the morphology of the 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. lOr. 6d, 

Tait — ^AN ELEMENTARY TREATISE ON HEAT. By Pro- 
fessor Tait, F.R.S.E. Illustrated. [In the Press. 

Thomson — ZOOLOGY. By Sir C. Wyville Thomson, 
F.R.S. Illustrated. [In preparation, 

Tylor— ANTHROPOLOGY: An Introduction to the Study of Man 
and Civilization. By E. B. Tylor, M.A., F.R.S. Illustrated. 
Crown 8vo. ^s, 6d, 

Other volumes of these Manuals will follow. 
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SCIENTIFIC TEXT-BOOKS. 
Balfour. — a treatise on comparative embry- 

OLOGY. With Illustrati<ms. By F. M. Balfour, M.A., 
F.R.S., Fellow and Lecturer of Trinity Collie, Cambridge. In 
2 vols. 8vo. Vol. I. i8j. Vol II. 21s, 

Ball (R.S., A.M.)— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science for 
Ireland. By R. S. Ball, A.M., Professor Of Applied Mathema- 
tics and Mechanics in the Royal College of Science for Ireland. 
Royal 8vo. lor. 6d, 

Chalmers. — graphical determination of forces 

IN ENGINEERING STRUCTURES. By James B. Chal- 
mers, C.E. With Illustrations: 8vo. 24J. 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Brownb, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. lOf. 6d. 

CotterilL— A treatise on applied mechanics. 

By James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illu^ 
trations. Svo. [In pretaratian,, 

DanielL— A treatise on physics for medical 

STUDENTS. By Alfred Damiell. With Illustrations. Svo. 

[In preparatiotu 

Poster.— A TEXT-BOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.S. With lUustratiwis. Third Edition, 
revised. Svo. 2is» 

Gamgee.— A TEXTBOOK OF the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
account of the chemical changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in tiie Victorra 
University, the Owens College, Manchester:. 2 vols. Svo. wich 
Illustrations. VoL L l&f. [Vol, IL in the Press, 

G6genbaur.— ELEMENTS OF COMPARATIVE ANA- 
TOMY By Proffessor Carl Gegenbaur. A Transhtion by 
F Ieffrey Bell, B.A. Revised with Preface by Professor t., 
Ray Lankester, F.R.S. With numerous Illustrations. Svo. 
2IX. 
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Scientific Text- Books— f^«//««^^. 

Geikie.— TEXT-BOOK OF GEOLOGY, B7 Archibald 
Gbikis, F.R.S., Professor of Geology in the University of Edin- 
bnzgh. With numerous Illustrations. 8vo. [Immediately. 

Cray.— STRUCTURAL BOTANY, OR, ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Fhytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL.D. 8vo. los, 6rf. 

» 

Newcomb.— POPULAR astronomy. By S. Nbwcomb, 
LL.D., Professor U.S. Naval Observatory. With 112 Illustra- 
tions and 5 Maps of the Stars. 8vo. 18^. 

" // is unlike anything else of its kind, and wHl be of more use in 
circulating a knowl^ge of astronomy than nine-tenths of the books 
which have appear^ on the subject of late ^ears" — Saturday 
Review. 

Reuleaux. — the kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 21s, 

Roscoe and Schorlemmer.— inorganic chemis- 
try. A Complete Treatise on Inorganic Chemistry. By Pro- 
fessor H. £. Roscx)G, F.R.S., and Professor C. Schorlemmer, 
F.R.S. With numerous Illustrations. Medium 8vo, Vol. I. — 
The Non-Metallic Elements. 21s. Vol. II.— Metals.— Part I. 
I&f. Vol. II.— Metals. Part IL 18/. 

ORGANIC CHEMISTRY. A complete Treatise on Organic 
Chemistry. By Professors RoscoE and Schorlemmer. With 
aumerous Illustrations. Medium 8vo. Part I. [ImmedicUely. 

Schorlemmen— A manual of the chemistry 

OF THE CARBON COMPOUNDS, OR ORGANIC 
chemistry. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, the Victoria University, the Owens College, Manchester. 
With Illustrations. 8vo. 14^. 

Thorpe and Riicker. — a TREATISE ON CHEMICAL 

physics. By Professor Thorpe, F.R.S., and Professor 
RucKER, of the Yorkshire College of Science. Illustrated. 8vo. 

[In preparatiott. 
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WORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle. — an introduction to ARISTOTLE'S 

RHETORIC. With Analysis, Notes, and Appendices, By E. 
M. Cope, Trinity College, Cambridge. 8vo. 14J. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. 8vo. &r. td. 

ARISTOTLE.— The Metaphysics, Book I. Translated into EngUsh 
Prose, with Marginal Analysis, and Summary of each Chapter. 
By a Cambridge Graduate. Demy 8vo. 5^. 

Balfour. — a defence of philosophic doubt ; being 
an Essay on the Foundations of Belief. By A. J. Balfour, 
M.P. 8vo. I2J. 

" Mr, Balfour' s criHcism is exceedingly brilliant and suggestwe,*^ — 
• Pall Mall Gazette. 

" An able and refreshing contribution to one of the burning questiofts 
of the age^ and deserves to make its mark in the fierce battle now 
raging between science and theology,** — Athenaeum. 

BirkS. — Works by the Rev. T. R. BiRKS, Professor of Moral Philo- 
sophy, Cambridge : — 

first principles of moral science ; or, a First 
Course of Lectures delivered in the University of Cambridge. 
Crown 8vo. 8j. 6d, 

This work treats of three topics all preliminary to the direct exposi- 
tion of Moral Philosophy, These are the Certainty and D^ity 
of Moral Science^ its Spiritual Geography y or relation to other 
main subjects of human thought^ and its Formative Principles^ or 
some elementary truths on which its whole developmetit must 
depend, 
MODERN UTILITARIANISM; or, The Systems of Paley, 
Bentham, and Mill, Examined and Compared. Crown 8vo. 6x. fkl, 

SUPERNATURAL REVELATION; or, First Principles of 
Moral Theology. 8vo. %s, 

Boole. — AN INVESTIGATION OF THE LAWS OF 
THOUGHT, ON WHICH ARE FOUNDED THE 
MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By George Boole, LL^D., Professor of 
Mathematics in the Queen's University, Ireland, &a 8vo. 14J. 
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Butler.— LECTURES ON THE HISTORY OF ANCIENT 
PHILOSOPHY. By W. Archer Butler, late Professor of 
Moral Philosophy in the University of Dublin. Edited from the 
Author's MSS., with Notes, by William Hepworth Thomp- 
son, M.A., Master of Trinity College, and Regius Professor of 
Greek in the University of Cambridge. New and Cheaper Edition, 
revised by the Editor. 8vo. 12^. 

Caird. — an introduction to the philosophy of 

RELIGION. By John Caird, D.D., Principal and Vice- 
Chancellor of the University of Glasgow, and one of Her Majesty's 
Chaplains for Scotland. 8vo. \os. 6d, 

Caird.— A critical account of the philosophy 

OF KANT. With an Historical Introduction. By E. Caird, 
M.A., Professor of Moral Philosophy in the University of Glasgow. 
8vo. i8j. 

Calderwood. — Works by the Rev. Henry Calderwood, M.A., 
LL.D., Professor of Moral Philosophy in the University of Edin- 
burgh : — 

PHILOSOPHY OF THE INFINITE : A Treatise on Man's 
Knowledge of the Infinite Being, in answer to Sir W. Hamilton 
and Dr. Mansel. Cheaper Edition. 8vo. *js. 6d. 
**A book of great ability .... iuritten in a clear stle, and may 
be easily understood by even those who are not versed in such 
</w««j«i7fW."— British Quarterly Review. 
A HANDBOOK OF MORAL PHILOSOPHY. Sixth Edition. 
Crown 8va 6j. 

^^A compact and useful work, going over a great deed of ground 
in a manner adapted to suggest and facUitaie further study. , . . 
His book will be an assistance to many students outside his own 
University of Edinburgh. — Guardian. 
THE RELATIONS OF MIND AND BRAIN. 8vo. I2j. 

" Altogether hts work is probably the best combination to be fpund 
at present in England of exposition and criticism on the subject 
of physiological psychology.*^ — The Academy. 
THE RELATIONS OF SCIENCE AND RELIGION. Being 

the Morse Lecturer, 18S0, connected with Union Theological 

Seminary, New York. Crown 8vo. 5j. 

Clifford.— Lectures and essays. By the late Professor 
W. K. Clifford, F.R.S. Edited by Leslie Stephen and 
Frederick Pollock, with Introduction by F, Pollock. Two 
Portraits. 2 vols. 8vo. 25^. 

C 
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^X\^OV^— continued. 

" Thi Times of October 2Znd says >^** Many a friend of the author 
on first taking up these volumes and remembering his versatile 
genius and his keen enjoyment of all realms of inteSectual activity 
must have trembled, lest they should be found to consist offragmen 
tary pieces of work, too disconnected to da justice to his powers of 
consecutive reading, and too varied to have any effect as a whole. 
Fortunately these fears are groundless. . . . It is not only in 
subject that the various papers are closely rdated. There is also a 
singular consistency of view and of method throughout, . . , It 
is in the social and metaphysical subjects that the richness of his 
intdlect shows itself, most forciHy in the rarity and originality of 
the ideas which he presents to us. To appreciate this variety it is 
necessary to read the book itself, for it treats in some form or other 
of all the subjects of deepest inttrest in this age of questioning,^* 

Piske.— OUTLINES OF COSMIC PHILOSOPHY, BASED. 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
FiSKB, M.A., LL.B., formerly Lecturer on Philosophy at 
Harvard University. 2 vols. 8vo. 25^. 

" The work constitutes a very effective encychpcedia of the evolution' 
ary philosophy, and is well worth the study of all who wish to see 
at once the entire scope and purport of the scientific dogmatisin of 
the day,** — Saturday Review. 

Harper.— THE metaphysics of the school. By the 

Rev. Thomas Harper (S.J.). In 5 vols. 8vo. Vol. L 8vo. \%s, 
VoL II. 8vo. i8j. \yol. III, in preparation, 

Herbert.— THE realistic assumptions of modern 

science examined. By T. M. Herbert, M.A., late 
Professor of Philosophy, &c., in the Lancashire Independent 
College, Manchester. 8vo. 14J. 

" Mr, Herberts work appears to us one of real ability and import' 
ance. The author has shown himself tvell trainai in philosophical 
literature, and possessed of high critical and speculative powers,** — 
Mind. 

Jardine.— THE ELEMENTS OF the psychology OF 
COGNITION. By Robert Jardine. B.D., D.Sc, Principal of 
the General Assembly's College, Calcutta, and Fellow of the Uni« 
versity of Calcutta. Crown 8vo. dr. dd. 
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Jevons. — Works by W. Stanley Jevons, LL.D., M. A., F.R.S. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Cheaper Edition, revised. Crown 
8vo. I2s, 6ti. 

** No one in futurt can be said to have any true knowledge of what 
has been done in the way of logical and scientific method in 
England zvithout having carefiUly studied Professor jfeuon/ 
book^* — Spectator. 

THE SUBSTITUTION Of SIMILARS, the True Principle of 
Reasoning. Derived from a Modification of Aristotle's Dictum. 
Fcap. 8vo. 2j. dd, 

ELEMENTARY LESSONS IN LOGIC, DEDUCTIVE AND 
INDUCTIVE. With Questions, Examples, and Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. 3J. (kl, 

STUDIES IN DEDUCTIVE LOGIC. A Manual for Students. 
Crown 8vo. 6x. 

PRIMER OF LOGIC. New Edition. l8mo. \s. 

M' Cosh —Works by James M'Cosh, LL.D., President of Princeton 
College, New Jersey, U.S. 

" He certainly shows himself skilful in that applicoHon of logic to 
psyckology^ in that inductive science of the human mind which is 
the fine side of English philosophy. His philosophy cts a whole is 
worthy of attention,*' — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. 8va lar. 6d. 
" This work is distinguished from other similar ones by its being 
based upon a thorough study of physical science, and an accurate 
knowledge of its present condition^ and by its entering in a 
deeper and more unfettered manner than its predecessors upon the dis- 
cussion qfthe appropriate psychological, ethical, and theological ques* 
tipfts. The author keeps aloof at once from the a priori xdealism and 
dreaminess of German speculation since Scheling, and from the 
onesidedness and narrowness of the empiricism and positivism 
which have so prevailed in England.** — Dr. Ulrici> in " Zeitschrift 
fur Philosophic." 

THE INTUITIONS OF THE MIND. A New Edition. 8vo, 
cloth. I or. 6d, 

The undertaking to adjust the claims of the sensational and in^ 
tuitional philosophies, and of the k posteriori and 4 priori methods, 
is accomplished in this work with a great amount of success," — 
Westminster Review. " / value it for its large acquaintance 
with English Philosophy, which has not led him to neglect the 
great German works, I admire the moderation and clmmess, cu 
well as comprehensiveness, of the author* s views,** — Dr. Dorner, of 
Berlin.' 
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WCosh-r-continued, 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 
Beings a Defence of Fundamental Truth. Second edition, with 
additions. lar. 6d. 

*^Such a work greatly needed tp be done, and the author vbas the ntan 
to doit. This volume is important^ not merdy in reference to the 
views of Mr. Mill, hut of the whole school of writers, past and 
preseru, British and Continental, he so ably represents" — Princeton 
Review. , 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crowp 8vo. $s. 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natural Theology ahd Apologetics* Crown 8vo. 
*]s. 6d. 

THE SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biographical, Critical, Expository. Royal 8vo. l6s. 

THE EMOTIONS. Crown 8vo. 9x. 

Masson.— RECENT BRITISH PHILOSOPHY: A Review 

with Criticisms ; including some Comments on Mr. Mill's Answer 

to Sir William Hamilton. By David Masson, M.A., Professor 

pf Rhetoric and English Literatujne in the University of Edxnbui^h. 

Third Edition, with an Additional Chapter. Crown 8vo. 6s 

** IVe can nowhere point to a work which gives so clear an expost" 

iion of the course of philosophical speculation in Britain during 

the past century, or which indicates so instructively the ntutual in- 

fiuences of philosophic and scientific thought, " — Fprtliightly Review. 

Materialism, Ancient and Modern. By a late Fellow 

of Trinitv CoUege, Cambridge. Crown 8vo. 2/. 

In this small volume the writer deals in six chapters with NcUure^ 
Ancient Materialism, Modern Materialism, the Theory of Development, 
the Hypothesis of an Intelligent Cause, and the Hypothesis of Self- 
Existent Matter and Intelligence. 

Maudsley. — Works by H. Maudsley, M.D., Professor of Medical 

Jurisprudence in University College, London. 
THE PHYSIOLOGY OF MIND ; being the First Part of a Third 

Edition, Revised, Enlarged, and in great part Re-written, of "The 

Physiology and Pathology of Mind. * Crown 8vo. lor. (>d, 
THE PATHOLOGY OF MIND. Revised, Enlarged, and in great 

part Re- written. 8vo. i&r. 
PODY AND MIND : art Inquiry into their Connexion and Mutual 

Influence, specially with reference to Mental Disorders. An 

Enlarged and Revised edition. To which are added, Psychological 

Assays. Crown 8vo. 6s. 6d. 
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Maunce. — Works by the Rev. Frederick Dbnison Maurice, 
M. A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For other Works by the same Author, see Theological 
Catalogue.) 

SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo. 
ioj.6^ 
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Whilst reading it we are charmed by the freedom from exclusweness 
and prejudice^ the large charity, the loftiness of thought, the ea^er^ 
ness to recognize and appreciate whatever there is of real worth 
extant in the world, which animates it from one end to the other. 
We gain new thoughts and new ways of viewing things, even more, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind."— Athenssum, 

THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown 8vo. 5J. 
The Saturday Review says: "We rise from them with detestation 
of all thcU is selfish and mean^ and with a liidng impression theU 
there is such a thing as goodness after all." 

MORAL AND METAPHYSICAL PHILOSOPHY. Vol. I. 
Ancient Philosophy from the First to the Thirteenth Centuries ; 
Vol II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Pre£Eice. % Vols. 8vo. 25J. 

Morgan. — ancient society : or Researches in the Lines of 
Human Progress, from Savagery, through Barbarism to Civilisation. 
By Lkwi3 H, Morgan, Member of (he National Academy of 
Sciences. 8vo. I dr. 

Murphy,— THE SCIENTIFIC BASES OF FAITH. By 
Joseph John Murphy, Author of " Habit and Intelligence." 
8vo. I4r. 

^* The book, is not without substantial value; the writer continues the 
work of the best apologists of the last century, it may be with less 
forte and clearness, but still with commendable persuasiveness and 
tact; andzvith an intelligent feeling for the changed conditions of 

, the problem." -i^AcaAemy. 

iParadoxical Philosophy. — A Sequel to "The Unseen Uni- 
verse." Crown 8vo. *]s. 6d. 

PictOn.— THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of " New Theories 
and the Old Faith." Cheaper issue with New Preface. Crown 
8vo. 6s, 



pMiSsked tvery Tkunday, pric* 6d. ; Menthfy Farts, ii. 
M. (id., Half-Yearly Volumes, \y. 

NATURE: 

AH ILLUSTRATED JOURlfAL OF SCIENCE. 



Katcre expounds in a popular and yet authentic n 
the Grand Results of Scientific Research, discussing 
die most recent scientific discoveries, and pointing out 
the bearing of Science upon civilisation and progress, and 
its cl^ms to a more general recognition, as well as to s 
higher place in the educational system of the country. 

It contains original articles on all subjects within the 
domfun of Science ; Reviews setting forth the nature and 
value of recent Scienrific Works ; Correspondence Columns, 
formii^ a medium of Scientific discussion and of intercom- 
munication among the most distinguished men of Science, 
Serial Columns, giving the gist of the most important 
papers appearing in Scientific Journals, both Home and 
Foreign ; Transactions of the principal Scientific Societies 
and Academies of the World, Notes, &c. 

In Schools where Science is included in the regular 
course of studies, this paper wiU be most acceptable, as 
it tells what is doing in Science all over the world, is 
popular without lowering the standard of Science, and by 
it a vast amount of information is brought within a small 
compass, and students ate directed to the best sources for 
what tliey need. The various questions connected with 
XN^Stt^Bee teaching in schools are also fully discussed, and the 
^' -^.best rowjiods of teaching are indicated. 
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